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PREFACE. 


Tue present work provides a course of Elementary Geomewy 
based on the recommendations of the Mathematical Association 
and on the schedule recently proposed and adopted at Cambridge. 


The principles which governed these proposals have been 
confirmed by the issue of revised schedules for all the more 
important Examinations, and they are now so generally accepted 
by teachers that they need no discussion here. It is enough to 
note the following points : 

(i) We agree that a pupil should gain his first geometrical ideas 
from a short preliminary course of a practical and experimental 
character. A suitable introduction to the present book would 
consist of Easy Exercises in Drawing to illustrate the subject 
matter of the Definitions; Measurements of Lines and Angles; 
Use of Compasses and Protractor; Problems on Bisection, Per- 
pendiculars, and Parallels ; Use of Set Squares ; The Construction 
of Triangles and Quadrilaterals These problems should be 
accompanied by informal explanatiqn,; and the results verified 
by measurement. Concurrently, there should be a series of ex- 
ercises in Drawing and Measurement designed to lead inductively 
to the more important Theorems of Part I. [Euc. I. 1-34].* While 
strongly advocating some such introductory lessons, we may point 
out that our book, as far as it goes, is complete in itself, and from 
the first is illustrated by numerical and graphical examples of the 
easiest types. Thus, throughout the whole work, a graphical 
and experimental course is provided side by side with the usual 
deductive exercises. 

(ii) Theorems and Problems are arranged in separate but parallel 
courses, intended to be studied pari passu. This arrangement is 
made possible by the use, now generally sanctioned, of Hypothetical 
Constructions. These, before being employed in the text, are care- 
fully specified, and referred to the Axioms on which they depend. 


* Such an introductory course is now furnished by our Lessons in Expers. 
mental and Practical Geometry. 
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Gii) The subject is placod on the basis of Commensurable Mag- 
Aitudes By this means, certain difficulties which are wholly 
beyond the grasp of a young learner are postponed, and a wide 
field of graphical and numerical illustration is opened. Moreover 
the fundamental Theorems on Areas (hardly less than those on 
Proportion) may thus be reduced in number, greatly simplified, 
and brought into line with practical applications. 

(iv) An attempt has been made to curtail the excessive body of 
text which the demands of Examinations have hitherto forced as 
“bookwork” on a beginners memory. Even of the Theorems 
here given a certain number (which we have distinguished with 
an asterisk) might be omitted or postponed at the discretion of the 
teacher. And the formal propositions for which—as such—teacher 
and pupil are held responsible, might perhaps be still further 
limited to those which make the landmarks of Elementary Geo- 
metry. Time so gained should be used in getting the pupil to 
apply his knowledge; and the working of examples should be 
made as important a part of a lesson in Geometry as it is so 
considered in Arithmetic and Algebra, ‘ 


Though we have not always followed Euclid’s order of Proposi- 
tions, we think it desirable for the present, in regard to the 
subject-matter of Euclid Book I., to preserve the essentials of his 
logical sequence. Our departure from Euclid’s treatment of Areas 
has already been mentioned ; the only other important divergence 
in this section of the work is the position of I. 26 (Theorem 17), 
which we place after I. 32 (Theorem 16), thus getting rid of the 
tedious and uninstructive Second Case. In subsequent Parts a freer 
treatment in respect of logical order has been followed. id 


As regards the presentment of the propositions, we have som 
stantly kept in mind the needs of that large class of students, who, 
without special aptitude for mathematical study, and under no 
necessity for acquiring technical knowledge, may and do derive 
real intellectual advantage from lessons in pure deductive reasoning. 
Nothing has as yet been devised as effective for this purpose a8 the 
Euclidean form of proof ; and in our opinion no excuse is needed 
for treating the earlier proofs with that fulness which we have 
always found necessary in our experience as teachers. 
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The examples are numerous and for the most part easy. They 
have been very carefully arranged, and are distributed throughout 
the text in immediate connection with the propositions on which 
they depend. A special feature is the large number of examples 
involving graphical or numerical work. The answers to these 
have been printed on perforated pages, во that they may easily be 
removed if it is found that access to numerical results is a source 
of temptation in examples involving measurement. 

"We are indebted to several friends for advice and suggestions. 
In particular we wish to express our thanks to Mr. H. C. Playne 
and Mr. H. C. Beaven of Clifton College for the valuable assist- 
ance they have rendered in reading the proof sheets and checking 
the answers to some of the numerical exercises. 

H. S. BALL. 
F. H. STEVENS. 


November, 1903. 


PREFATORY NOTE TO THE THIRD EDITION. 


In the present edition some further steps have been taken towards 
the curtailment of bookwork by reducing certain less important 
propositions (e.g. Euclid І. 22, 43, 44) to the rank of exercises. 
Room has thus been found for more numerical and graphical 
exercises, and experimental work such as that leading to the 


Theorem of Pythagoras. 
Theorem 22 (page 62), in the shape recommended in the Cam- 


bridge Schedule, replaces the equivalent proposition given as 


Additional Theorem A (page 60) in previous editions. 
In the case of a few problems (e.g. Problems 23, 28, 29) it has 


been thought more instructive to justify the construction by a pre- 
liminary analysis than by the usual formal proof. 
Н. 5: HALL. 
Е. Н. STEVENS. 
March, 1904. 
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square on the tangent from the Point of interseotion. 
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TuxonEM 59. [Euo. II. 37.] If from & point outside а circle 
two straight lines are drawn, one of which cuts the circle, and 
the other meets it; and if the rectangle contained by the 
whole line which cuts the circle and the part of it outside the 
circle is equal to the square on the line which meets the circle, 
then the line which meets the circle is a tangent to it. 234 


‘Problems. 
Рковцем 32. To draw a square equal in area to a given 
reotangle. 238 
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РвовцЕм 33. To divide a given straight lino во that the 
rectangle contained by the whole and one part may be equal 
to the square on the other part. 240 


Proniem 34. То draw an isosceles triangle having each of the 
angles at the base double of the vertical angle. 242 
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Тнковкм 60, [Euc. УІ. 2.] А straight line drawn parallel to 
one side of a triangle cuts the other two sides, or those sides 
produced proportionally. 

Тнкокем 61. [Euc. VI. 3 and A.] If the vertical angle of a 
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have the same ratio as the other sides of the triangle. 

Conversely, if the baso is divided internally or externally 
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the line joining the point of section to the vertex bisects 
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Bauiangular Triangles. 
Тнковкм 62. [Euc. VI. 4.] If two triangles are equian, 
to one another, their corresponding sides are proporti 200 
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Тнков®м 63. [Euc. VI. 5.] If two triangles have their sides 
proportional when taken in order, the triangles are equi- 
angular to one another, and those angles are equal which are 
opposite to corresponding sides. 


THEOREM 04. [Euc. VI. 6.] If two triangles have one angle 


of the one equal to one angle of the other, and the sides about 
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contained by the segments of one is equal to the reotangle 
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TnronEw 77. If from the vertical angle of a triangle a straight 
line is drawn perpendicular to the base, the rectangle con- 
tained by the sides of the triangle is equal to the rectangle 
contained by the perpendicular and the diameter of the 
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Тнкоквкм 78. (Ptolemy's Theorem.] The rectangle contained 
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DEFINITIONS AND FIRST PRINCIPLES - - Li . + . 


Тнковем 79. [Euc. XI. 2.] One, and only one, plane may be 
made to pass through any two intersecting straight lines, 


Сов. Any three straight lines, of which each pair cut one 
another, must be co-planar. 


TnuronEM 80. {Euc. ХІ. 3.] Two intersecting planes cut one 
another in a straight line, and in no point outside it. 

THEOREM 81. [Euc. ХІ. 4] Ifa straight line is 
to each of two intersecting straight lines at 


intersection, it is also perpendicular to the pl: 
they lie. 


THEOREM 82, [Euc. XI. 5.] All straight lines drawn perpen- 
dicular to a given straight line at a given point are co- 
planar. 


Cor. If a right angle revolves about one of its arms, the 
other arm generates a plane, 


HYPOTHETICAL CoNsTRUCTION - — DE 


THEOREM 83, [Euc. XI. 8.] If two straight lines are parallel, 


and if one of them is perpendicular to a plane, then the other 
is also perpendicular to the same plane. 


Сов. If АВ is perpendicular to a plane XY, and if from B, 
the foot of the PORE UE a line BE is drawn perpen- 
dicular to any line CD in the plane, then the join AB is also 
Perpendicular to CD. 


THEOREM 84. Through any point in or outside & plane there 


can always be one, and o; one, straight lin dicular 
to the p y » Б e perpen 


perpendicular 
their point of 
ane in which 
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Turorem 88. [Euo ХІ. 14.] Planes to which the same 
straight line is perpendicular are parallel to one another. 
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Turorem 91. [Eue. XL 17.] Straight lines which are cut by 
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to a plane, then any plane passing through the perpendicular 
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7. When one straight line stands on an- hel 
other so as to make the adjacent angles equal | 

to one another, each of the angles is called а 

rigiit angle; and each line is said to be per- 

pendicular to the other. 8 o A 


Axioms. (i) If О is a point in a straight line AB, then a line 
DC, which turns about О from the position OA to the position OB, 
must pass through one position, and only one, in which it is 
perpendicular to AB. 


(ii) All right angles are equal. 


A right angle is divided into 90 equal parts called degrees (°); each 
degree into 60 equal parts called minutes (’) ; each minute into 60 equal 
parts called seconds ("). 


In the above figure, if OC revolves about O from the 
position OA into the position OB, it turns through two right 
angles, or 180°, 

If OC makes a complete revolution about О, starting from OA 


and returning to its original position, it turns through four 
right angles, or 360°. 


8. An angle which is less than one right В 
angle is said to be acute. i 
That is, an acute angle is less than 90°. 


Ow A 
9. An angle which is greater p 
‘than one right angle, but less than 
two right angles, is said to be obtuse. 
That is, an obtuse angle lies between 
90° and 180°. o ^ 


10. If опе arm OB of an angle turns 
until it makes a straight line with the 


fX 
other arm OA, the angle so formed is с 5 — A 
called a straight angle. 


A straight angle=2 right angles 180*. 


DEFINITIONS. 5 


11. An angle which is greater За 
than two right angles, but less than ea 
5 Е =” О 
four right angles, is said to be Lo 
reflex. {й) А 


That is, a reflex angle lies between В 
180* and 360". 


Nors., When two straight lines meet, two angles are formed, one 
greater, and one less than two right angles. The first arises by 
supposing OB to havo revolved from the position OA the longer way 
round, marked (i); the other by supposing OB to have revolved the 
shorter way round, marked (ji) Unless the contrary is stated, the 
angle between two straight lines will be considered to be that which is 
less than two right angles. 


12. Any portion of a plane surface bounded by one or 
more lines is called a plane figure. 


13. A circle is a plane figure contained " 
by a line traced out by a point which moves 
so that its distance from a certain fixed 


point is always the same. DE 


Here the point P moves so that its distanco P 
from tho fixed point O is always the same. 


The fixed point is called the centre, and the bounding line 
is called the circumference, 


14, A radius of a circle is a straight line drawn from the 
centre to the circumference. It follows that all radii of a 


circle are equal. 


15. A diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the circumference. 


16. An arc of a circle is any part of the circumference, 
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THEOREM 96. [Euo. ХІ. 19.] it two intersecting planes are 
each perpendioular to a third plane, their line of section is 
also perpendicular to that plane. 
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TuronEM 97. [Euo. XI. 20.] In a trihedral angle the sum of 
any two of the face-angles is greater than the third. 


TuroREM 98. [Euc. XL 21.] In a convex solid angle the 
sum of the face-angles is less than four right angles. 
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GEOMETRY. 


PART L 


AXIOMS. 


ALL mathematical reasoning is founded on certain simple 
principles, the truth of which is so evident that they are 
accepted without proof. These self-evident truths are called 
Axioms. 

For instance : 

Things which are equal to the same thing are equal to one 
another. 


The following axioms, corresponding to the first four Rules. 
of Arithmetic, are among those most commonly used in 
geometrical reasoning. 

Addition. Jf equals are added to equals, the sums are equal. 


Subtraction. If equals are taken from equals, the remainders 
are equal. 

Multiplication. Things which are the same multiples of equals. 
are equal to one another. 

For instance: Doubles of equals are equal to one another. 

Division. Things which are the same parts of equals are equal 
to one another. . 

For instance: Halves of equals are equal to one another. 

The above Axioms are given as instances, and not as a 
of those which will be used. They are said to 
be general, because they apply equally to magnitudes of all 
kinds, Certain special axioms relating to geometrical magni- 
tudes only will be stated from tine to time as they are 


required. 
H.B.G. a C 


complete list, 
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2 GEOMETRY. 


DEFINITIONS AND FIRST PRINCIPLES. 


Every beginner knows in a pora way what is meant by a 
point, a line, and a surface. But in gecmetry these terms are 
used in a strict sense which needs some explanation. 


1. A point has position, but is said to have no magnitude. 


This means that we are to attach to a point no idea of size either as 
to length or breadth, but to think only where it is situated. A dot 
made with a sharp pencil may be taken as roughly representing » 

int; but small as such a dot may be, it still has some length and 
Код and is therefore not actually а geometrical point. The smaller 
the dot however, the more nearly it represents a point. 


2. А line has length, but is said to have no breadth. 


A line is traced out by a moving point. If the point of а pencil ia 
moved over a sheet of paper, the trace left represents a line. But such 
a trace, however finely drawn, has some degreo of breadth, and is 
therefore not itself a true geometrical line. The finer the trace left by 
the moving pencil-point, the more nearly will it represent a line. 


3. Proceeding in a similar manner from the idea of a line 
to the idea of a surface, we say that 
A surface has length and breadth, but no thickness. 
And finally, 


A solid has length, breadth, and thickness. 
Solids, surfaces, lines and points are thus related to one another: | 
(i) A solid is bounded by surfaces, 


(ii) A surface is bounded by lines; and surfaces mect in lines. 


vd A line is bounded (or terminated) by points; and lines meet” 
ints. 


4. А line may be straight or curved. 


A straight line has the same direction from point to point 
throughout its whole length. 


A curved line changes its direction continually from point 
to peint. 


DEFINITIONS. 3 


Axiom. There can be only one straight line joining two given 
points: that is, 
Two straight lines cannot enclose a space. 


5. A plane is a jlat surface, the test of flatness being that 
if any two points are taken in the surface, the straight line 
between them lies wholly in that surface. 


6. When two straight lines meet at a 
point, they are said to form an angle. 


The straight lines are called the arms of the 
angle; the point at which they meet is its vertex. y 


The magnitude of the angle may be thus Ó 
explained : 

Suppose that the arm OA is fixed, and that OB turns about 
the point O (as shewn by the arrow). Suppose also that OB 
began its turning from the position OA. Then the size of the 
angle AOB is measured by the amount of turning required to 
bring the revolving arm from its first position OA into its 
subsequent position OB. 

Observe that the size of an angle does not in any way depend on the 
length of its arms. 


Angles which lie on either side of C B 
а common arm are said to be ad- 
jacent. 

For example, the angles AOB, BOC, 
which have the common arm OB, are о А 
adjacent. 


When two straight lines such as AB, CD 
cross one another at О, the angles СОА, BOD , 
are said to be vertically opposite. The 
angles AOD, COB are also vertically opposite 
to one another. 


6 GEOMETRY. 


17. А semi-circle is the figure bounded 
by a diameter of a circle and the part of the 
circumference cut off by the diamoter. 


18. To bisect means to divide into two equal parts. 


Axioms. (i) If a point O moves 
from А to B along the straight line Дд о 
AB, it must pass through one posi- 
tion in which it divides AB into two equal parts, 
` That is to say: 

Every finite straight line has a point of bisection. 

(ii) If a line OP, revolving about О, turns 
from OA to OB, it must pass through one 
position 4n which it divides the angle AOB 
into two equal parts, 

That is to say: 


Every angle may be supposed to have a line of bisection. 


w 


HYPOTHETICAL CONSTRUCTIONS. 


From the Axioms attached to Definitions 7 and 18, it 
follows that we may suppose 


(i) A straight line to be draun perpendicular to a given 
siraight line from any point in it. 


(ii) A finite straight line to be bisected at a point, 
(iii) An angle to be bisected by a line. 


SUPERPOSITION AND EQUALITY. 


Axiom. Magnitudes which can be made to coincide with one 
another are equal. 


This axiom implies that any line, angle, or figure, may be taken up 
from its position, and without change in size or form, laid down upon & 
second line, angle, or figure, for the purpose of comparison, and it 
states that two such magnitudes are eaa]. when one can be exactly 
placed over the other without overlapping. 


This process is called superposition, and the first magnitudo is said to 
be applied to the other. 


POSTULATES, T 


POSTULATES, 


In order to draw geometrical figures certain instruments 
are required. These are, for the purposes of this book, (i) a 
straight ruler, (її) a pair of compasses. The following Postulates 
(or requests) claim the use of these instruments, and assume 
that with their help the processes mentioned below may be 
duly performed. 


Let it be granted: 

1. That a straight line may be drawn from any one point to 
any other point. 

2. That a FINITE (or terminated) straight line may be 
PRODUCED (that is, prolonged) to any length in that straight 
line. 

3. That a circle may be drawn with any point as centre and 
with a radius of any length. 


Notes. (i) Postulate 3, as stated above, im- 
lies that we may adjust the compasses to the 
length of any straight line PQ, and with a radius 
of this length draw a circle with any point O as 
centre. That is to say, the compasses may be 
used to transfer distances from one part of a 

diagram to another. 


(ii) Hence from AB, the greater of two 
straight lines, we may cut off a part equal ——--— 
to PQ the less. A X Г] 
For if with centre A, and radius equal 
to PQ, we draw an аго of a circle cuttin: 
AB at X, it is obvious that AX is equal р à 


to PQ. 
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INTRODUCTORY. 


1. Plane geometry deals with the properties of such lines 
and figures as may be drawn on a plane surface. 


2. The subject is divided into a number of separate dis- 
cussions, called propositions. 


Propositions are of two kinds, Theorems and Problems. 


A Theorem proposes to prove the truth of some geometrical 
statement. 


A Problem proposes to perform some geometrical construc- 
tion, such as to draw some particular line, or to construct 
some required figure. 


3. A Proposition consists of the following parts : 


The General Enunciation, the Particular Emunciation, the 
Construction, and the Proof. 


(i) The General Enunciation is a preliminary statement, 
describing in general terms the purpose of the proposition. 


(ii) The Particular Enunciation repeats in special terms 
the statement already made, and refers it to a diagram, which 
enables the reader to follow the reasoning more easily. 


(iii) The Construction then directs the drawing of such 
straight lines and circles as may be required to effect the 
purpose of a problem, or to prove the truth of a theorem. 


(iv) The Proof shews that the object proposed in a problem 


ma been accomplished, or that the property stated in a theorem 
is true. 


4. The letters Q.E.D. are appended to a theorem, and stand 
for Quod erat Demonstrandum, which was to be proved. 


INTRODUCTORY, g 


5. A Corollary is a statement the truth of which follows 
readily from an established proposition; it is therefore 
appended to the proposition as an inference or deduction, 
which usually requires no further proof. 


6. The following symbols and abbreviations are used in 
the text of this book. 


In Part I. 
.. for therefore, L јот angle, 
= ,, is, orare, equal to, ^ » triangle. 

After Part I. 
pt. for point, perp. for perpendicular, 
st. line » Straight line, par^ ,, parallelogram, 
rt. 2 » Tight angle, rectil. ,, rectilineal, 
раг! (or |) ,, parallel, © » circle, 
sq. » square, Ое  ,, circumference ; 


and all obvious contractions of commonly aii words, 
euch as opp., adj., diag., etc., for opposite, adjacent, jagonal, 
eto. 


[For convenience of oral work, and to prevent the rather common 
abuse of contractions by beginners, the above code of signs has been 
introduced gradually, and at first somewhat sparingly.] 


In numerical examples the following abbreviations will 


be used. 
m. jor metre, cm. for centimetre, 
mm. ,, millimetre. km. ,, kilometre, 


Also inches are denoted by the symbol ("). 
Thus 5” means 5 inches. 
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ON LINES AND ANGLES, 
THEOREM 1. [Euclid I, 13.] 


The adjacent angles which one straight line makes with another 
straight line on one side of it, are together equal to two right angles. 


ee 
° 


оК-- --=.-- 


А 


Let the straight line CO make with the straight line AB the 
adjacent 2'AOC, СОВ. 


It is required to prove that the L'AOC, COB are together equal lo 
two right angles. 


Suppose OD is at right angles to BA. 


Proof. Then the АОС, COB together 


= the three г'АОС, COD, DOB. 
Also the "AOD, DOB together 


=the three 2*AOC, COD, DOB. 
'. the "АОС, COB together=the 2*AOD, DOB 
= two right angles. 
Q.E.D. 


PROOF BY ROTATION. 


Suppose а straight line revolving about О turns from the position OA 
Ínto the position OC, and thence into the position OB ; that is, let the 
revolving line turn in succession through the Z^ АОС, COB. 

Now in passing from its first position OA to its final position OB, 
m revolving line turns through two right angles, for АОВ is a straight 

line. 


Hence the £* АОС, СОВ together two right angles. 


LINES AND ANGLES, n 


Coronary 1. If two straight lines 
cut one another, the four angles so 
are together equal to four right angles. 


For example, 
LBOD+ZDOA+ 2А0С+ LCOB=4 right angles. 


© 
COROLLARY 2. When any number of 

straight lines meet at a point, the sum of 

the consecutive angles so formed is equal 

to four right angles. 

E 

For a straight line revolvin about O, and turning in succession 


through the Д" AOB, BOC, COD, DOE, EOA, will have made one 
complete revolution, and therefore turned through four right angles. 


DEFINITIONS. 


(i) Two angles whose sum is two right angles, are said to 
be supplementary; and each is called the supplement of the 
other. 

Thus in the Fig. of Theor. 1 the angles AOC, COB are supplementary. 
Again the angle 123° is the supplement of the angle 57°. 

(ii) Two angles whose sum is one right angle are said to 
be complementary ; and each is called the complement of the 
other. 


Thus in the Fig. of Theor, 1 the angle DOC is the complement of 
the angle AOC. Again angles of 34° and 56° are complementary. 


COROLLARY 3. (i) Supplements of the same angle are equal. 
(ii) Complements of the same angle are equal, 
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THEOREM 2. [Euclid I. 14.) 


Jf, ei a point in a straight line, two other straight lines, on 
opposite sides of it, make the adjacent angles together equal to two 
right angles, then these two straight lines are in one and the same 
straight line. 


с 


в о 


At О in the straight line CO let the two straight lines OA, 
OB, on opposite sides of CO, make the adjacent Z'* АОС, COB 
together equal to two right angles: (that is, let the adjacent 
4? АОС, COB be supplementary). 


Tt is required to prove that OB and OA are in the same straight 
line. 


Produce AO beyond 0 to any point X: it will be shewn that 
OX and OB are the same line. 


Proof. Since by construction AOX is a straight line, 
©. the 2 СОХ is the supplement of the £ СОА. Theor. 1. 
But, by hypothesis, 
the 2 COB is the supplement of the 2 COA. 
С. the 2 СОХ = ће г СОВ; 
"ОХ and OB are the same line. 


But, by construction, OX is in the same straight line 
with OA; 


hence OB is also in the same straight line with OA. 
Q.E.D. 


LINES AND ANGLES. 13. 


EXERCISES, 


1. Write down the supplements of one-haly of a right angle, fowr- 
thirds of a right angle; also of 46°, 149°, 83°, 101° 15’. . 


9. Write down the complement of two-fifths of a right angle; 
also of 27°, 39^ 10, and 41° 29' 30”. m Mii po^ 


_ 3. If two straight lines intersect forming four angles of which one 
is known to be a right angle, prove that the other three are also right 
angles, 

4. In the triangle ABC the angles ABC, ACB are given equal. If 


the side BC is ERES both ways, shew that the exterior angles so 
formed are equal. 


5. In tho triangle ABC the angles ABC, ACB are given equal. If 
AB and AC are produced beyond the base, shew that the exterior angles 


so formed are equal. 


DzrINITION. The lines which bisect an angle and the 
adjacent angle made by producing one of its arms are called 
the internal and external bisectors of the given angle. 


^^ 


D 
» 
* 
* 
` 


Thus in the diagram, OX and OY are the 
internal and external bisectors of the angle 
B. 


6. Prove that the bisectors of the adjacent an les which one 
straight line makes with another contain a right angle. That is to 
say, the internal and external bisectora of an angle are at right anglea 


to one another. 

7. Shew that the angles AOX and COY in the above diagram are 
complementary. 

8. Shew that the angles BOX and COX are supplementary ; and 
aleo that the angles AOY and BOY are supplementary. 


9, If the angle АОВ is 35°, find the angle COY. 


12 GEOMETRY, 


THEOREM 2. [Euclid I. 14.] 


If, at a point in a straight lime, two other straight lines, on 
opposite sides of it, make the adjacent angles together equal to two 
right angles, then these two straight lines are in one and the same 
straight line, 


(6) 


B o 


At O in the straight line CO let the two straight lines OA, 
OB, on opposite sides of CO, make the adjacent 2*AOC, COB 
together equal to two right angles: (that is, let the adjacent 
“AOC, COB be supplementary). 


» t is required to prove that OB and OA are in the same straight 
ine. 


Produce AO beyond O to any point X: it will be shewn that 
OX and OB are the same line. 


Proof. Since by construction AOX is a straight line, 
7. the 2. COX is the supplement of the 2 СОА. Theor. 1. 
But, by hypothesis, 
the 2 COB is the supplement of the 2 СОА. 
©. the 2 СОХ = ће 2 COB; 
'. OX and OB are the same line. 


But, by construction, OX is in the same straight line 
OA; 


with 
hence OB is also in the same straight line with OA. 
Q.E.D. 


LINES AND ANGLES. 13. 


EXERCISES. 


Л. Write down the supplements of one-haly of a right angle, four- 
thirds of a right angle; also of 46°, 149°, 83°, 101° 15’. . 


о, Write down the complement of two; hs of a right angle; 
also of 27°, 38°16’, and 41° 29 30". a E B 


_ 8. If two straight lines intersect forming four angles of which one 
is Eom to be a right angle, prove that the other three are also right 
angles. 

4. In the triangle ABC the angles ABC, ACB are given equal. If 


the side BC is produced both ways, shew that the exterior angles so 
formed are equal. 


5. In the triangle ABC the angles ABC, ACB are given equal. If 
AB and AC are produced beyond the base, shew that the exterior angles 


so formed are equal. 


Derinition. The lines which bisect an angle and the 
adjacent angle made by producing one of its arms are called 
the internal and external bisectors of the given angle. 


"Ys 


1 
p 
* 
* 
` 


Thus in the diagram, OX and OY are the 
paternal and external bisectors of the angle 


6. Prove that the bisectors of the adjacent pags which one 
straight line makes with another contain a right angle. That is to 
say, the internal and external bisectors of an angle are at right angles 


to one another. 

7. Shew that the angles AOX and COY in the above diagram are 
complementary. 

g, Show that the angles BOX and COX are supplementary ; and 
aleo that the angles AOY and BOY are supplementary. 


9, H the angle AOB is 35°, find the angle COY. 


14 GEOMETRY 


THEOREM 3. [Euclid I. 15.] 


If two straight lines cut one another, the vertically opposite angles 
are equal. 


Let the straight lines AB, CD cut one another at the point O. 
It is required to prove that 

(i) the L АОС =the L DOB; 

(ii) the 2 СОВ =the L AOD. 


Proof. Because AO meets the straight line CD, 
-. the adjacent /* AOC, AOD together = two right angles; 
that is, the 2 AOC is the supplement of the 2 AOD. 


Again, because DO meets the straight line AB, 
„=. the adjacent /* DOB, AOD together = two right angles; 
that is, the 2 DOB is the supplement of the г AOD. 


"Thus each of the /* AOC, DOB is the supplement of the 2 AOD, 
7. the 2 АОС = the / DOB. 


Similarly, the / СОВ = the / AOD. 
Q.E.D. 


PROOF BY ROTATION. 


Buppose the line COD to revolve about O until OC turns into the 
poo OA. Then at the same moment OD must reach the position 

B (for AOB and COD are straight). 

Thus the same amount of turning is required to close the LAOC as to 


olose the 4 РОВ. 
^. the 2АОС= ће 2008. 


LINES AND ANGLES. 16 


EXERCISES ON ANGLES. 


(Numerical.) 


1. Through what angles does the minute-hand of a clock turn in 
(1) 5 minutes, (ii) 21 minutes, (iii) 43} minutes, (iv) 14 min. 10 sec.? 
And how long will it take to turn through (v) 66°, (vi) 222°? 


9. А clock is started at noon: through what angles will the hour- 


hand have turned by (i) 3.45, (ii) 10 minutes past 5? And what will 
wa the time when it has turned through 1723*? 


4. Tho earth makes a complete revolution about its axis in 24 hours. 
Through what angle will it turn in 3 hrs. 20 min., and how long will i$ 
take to turn through 130*? 

4. Inthe diagram of Theorem 3 

fi) If the 1 АОС -=35°, write down (without measurement) the value 
of each ot the 2* СОВ, BOD, DOA. 

(ii) 1f the /*СОВ, AOD together make up 250*, find each of the 


1: СОА, BOD. 
(iii) If the 2" АОС, COB, BOD together make up 274°, find each of 


the four angles at O. 


( Theoretical.) 


5. IffromOa point in AB two straight lines OC, OD are drawn on 
opposite sides of AB so as to make the angle COB equal to the angle 
AOD ; shew that OC and OD are in the same straight line. 


6. Two straight lines AB, CD cross at O. If OX is the bisector of 
the angle BOD, prove that XO produced bisects the angle AOC. 

7. Two straight lines AB, CD cross at O. If the angle BOD is 
bisected by OX, and AOC by OY, prove that OX, OY are in the same 
straight line. 

8. If OX bisects an angle AOB, shew that, by folding the diagram 
about the bisector, OA may be made to coincide with OB. 


How would OA fall with regard to OB, if 
(i) the LAOX were greater than the 2 ХОВ; 
(ii) the LAOX were less than the 2 ХОВ? 


9. ABand CD are straight lines intersecting at right angles at Os 
shew proio the figure about AB, that oc may be made to fall 
along OD. 


10. A straight line AOB is drawn on paper, which is then folded 
about O, so as to make OA fall along OB; shew that the crease left im 


the paper is perpendicular to AB. 


хө GEOMETRY. 


ON TRIANGLES. 


1. Any portion of a plane surface bounded by one or more 
lines is called a plane figure. 


The sum of the bounding lines is called the perimeter of the figure. 
The amount of surface enclosed by the perimeter is called the area. 


2. Rectilineal figures are those which are bounded by 
straight lines. 


3. A triangle is a plane figure bounded by three straight 
lines, 


4. A quadrilateral is a plane figure bounded by four straight 
lines. 


5. A polygon is a plane figure bounded by 
more than four straight lines. 


6. A rectilineal figure is said to be 
equilateral, when all its sides are equal ; 
equiangular, when all its angles are equal ; 
regular, when it is both equilateral and equiangular. 


7. Triangles are thus classified with regard to their sides: 
A triangle is said to be 

equilateral, when all its sides are equal ; 

isosceles, when two of its sides are equal ; 

scalene, when its sides are all unequal, 


Equilateral Triangle, 1вовсе1ев Triangle. Scalene Triangle, 


In a triangle ABC, the letters A, B, C often denote 
the magnitude of the several angles (as measured in 8, a 
degrees); and the letters a, b, c the lengths of the 


opposite sides (as measured in inches, centimetres, or 
aome other unit of length). 
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Any one of the angular points of a triangle may be regarded as its 
vertex; and the opposite side is then called the base. 

In an isosceles triangle the term vertex is usually applied to the point 
at which the equal sides intersect; and the vertical angle'is the angle 
included by them. 


8. Triangles are thus classified with regard to their angles : 
A triangle is said to be 
right-angled, when one of its angles is a right angle; 


obtuse-angled, when one of its angles is obtuse ; 
acute-angled, when all three of its angles are acute. 


[It will be seen hereafter (Theorem 8. Cor. 1) that every triangle must 
фале at least two acute angles.) 


p ари Tous 


Right-angled Triangle. Obtuse-angled Triangle. Acute-angled Triangle. 


In з right-angled triangle the side opposite to the right angle is 
called the hypotenuse. 


9. Inany triangle the straight line joining a vertex to the 
middle point of the opposite side is called a median. 


THE COMPARISON OF TWO TRIANGLES. 


(i) The three sides and three angles of a triangle are called 
its six parts. A triangle may also be considered with regard 
to its area. 

(ii) Two triangles are said to be equal in all respects, 
when one may be so placed upon the other as to exactly 
coincide with it; in which case each part of the first triangle 
is equal to the corresponding part (namely that with which 
it coincides) of the other; and the triangles are equal in area. 

In two such triangles corresponding sides are opposite to equal 
angles, and corresponding angles are opposite to equal sides. 

Triangles which may thus be made to coincide by super- 
position are said to be identically equal or congruent. 

н,з.о. B 


иза: тп—@ 
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i THEOREM 4. [Euclid I. 4.] 
If two tricngles have two sides of the one equal to two sides of the 
other, each to each, and the angles included by those sides equal, 
then the triangles are equal in ail respects. 


c 
H 
P E 
Let ABC, DEF be two triangles in which 
AB=DE, 
АС = ОЕ, 


and the included angle ВАС = the included angle EDF. 


It is required to prove that the AABC=the ADEF in ail 
respects, 


Proof. Apply the A ABC to the A DEF, 
80 that the point A falls on the point D, 
and the side AB along the side DE. 


Then because AB — DE, 
». the point B must coincide with the point E. 


And because AB falls along DE, 
and the 2 BAC — the / EDF, 
-. AC must fall along DF. 
And because AC = DF, 
+. the point C must coincide with the point Е. 
Then since B coincides with E, and C with F, 
„'. the side BC must coincide with the side EF. 


Hence the AABC coincides with the A DEF, 
and is therefore equal to it in all respects. 
QED. 
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_ Obs. In this Theorem we must carefully observe what is 
given and what is proved. 


AB=DE, 
Given that AC= DF, 
and the 2 ВАС =the 2 EDF. 


From these data we prove that the triangles coincide on 
superposition. А 
ВС= EF, 
Hence we conclude that the 2 ABC — the 2 DEF, 
and the 2 АСВ = the 2 DFE; 
also that the triangles are equal in area. 
Notice that the angles which are proved equal in the two triangles 
are opposite to sides which were given equal. 
A D 


Nors. The adjoining diagram shews 
that in order to make two congruent 
triangles coincide, it may be necessary 
to reverse, that is, turn over one of them с Е 
before superposition. 


EXERCISES. 
1. Shew that the bisector of the vertical angle of an isosceles triangle 
(1) bisects the base, (ii) їз perpendicular to the base. 
2. Let О be the middle point of а straight line AB, and let OC be 
perpendicular to it. Then if P. is any point in OC, prove that PA=PB. 
3. Assuming that the four sides of a square are equal, and that its 
angles are all right angles, prove that in the square ABCD, the 
diagonals AC, BD are equal, 
4, ABCD isa square, and L, M, and N are the middle points of AB, 
BC, ard CD: prove that р 
(i) LM=MN. (ii) AM-DM. 
(iii) AN=AM. (iv) BN=DM. 
[Draw a separate figure in each case. ] 
5. ABC is an isosceles triangle: from the equal sides AB, AC two 
aval poris AX, AY are cut off, and BY and CX are joined, Prove that 
GY-zoóox. 
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THEOREM 5. [Euclid I. 5.] 


/ 


The angles at the base of an isosceles triangle are equak 


A 


o}----------> 


B с 


Let ABO be an isosceles triangle, in which the side AB =the 
side AC. 


It is required to prove that the L ABC = the / ACB. 


Suppose that AD is the line which bisects the 4 ВАС, and 
let it meet BC in D. 


1st Proof. Then in the A' BAD, CAD, 


BA — CA, 
because AD is common to both slags 
and the included г BAD = the included 2 CAD; 


.. the triangles are equal in all respects; Theor. 4. 
so that the АВО =the 2 ACD. 
Q.E.D. 


2nd Proof. Suppose the ^ ABC to be folded about AD. 
Then since the 2 BAD = the / CAD, 
^. AB must fall along AC. 
And since AB — AC, 
7. B must fall on С, and consequently DB on DC. 


s. the АВО will coincide with the 2 ACD, and is therefore 
equal to it. 


Q.E.D. 


ISOSCELES TRIANGLES. 2%. 


а 
COROLLARY 1. Jf the equal sides AB, AC of 
an isosceles triangle are produced, the exterior 
angles EBC, FCB are equal; for they are the 
supplements of the equal angles at the base. B С 
Е Е 
COROLLARY 2. Jf a triangle is equilateral, it is also equi- 


angular. 


DEFINITION. A figure is said to be symmetrical about a. 
line when, on being folded about that line, the parts of the 
figure on each side of it can be brought into coincidence. 

The straight line is called an axis of symmetry. 


That this may be possible, it is clear that the two parts of the figure: 
must have the same size and shape, and must be similarly placed with 


regard to the axis. 
Theorem 5 proves that an isosceles triangle is symmetrical about 


the bisector of its VERTICAL angle. А 
An equilateral triangle is symmetrical about the bisector of ANY 


ONE of its angles. 


EXERCISES. 


_1. ABCD is a four-sided figure whose sides are all equal, and the- 
diagonal BD is drawn: shew that 
(i) the angle ABD=the angle ADB; 
(ii) the angle CBD=the angle CDB; 
` (iii) the anglo ABC=the angle ADC. 
2, ABC, DBC are two isosceles triangles drawn on the same base 
BC, but on opposite sides of it : TES (by means of Theorem 5) that 
the angle ABD =the angle ACD. 
3. ABO, DBO are two isosceles triangles drawn on the same base 
BC and on the same side of it: employ Theorem 5 to prove that 
the angle ABD=the angle ACD. 
4. AB, AC aro the equal sides of an isosceles triangle ABC ; and 
L, M, N are the middle points of AB, BC, and CA respectively: prove 


that G) LM=NM. (н) BN=CL. 
(iii) the angle ALM =the angle ANM, 


| &.C.E.R T., West Bengals ^7 
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THEOREM 6. [Euclid I. 6.] 


If two angles of a triangle are equal to one another, then the 
sides which are opposite to the equal angles are equal to one another. 


A 
D 


B с 


‘Let ABC be a triangle in which 
the 2 ABC = the / ACB. 
Jt is required to prove that the side AC =the side AB. 


If AC and AB are not equal, suppose that AB is the greater. 
From BA cut off BD equal to AC. 


Join DC. 
Proof. Then in the A DBC, ACB, 
DB-—AC, 
because BC is common to both, 
e the included 2 DBC = the included 2 АСВ; 
.. the ADBC=the AACB in area, Theor, 4. 


the part equal to the whole; which is absurd. 
'. AB is not unequal to AC; 
that is, АВ = АС. 
Q.E.D. 


ConoLLARY. Hence if a triangle is equiangular it is also 
equilateral, 


A THEOREM AND ITS CONVERSE 2% 
NOTE ON THEOREMS 5 AND 6. 


Theorems 5 and 6 may be verified ex- 
perimentally by cutting out the given АХ 
AABC, and, after turning it over, fitting PON 


it thus reversed into the vacant space left Н А. \ 
in the paper. . ИЕНЕН 
В сс 
Suppose A'B'C' to bo the original position of the A ABC, and let: 


ACB represent tlie triangle when reversed. T 
In Theorem 5, it will bo found on applying A to A’ that C may be- 


made to fall on В, and B on С’. 
In Theorem 6, on applying C to B' and B to C' we find that A will 


fall on A'. 
In either case the given triangle reversed will coincide with its own 
“trace,” so that the side and angle on the left are respeotively equal to- 


the side and angle on the right. 


NOTE ON A THEOREM AND ITS CONVERSE. 


sts of two clauses. The first: 


The enunciation of a theorem consi: 
d is called the hypothesis ; the- 


clause tells us what we are to assume, ат! 
second tells us what i£ is required to prove, and is called the conclusion, 
For example, the enunciation of Theorem 5 assumes that in a certain. 
triangle ABC the side AB=the side AC: this is the hypothesis. From 
this it is required to prove that (Ле angle ABC=the angle ACB: this ie 
the conclusion. 
If we interchange the hypothesis and conclusion of a theorem, we: 
enunciate a new theorem which is called the converse of the first. 


For example, in Theorem 5 
AB=AC 


it is assumed that ; 
it is required to prove that the angle ABC=the angle лов.) 
Now in Theorem 6 
it is assumed that the angle ABC —the angle ACB ; 
it is required to prove that AB=AC. 

Thus we see that Theorem 6 is the converse of Theorem 5; for the- 
hypothesis of each ss the conclusion of the other. 

In Theorem 6 we employ an indirect method of proof frequently 
used in geometry. It consists in shewing that the theorem cannot be 
untrue; since, if it were, we should be led to some impossible conclusion. 
This form of proof is known as Reductio ad Absurdum, and is most- 
commonly used in demonstrating the converse of some foregoing theorem. 

It must not however be supposed that if a theorem is true, its com 


verse is necessarily true, [See р. 25.) 
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v THEOREM 7. [Euclid I. 8.] 


Tf two triangles have the three sides of the one equal to the three 
sides of the other, each to each, they are equal in all respects, 


B «6 Е Р 
Qi 
Let ABC, DEF be two triangles in which 
AB=DE, 
AC=DF, 
BC-EF. 


It is required to prove that the triangles are equal in all respects, 


Proof. Apply the АВС to the A DEF, 
80 that B falls on E, and BC along EF, and 
so that A is on the side of EF opposite to D. 
Then because BC — EF, C must fall on F. 
Let GEF be the new position of the ^ ABC. 
Join DG. 
Because ED — EG, 
'. the L EDG — the / EGD, Theor. b. 
Again, because FD— FG, 
4 the LFDG- the z FGD. 
Hence the whole  EDF=the whole 2 EGF, 
that is, the / EDF =the / ВАС, 
Then in the A* BAC, EDF П 
ВА= Ер, 
because AC =DF, 
and the included 2 BAC = the included 2 EDF; 
«5 the triangles are equal in all respects, Theor. 4, 
QED, 


CONGRUENT TRIANGLES. 2b. 


Obs. In this Theorem 
it is given that AB=DE, BC=EF, CA=FD; 
and we prove that .C=2F, ZLA=2D, /В=/Е. 
Also the triangles are equal in area. 


Notice that the angles which are proved equal in the two triangles 
are opposite to sides which were given equal. 


Norr 1. We have taken the case in which DG falls within the- 
L* EDF, EGF. 

Two other cases might arise : 

(i) DG might fall outside the Z* EDF, EGF [as in Fig. 1]. 

(ii) DG might coincide with DF, FG [as in Fig. 2]. 


A D A D 
Pus 2201 С Е 
ШОО «x B С == 
Fig.1. а Fig.2. G 
angles are obtuse 


t even then, 
he A ABC, 


Theso oases will arise only when the given tri 
angled or right-angled ; and (as will be seen hereafter) по 
if we begin by choosing for superposition the greatest side of t 
as in the diagram of page 24. 


Nore 2. Two triangles are said to be equiangular to one another 
when the angles of one are respectively equal to the angles of tho other, 
Hence if two triangles have the three sides of one severally equal to the 
three sides of the other, the triangles are equiangular to one another. 
The student should state the converse theorem, and shew by a 


diagram that the converse is not necessarily true. 


*,* At this stage Problems 1-5 and 8 (see page 70] may 
conveniently be taken, the proofs affording good illustrations of the 
Identical Equality of Two Triangles. 
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EXERCISES. 


Ox Тнв IpnzNTICAL EQUALITY оғ Two TRIANGLES. 
THEOREMS 4 AND 7. 


(Theoretical.) 


l. Shew that the straight line which joins the vertex of an isosceles 
“triangle to the middle point of the base, 

(i) bisects the vertical angle : 

(ii) is perpendicular to the base. 


2. If ABCD is a rhombus, that is, an equilateral foursided figure; 
*Shew, by drawing the diagonal AC, that 

(i) the angle ABC=the angle ADC; 

(ii) AC bisects each of the angles BAD, BCD. 


3. If ina quadrilateral ABCD the opposite sides are equal, namely 
"АВ =С0 and AD=CB;; prove that the angle ADC=the angle ABC. 


4. If ABC and DBC are two isosceles triangles drawn on the same 
base BC, prove (by means of Theorem 7) that the angle ABD=the 
angle ACD, taking (i) the case where the triangles are on the same side 
of BC, (ii) the case where they are on opposite sides of BC. 


5. If ABC, DBC are two isosceles triangles drawn on opposite 
-sides of the same base BC, and if AD be joined, prove that each of the 
angles BAC, BDC will be divided into two equal parts, 


6. Shew that the straight lines which join the extremities of the 
о of an isosceles triangle to the middle points of the opposite sides, 
are equal to one another. 


7. Two given points in the base of an isosceles triangle are equi- 
-distant from the extremities of the base: shew that they are also 
equidistant from the vertex. 


8. Shew that the triangle formed by joining the middle points 
“of the sides of an equilateral triangle is also equilateral. 


9. ABC is an isosceles triangle having AB equal to AC; and the 
"Angles at B and С are bisected by BO and CO : shew that 

(i) BO=CO; 

(ii) AO bisects the angle BAC. 


10. Shew that the diagonals of a rhombus [see Ex. 2]!bisect one 
another at right angles. 


ll. The equal sides BA, CA of an isosceles triangle BAC are pro- 
-duced beyond the vertex A to the points E and F, so that AE is equal 
Чо AF; and FB, EC are joined: shew that FB is equal to EC. 
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EXERCISES ON TRIANGLES. 
(Numerical and Graphical.) 


1. Draw a triangle ABC, having given а=9:0, b-2:1*, c=1'3", 
Measure the angles, and find their sum. 


2. In the triangle ABC, a=7°5 cm., b=7'0 com., and c—6:5 cm.. 
Draw and measure the perpendicular from B on CA. 


3. Draw a triangle ABC, in which a=7 cm., b=6 cm., C=65". 


How would you prove theoretically that any two triangles having. 
these parts are alike in size and shape? Invent some experimental 


illustration. 


4. Draw a triangle from the following data: b—2", c=2'5", 
and measure a, B, and C. 

Draw a second triangle, using as data the values just found for a,. 
B, and C; and measure b, c, and A. What conclusion do you draw? 


5. A ladder, whose foot is placed 12 feet from the base of a house, 
reaches to a window 35 feet above the ground. Draw a plan in which 
1’ represents 10 ft.; and find by measurement the length of the ladder. 


A=57°5. 


6. І go due North 99 metres, then due East 20 metres, Plot my 
course (scale 1 cm. to 10 metres), and find by measurement as nearly as- 
you can how far I am from my starting point. 

‘ 


7. When the sun is 42° above the horizon, a vertical pole casts а. 
shadow 30 ft. long. Represent this on a diagram (scale 14 to 10 ft.) s- 
and find by measurement tho approximate height of the pole. 


8. From a point A a surveyor goes 150 yards due East to B ; then. 
300 yards due North to C ; finally 450 yards due*West to D. Plot h 
course (scale 1" to 100 yards) ; and find roughly how far D is from A. 
Measure the angle DAB, and say in what direction D bears from A. 


9. B and C are two points, known to be 260 yards apart, on а. 
straight shore. A is a vessel at anchor. The angles CBA, BCA re: 
observed to be 33° and 81° respectively. Find raphically the approxi- 
mate distance of the vessel from the points and C, and from th. 


nearest point on shore. 


10. In surveying a park it is required to find the distance betweea. 

; but as а lake intervenes, a direct measurement 
cannot be made. The surveyor therefore takes a third point C, from 
which botb A and B are ‘accessible, and he finds CA-245 yards, 
СВ —320 yards, and the angle АСВ —42*. Ascertain from a plan the 
approximate distance between A and B. 
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J ТнЕОВЕМ 8. [Euclid I. 16.] 


If one side of a triangle is produced, then the exterior angle is 
greater than either of the interior opposite angles. 


A Е 


[e 
'G 


Let ABC be a triangle, and let BC be produced to D. 


It is required to prove that the exterior L ACD is greater thar 
either of the interior opposite 2° ABC, ВАС. 


Suppose E to be the middle point of AC. 
Join BE ; and produce it to F, making EF equal to BE. 


Join FC. 
LI 
Proof. Then in the A*AEB, CEF, 
е АЕ =СЕ, 
because EB=EF, 
and the 2 AEB = the vertically opposite 2 ОЕР; 


*'. the triangles are equal in all respects; Theor. 4. 
so that the 4 ВАЕ = ће / ECF. 
But the 2 ECD is greater than the 2 ЕСЕ; 
{`+ the 2 ECD is greater than the г BAE; 
that is, the / ACD is greater than the z BAC. 


In the same way, if AC is produced to G, by supposing A to 
be joined to the middle point of BC, it may be proved that 
the BCG is greater than the / ABC. 

But the / BCG — the vertically opposite г ACD. 
+. the 2 ACD is greater than the 2 ABC. 
Q.E.D. 
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СовоглАвү 1. Any two angles of a triangle are together less 
than two right angles. А 


For the ДАВС is less than the LACD: Proved. 
to each add the 2 АСВ. 
Then the £* ABC, АСВ are less than the Z* ACD, ACB, 
therefore, less than two right angles. 
B CD 


\ 
COROLLARY 2. Every triangle must have at least two acute 


ingles. 
For if one angle is obtuse or a right angle, then by Cor. 1 each of the 
other angles must be less than a right angle. 


COROLLARY 3. Only one perpendicular cam be drawn to a 
straight line from а given point outside tt. 


If two perpendiculars could be drawn to AB from 
P, we should have a triangle PQR in which each of 
tho L*PQR, PRQ would be a right angle, which is 
impossible. 
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EXERCISES. 


1. Prove Corollary 1 by joining the vertex A to any point in the 


base BC. 
2. ABC isa triangle and D any point within it. If BD and CD are 


joined, the angle BDC is greater than the angle BAC. Prove this 
(i) by producing BD to meet AC. 
(ii) by joining AD, and producing it towards the base. 


3, If any side of a triangle is produced both ways, the exterior 
angles 80 formed are together greater than two right angles. 


ne there cannot be drawn from a point out- 


i traight li 
4. To a given SES ye lines of the same given length. 


side it more than two straig) 
e equal sides of an isosceles triangle are produced, the 


5. Hf th 
ез must be obtuse. 


exterior angl 


30 GEOMETRY. 


Turonrw 9. [Euclid I. 18.] 


If one side of a triangle is greater than another, then the angle 
opposite to the greater side is greater than the angle opposite to the 
less 


A 


B c 


Let ABC be a triangle, in which the side AC is greater than 
the side AB. 


It is required to prove that the L ABC is greater than the L ACB. 


From AC cut off AD equal to AB. 
Join BD. 


Proof. Because AB = AD, 
7. the 2 АВО = ће / АОВ. Theor. 5. 


But the exterior ¿ADB of the ABDC is greater than the 
interior opposite 2 DCB, that is, greater than the 2 ACB. 


^. the 2 ABD is greater than the / ACB. 
Still more then is the 2 ABC greater than the 2 ACB. 


Q.E.D. 


Obs. The mode of demonstration used in the following Theorem 
is known as the Proof by Exhaustion. It is applicable to cases in which 
one of certain suppositions must necessarily be true; and it consista in 
shewing that each of these suppositions is false with one exception = 
hence the truth of the remaining supposition is inferred. 
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M Тнковем 10. [Euclid I. 19.] 
Tf one angle of a triangle is greater than another, then the side 
opposite to the greater angle is greater than the side opposite to the 


3 


А. 


Let ABC be a triangle, in which the 2 АВС is greater than 
the 2 ACB. 

It is required to prove that the side AC is greater than the 
cide AB. 


Proof. If AC is not greater than AB, 
it must be either equal to, or less than AB. 


Now if AC were equal to AB, 
then the 2 ABC would be equal to the ACB; Theor. 5. 
+ but, by hypothesis, it is not. 


Again, if AC were less than AB, 
then the / ABC would be less than the 4 АСВ; Theon 9. 


but, by hypothesis, it is not. 


That is, AC is neither equal to, nor less than AB. 
.'. AC is greater than AB. Q.E.D 


(For Exercises on Theorems 9 and 10 see page 34.) 
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T. THEOREM 11. [Euclid I. 20.] | 
‚Ату two sides of a triangle are together greater than the third 


D 


с 


Let ABC be a triangle. 


It is required to prove that any two of its sides are together 
greater than the third side. 


It is enough to shew that if BC is the greatest side, then 
BA, AC are together greater than BC. 


Produce BA to D, making AD equal to AC. 
Join DC. 


Proof. Because AD=AC, 
4. the 2ACD=the / ADC. Theor. 5. 


But the 2 BCD is greater than the 2 ACD ; 
«^. the 2 BCD is greater than the 2 ADC, 
that is, than the 2 ВОС. . 


Hence from the A BDC, 
2 BD is greater than BC. Theor. 10. 


But BD=BA and AC together ; 
**. BA and AC are together greater than BC. 
Q.E.D. 


Nore. This proof may serve as an exercise, but the truth of the 
Theorem is really self-evident. For to go from B to C along the | 
straight line BC is clearly shorter than to go from B to А and then | 
from AtoC. In other words | 

The shortest distance between two points is the etraight line which joine 
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THEOREM 12. 


Of all straight lines drawn from a given point to а given straight 
line the perpendicular is the least. 


Let OC be the perpendicular, and OP any oblique, drawn from 
the given point O to the given straight line AB. 


It is required to prove that OC is less than OP. 


Proof. In the ЛООР, since the / OCP is a right angle, 
.'. the / OPC is less than a right angle; Theor. 8. Cor. 
that is, the 2 OPC is less than the д OCP. 


.'. OC is less than OP. Theor. 10. 
Q.E.D. 


ConorrARY 1. Hence conversely, since there can be only 
one perpendieular and one shortest line from O to AB, 

If OC is the shortest straight line from O to AB, ihen OC is 
perpendicular to AB. 


COROLLARY 2. Two obliques OP, OQ, which cut AB at equal 
distances from C the foot of the perpendicular, are equal. 
The At OCP, OCQ may be shewn to be congruent by Theorem 4; 
hence OP=OQ. 


COROLLARY 3. Of two obliques OQ, OR, if OR cuis AB at the 
greater distance from C the foot of the perpendicular, then OR is 
greater than OQ. 


The LOQC is acute, ~. the LOQR is obtuse ; 
» а б the LOQR is greater than the 2088; 
.. OR is greater than OQ. 


EH.B.G. о 


п.б. IHI—3 
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EXERCISES ON INEQUALITIES IN A TRIANGLE. 
1. The hypotenuse is the greatest side of a right-angled triangle. 


2. The greatest side of any triangle makes acute angles with each of 
the other sides. $ 

3. If from the ends of a side of a triangle, two straight lines are 
drawn to a point within the triangle, then these straight lines are together 
less than the other two sides of the triangle. 


4. BC, the base of an isosceles triangle ABC, is produced to any 
point D; shew that AD is greater than cither of the equal sides. 


5. If in a quadrilateral the greatest and least sides are opposite 


to one another, then each of the angles adjacent to the least side is 
greater than its opposite angle. 


(— 6. In a triangle ABC, if AC is not greater than AB, shew that 
any straight line drawn through the vertex A and terminated by the 
base BC, is less than AB. 


7. ABC is a triangle, in which OB, OC bisect the angles АЗС, 
ACB respectively: shew that, if AB is greater than AC, then OB is 
greater than OC, 


8. The difference of eny two sides of & trianglo is less than tho 
third side, 


“1%. The sum of the distances of any point from the three angular 
points of a triangle is greater than half its perimeter. 


10. The perimeter of a quadrilateral is greater than the sum, of 
ite diagonals. 


11. ABC is a triangle, and the vertical angle BAC is bisceted by 


& line which meets BC in X; shew that ВА is greater than BX, and 
CA greater than CX. Hence obtain a proof of Theorem 11. 


/ 12. The sum of the distances of any point within a triangle from 
ite angular points is less than the perimeter of the triangle. 


Y 13. The sum of the diagonals of а quadrilateral is lese than the 
sum of the four straight lincs drawn from the angular points to any 
given point. Prove this, and point out the exceptional case. 


14. In a triangle any two side» сте together greater than twice the 
median which bisecta the remaining side. 

[Produce the median, and complete the construction after the 
manner of Theorem 8.] 


a5, In any triangle the eum of the mediana $a less than the peruneter, 
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" PARALLELS. 


DEFINITION. Parallel straight lines are such as, being in 
the same plane, do not meet however far they are produced 
beyond both ends. 

Nore, Parallel lines must be in the same plane, For instance, two 
straight lines, one of which is drawn on a table and the other on the 
floor, would never meet if produced ; but they are not for that reason 
necessarily parallel. 

Axiom. Two intersecting straight lines cannot both be parallel 
to a third straight line. 

In other words: 

Through @ given point there can be only one straight line parallel 
to a given straight line, 

This assumption is known as Playfair’s Axiom. 


DEFINITION. When two straight lines AB, CO are met by 
a third straight line EF, eight angles are formed, to which for 
the sake of distinction particular names are given. 


Thus in the adjoining figure, yi 
1, 2, 7, 8 are called exterior angles, 4 , 
473 ——8 


3, 4, 5, 6 are called interior angles, 
4 and 6 are said to be alternate angles ; 

80 also the angles 3 and 5 are alternate Ho 
to one another. $ © 25 D 
Of the angles 9 and 6, 2 is referred 

to as the exterior angle, and 6 as the А 


interior opposite angle on the same side 
of EF. Such angles are also known as corresponding angles. 


Similarly 7 and 3, 8 and 4, 1 and 9 are pairs of corresponding 
angles. 
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TurongM 13. [Euclid I. 27 and 28.] 


If a straight line cuts two other straight lines so as to make 
(i) the alternate angles equal, 
or (ii) an exterior angle equal to the interior opposite angle on the 
same side of the cutting line, 
or (iii) the interior angles on the same side equal to two right 
angles ; 
then in each case the two straight lines are parallel. 


(i) Let the straight line EGHF cut the two straight lines 
AB, CD at G and Н so as to make the alternate г" АОН, GHD 
:equal to one another. 


It is required to prove that AB and CD are parallel. 


Proof. If AB and CD are not parallel, they will meet, if 
produced, either towards B and D, or towards A and C. 


If possible, let AB and CD, when produced, meet towards B 
and D, at the point K. 


Then KGH is a triangle, of which one side KG is produced to A; 
< the exterior LAGH is greater than the interior opposite 
4GHK ; but, by hypothesis, it 15 not greater. 


21. AB and CD cannot meet when produced towards B and D. 


Similarly it may be shewn that they cannot meet towards 
A and O: 


~". AB and CD are parallel. 


$7 


(ii) Let the exterior  EGB =the interior opposite 2 GHD. 
It is required to prove that AB and CD are parallel. 


Proof. Because the 2 EGB=the 2 GHD, 
and the 4 EGB =the vertically opposite 2 AGH; 
.. the LAGH = the д GHD: 


and these are alternate angles ; 
7. AB and CD are parallel. 


(ii) Let the two interior /* ВОН, GHD be together equal to 
two right angles, 


It is required to prove that AB and CD are parallel. 


Proof, Because the z'BGH, GHD together=two right 


angles ; 
and because the adjacent 2" ВОН, AGH together=two right 
angles ; 
s Ke the 2 ВОН, AGH together = ће д" ВОН, GHD. 
From these equals take the 2 BGH ; 
then the remaining 2 AGH = ће remaining 2 GHD: 


and these are alternate angles; 
.'. AB and CD are parallel. 
Q.E.D. 


DEFINITION. A straight line drawn across a set of given 
lines is called a transversal. 


For instance, in the above diagram ihe line EGHF, which crosses 
the given lines AB, CD isa transversal. 
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Turorem 14. (Euclid І. 29.] 


Tf a straight line cuts two parallel lines, it makes 
(i) the alternate angles equal to one another ; 
(11) the exterior angle equal to the interior opposite angle on the 
same side of the cutting line ; 
(iii) the two interior angles on the same side together equal to two 
right angles, 


Let the straight lines AB, CD be parallel, and let the 
straight line EGHF cut them. 


It is required to prove that 
(i) the L AGH =the alternate L GHD; 
(ii) the exterior L EGB = the interior opposite GHD ; 
(iii) the two interior 1" ВОН, GHD together = two right angles. 


Proof. (i) If the 2 AGH is not equal to the г GHD, 
suppose the 2 PGH equal to the 2 GHD, and alternate to it; 
then PG and CD are parallel. Theor. 13. 


But, by hypothesis, AB and CD are parallel ; 
«. the two intersecting straight lines AG, PG are both parallel 
to CD: which is impossible. Playfair's Axiom. 
7. the ¿LAGH is not unequal to the GHD; 
that is, the alternate /*АбН, GHD are equal. 
(ii) Again, because the LEGB=the vertically opposite 
LAGH; 
s and the z AGH =the alternate 2 GHD ; Proved. 
7. the exterior 4 EGB =the interior opposite / GHD. 
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(11) Lastly, the 2 EGB = the 2 GHD ; Proved, 
add to each the 2 BGH ; 
then the 2" EGB, BGH together =the angles ВСН, GHD. 


But the adjacent 2*EGB, ВОН together = two right angles ; 
«. the two interior 2" ВОН, GHD together=two right angles. 
Q.E.D. 


PARALLELS ILLUSTRATED BY ROTATION. 


The direction of a straight line is determined by the angle which 
it makes with some given line of reference. 


Thus the direction of AB, relatively to the given line YX, is given by 
the angle APX. 

Now suppose that AB and CD in 
the adjoining diagram are parallel; 
then wo have learned that 
theext. LAPX=the int. opp. СОХ; 
that із, АВ and CD make equal angles 
with the line of reference YX. 

This brings us to the leading idea 
connected with parallels : 

Parallel straight lines have the same 
DIRECTION, but differ in POSITION. 
The same idea may be illustrated 


thus: 
Suppose AB to rotate about P through the LAPX, so as to take the 


position XY. Thence let it rotate about Q the opposite way through 
the equal 2 XQO : it will now take the position CD. Thus AB may be 
brought into tho position of CD by two rotations which, being equal 
and opposite, iava no final change of direction. 

HYPOTHETICAL CONSTRUCTION. In tbe above diagram let 
AB be a fixed straight line, Q a fixed point, CD a straight 
line turning about Q, and YQPX any transversal through Q. 
Then as CD rotates, there must be one position in which the 
L CQX = ће fixed 4 АРХ. : 

Hence through any given point we may assume a line to pass 
parallel to any given straight line. 


Obs. If AB is a straight line, movements from A towards 
8, and from 8 towards A are said to be in opposite senses 
of the line AB. 
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THEOREM 15. [Euclid I. 30.] 


Straight lines which are parallel to the same straight line are 
parallel to one another. 


E 
A c __8 
с н D 
PK Q 


Let the straight lines AB, CD be each parallel to the straight 
line PQ. 


It is required to prove that AB and CD are parallel to one 
another. 


Draw a straight line EF cutting AB, CD, and PQ in the 
points G, H, and K. 


Proof. Then because AB and PQ are parallel, and EF meets 
them, 
; . the 2 AGK =the alternate 2 GKQ. 


And because CD and PQ are parallel, and EF meets them, 
.'. the exterior / GHD =the interior opposite 2 GKQ. 
.. the L AGH =the / GHD ; 
and these are alternate angles; 
'. AB and CD are parallel. 
Q.E.D. 


Nore. If PQ lies between AB and CD, the Proposition needs no 
proof; for it is inconceivable that two straight lines, which do not 
meet an intermediate straight line, should meet one another. 

The truth of this Proposition may be readily deduced from Playfair's 
Axiom, of which it is the converse. 

For if AB and CD were not parallel, they would meet when produced. 
Then there would be two intersecting straight lines both parallel to & 
third straight line: which is impossible. 

Therefore AB and CD never meet; that is, they are parallel. 
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EXERCISES ON PARALLELS, 


1. In the diagram of the previous page, if the angle EGB is 55°, 
express in degrees each of the angles GHC. HKQ, ОКЕ pu 


2. Straight lines which are perpendicular to the same straight line are 
parallel to one another. 


3. Ifa straight line meet two or more parallel straight lines, and $a 
perpendicular to one of them, it is also perpendicular to all the others. 


4. Angles of which the arms are parallel, each to each, are either 
equal or supplementary. 


5. Two straight lines AB, CD bisect one another at О. Shew that 
the straight lines joining AC and BD are parallel. 


6. Any straight line drawn parallel to the base of an isosceles tri- 
angle makes equal angles with the sides. 


7. 1 from any point in the bisector of an angle a straight line is 
drawn parallel to either arm of the angle, the triangle thus formed is 


isosceles. 


8. From X, a point in the base BC of an isosceles triangle ABC, a 
straight line is drawn at right angles to the base, cutting AB in Y, and 
CA produced in 2: shew the triangle AYZ is isosceles. 


9. If the straight line which bisects an exterior angle of a triangle 
is parallel to the opposite side, shew that the triangle is isosceles. 


10. The straight lines drawn from any point in the bisector of an 
angle parallel to the arms of the angle, and terminated by them, are 


equal; and the resulting figure is a rhombus. 


11. AB and CD are two straight lines intersecting at D, and the 
adjacent angles so formed are bisected : if through any point Xin DCa 
straight line YXZ is drawn parallel to AB and meeting the bisectors in 


Y and Z, shew that XY is equal to XZ. 


19. Two straight rods PA, QB revolve about pivots at P and Q, PA 
making 12 complete revolutions a minute, and QB making 10. If they 
start parallel and pointing the same way, how long will it be before they 
are again parallel, (i) pointing opposite ways, (ii) pointing the same way? 
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Тнкоккм 16. [Euclid I. 32.] 


Ta three angles of a triangle are together equal to two right 
angles. 


Let ABC be a triangle. 


It is required to prove that the three 1" ABC, BCA, CAB together 
=two right angles. 


Produce BC to any point D; and suppose CE to be the line 
through C parallel to BA. 


Proof. Because BA and CE are parallel and AC meets them, 
7. the LACE =the alternate 2 CAB. 


Again, because BA and CE are parallel, and BD mects them, 
7. the exterior L ECD = the interior opposite 2 ABC. 
.'. the whole exterior LACD=the sum of the two interior opposite 
L' САВ, ABC. 


To each of these equals add the д BCA; 
then the /* BCA, ACD together =the three /* BCA, CAB, ABC. 
But the adjacent /* BCA, ACD together — two right angles. 
^. the /* ВСА, CAB, ABC together = two right angles. 
Q.E.D. 


Obs. In the course of this proof the following most im- 
portant property has been established. 


If a side of a triangle is produced the exterior angle is equal te 
the sum of the two interior opposite angles. 


Namely, the ext. L ACD =the 2САВ + the 4. АВС. 
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INFERENCES FROM THEOREM 16. 


1. If A, В, and C denote the number of degrees in the angles of 
a triangle, т 
then A+ B-- C — 180*. 
9. If two triangles have two angles of the one respectively cqual 
to two angles of the other, then the third angle of the one is equal to 
the third angle of the other. 


3. In any right-angled triangle the two acute angles are comple- 
mentary. 

4. If one angle of a triangle is equal to the sum of the other 
iwo, the triangle is right-angled. 


5. The sum of the angles of any quadrilateral figure is equal to 
four right angles. 


EXERCISES ON THEOREM 16. 

1. Each angle of an equilateral triangle is two-thirds of а right 
angle, or 60°. 

2. In a right-angled, isosceles triangle each of the e 
is 45°. 

3. Two angles of a triangle are 36° and 123° respectively : deduce 
the third angle; and verify your result by measurement. 

4 Ina triangle ABC, the LB=111°, the LC=42"; deduce the LA, 
and vorify by measurement. у 


5. One side BC of a triangle ABC is produced to О. It the exterior 
angle ACD is 134°; and the angle BAC is 42°; find each of the remaining 


interior angles. 


6. In the figure 
LB=51°, find the L* 


qual angles 


of Theorem 16, if the LACD-118', and the 
А and С; and check your results by measurement. 


a of а triangle are together equal to two 


т. Prove that the three angle 
hrough the vertex parallel to the 


right angles by supposing a line drawn t 
base. 

8. If two straight lines are perp' 
each to each, the acute angle between 
angle between the second рал". 


endicular to two other straight lines, 
the first pair is equal to the acute 
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COROLLARY 1. All the interior angles of any rectilineal figure, 
together with four right angles, are equal io twice as many right 
angles as the figure has sides. 


c 


A B 
Let ABCDE be a rectilineal figure of n sides. 
It is required to prove that all the interior angles+4 rt. 4° 
=2n rt. д". 


Take any point O within the figure, and join O to each of 
its vertices, 


Then the figure is divided into n triangles. 


And the three /* of each A together — 2 rt. z", 
Hence all Ше /* of all the ^ together = 2n rt. г", 
But all the /* of all the At make up all the interior angles 
of the figure together with the angles at O, which =4 rt, Ee 
©. all the int. /* of the figure + 4 rt. /*=9л T6, 2. 
Q.E.D. 


DEFINITION. A regular polygon is one which has all its 
sides equal and all its angles equal. 


Thus if D denotes the number of degrees in each angle of 
r nuan polygon of n sides, the above result may be stated 
thus: 


nD + 360°=n.180°, 


EXAMPLE. 


Find the number of degrees in each angle of 
(i) a regular hexagon (6 sides) ; 
(ii) а regular octagon (8 sides) ; 
(iii) а regular decagon (10 sidea). 
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EXERCISES ON THEOREM 16. 
(Numerical and Graphical.) 


1. ABC із а triangle in which the angles at B and C are re- 
spectively double and treble of the angle at A: find the number of 
degrees in each of these angles. 


2. Express in degrees the angles of an isosceles triangle in which 


(i) Each base angle is double of the vertical angle ; 
(ii) Each base angle is four times tho vertical angle. 


3. The base of a triangle is produced both ways, and the exterior 
angles are found to be 94” and 126°; deduce the vertical angle. Con- 
struct such a triangle, and check your result by measurement. 


4. The sum of the angles at the base of a triangle is 162°, and their 
difference is 60°: find all the angles. 
5. The (ie at the base of a triangle are 84° and 62°; deduce 
ica. 


(i) the verti angle, (ii) the angle between the bisectors of the base 
angles. Check your results by construction and measurement. 


6. Ina triangle ABC, the angles at B and C are 74° and 62°; if AB 
and AC are produced, deduce the angle between the bisectors of the 
exterior angles. Check your result graphically. 


7. Three angles of в quadrilateral are respectively 1143°, 50°, and 
153^; find the fourth angle. 

8. In a quadrilateral ABCD, the angles at B, C, and D are re- 
spectively equal to 2A, 3A, and 4A; find all the angles. 

9. Four angles of an irregular pentagon (5 sides) are 40°, 78°, 122°, 
and 135°; find the fifth angle. eH 

10. In any regular polygon of n sides, each angle contains 2(n-2) 
right angles. n 

(i) Deduce this result from the Enunciation of Corollary 1. 


(ii) Prove it independently by joining one vertex A to each of the 


others (except the two immediately adjacent to A), thus dividing the 


polygon into n - 2 triangles. 

1l. How many sides have the regular polygons each of whose 
angles is (i) 108^, (ii) 156°? 
y regular figures which may be fitted together 


12. Shew that the onl, à у ec 
(i) equilateral triangles, (ii) squares, 


so as to form a plane surface are 


(iii) regular hexagons. 
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COROLLARY 2. If the sides of a rectilineal figure, which has 
no re-entrant angle, are produced in order, then all the exterior 
angles so formed are together equal to four right angles. 


ES 


1st Proof. Suppose, as before, that the figure has n sides; 
and consequently т vertices. 

Now at each vertex 

the interior 2 + the exterior 2=2 rt. 2°; 

and there are n vertices, 

.'. the sum of the int. 2" -- the sum of the ext. 2' —2n rt. 4". 

But by Corollary 1, 

the sum of the int. 2*4 4 rt. £* =2n rt: £*; 
.. the sum of the ext. 2*— 4 rt. 2% 


Q.E.D. 
2nd Proof, 


Take any point O, and suppose Oa, Ob, Oc, Od, and Oe, are 
lines parallel to the sides marked, A, B, C, D, E (and drawn 
from O in the sense in which those sides were produced). 

Then the exterior 2 between the sides A and В = Ше /аО%. 

And the other exterior 2" = һе /*фОс, cOd, dOe, 04, 
respectively. 

с. the sum of the ext. ¿"=the sum of the /* at О 
=4 rt. L*. 
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EXERCISES. 


1. If one side of & regular hexagon is produced, shew that the 
exterior angle is equal to the interior angle of an equilateral triangle. 
‚9. Express in degrees the magnitude of each exterior angle of 
(i) a regular octagon, (ii) а regular decagon. 

Q9 How many sides has a regular polygon if each exterior angle is 
(i) 30°, (ii) 24°? 

E If a straight line meets two parallel straight lines, and the two 
interior angles on the samo side are bisected, shew that the bisectors 
meet at right angles. 

5. If the base of any triangle is produced both ways, shew that the 
sum of the two exterior angles minus the vertical angle is equal to two 
right angles. 

6: In tho triangle ASC the base angles at B and C are bisected by 


BO and CO respectively. Shew that the angle 80C-90 +5 
7. In the triangle ABC, the sides AB, AC are produced, and the 


7. 
exterior angles are bisected by BO and CO. Shew that tho angle 
BOC-90 -5- 

8. The angle contained by the sectors of two adjacent angles of 
a quadrilateral із equal to hali the sum of the remaining angles. 

9. Ais the vertex of an jsosceles triangle ABC, and BA is roduced 
to D, so thas AD is equal to BA; if DC is drawn, shew that CD isa 
right angle. 

10. The straight line joining the middle 
of a right-angle triangle to the right ang 
hypotenuse. 


poing of the hypotenuse 
o is equal to һа the 


i EXPERIMENTAL PROOF OF THEOREM 16. [A+ B+C=180°.} 


In the A ABO, AD is perp. to BC the 
greatest side, AD is bisected at right 
angles by ZY; and YP, ZQ are perp’. on 
BC. 

If now the A is folded about the three 
dotted lines, the L'A, В, and C will coin- 
cide with the L*ZDY, ZDQ, YDP; 

у. their sum is 180°. 
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THEOREM 1%. [Euclid I. 26.] 


Ff two triangles have two angles af one equal to two angles of the 
other, each to each, and any side of the first equal to the corresponding 
side of the other, the triangles are equal in all respects. 


D 


£ è E B 


Зеб ABC, DEF be two triangles in which 
the LA—the £ D, 
the 2В= ће 2 Е, 
also let the side BC =the corresponding side EF. 


It is required to prove that the AY ABC, DEF are equal in all 
respects, 


Proof. The sum of the 2*A, B, and C 
=2 rt. 2 Theor. 16, 
=the sum of the z* D, E, and F; 
and the /*А and B=the ¿"D and E respectively, 
s the C — the ZF. 
Apply the AABC to the ADEF, so that B falls on E, and 
BC along EF. 
Then because BC — EF, 
-. С must coincide with Е. 


And because the 2 B— the д E, 
^. BA must fall along ED. 


And because the / C — the / F, 
^. CA must fall along FD. 


o. the point A, which falls both on ED and on FD, must coin- 
cide with D, the point in which these lines intersect. 


4. the A ABC coinoides with the A DEF, 
and is therefore equal to it in all respects. 
So that АВ = DE, and AC— DF; 
and the A ABC = the A DEF in arca. Q.E.D. 


` immediately opposi 
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EXERCISES. 
Os THE IDENTICAL EQUALITY OF TRIANGLES. 


3. Shew that the perpendiculars drawn from the extremities of the 
base of an isosceles triangle to the opposite sides are equal. 


2. Any point on the bisector of an angle їз equidistant from the arma 
of the angle. 
_ 3. Through О, the middle point of a straight line AB, any straight 
line is draws, and perpendiculars AX and BY are dropped upon it from 
A and B : shew that AX is equal to BY. 


4. If the bisector of the vertical angle of a triangle is at right 
angles to tho base, the triangle is isosceles. 


5. If ina triangle the perpendicular from the vertex on the base 
bisects tho base, then the triangle is isosceles. 


6. If the bisector of the vertical angle of a triangle also bisects the 
base, the triangle is isosceles. 

[Produce the bisector, and complete the construction after the 
manner of Theorem 8.] 


7. The middle point of an 
straight lines, and is termina 
parallels. 


8. A straight line drawn between two parallels and terminated by 
them, is bisected ; shew that any other straight line passing throug! 
the middle point and terminated by the parallels, is also bisected at 
that point. 


9. If through a point equidistant from two par: 
two straight lines are drawn cutting the parallels, 
latter thus intercepted are equal. 


10. Ina quadrilateral, ABCD, if AB=AD, and BC=DC: shew that 
the diagonal AC bisects each of the angles which it joins; and that AC 


is perpendicular to BD. 


M. A surveyor wishes to ascertain the breadth of a river which he 
cannot cross. Standing at a point A near the bank, he notes an object B 
ite on the other bank. He lays down a line AC of any 
es to AB, fixing a mark at O the middle point of AC. 


line perpendicular to AC-until he reaches а point. 


y straight line which meets two parallel 
ted by them, is equidistant from the 


allel straight lines, 
the portions of the 


length at right angl 


From C he walks along a 7 › AC: 
D from which O and B are seen in the same direction, He now measures 
CD : prove that the result gives him the width of the river. 

H.B.G. D 


TSG тп—4 
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ON THE IDENTICAL EQUALITY OF TRIANGLES, 


Three cases of the congruence of triangles have been dealt 


with in Theorems 4, 7, 17, the results of which may be 
summarised as follows: 


Two triangles are equal in all Tespects when the following 
three parts in each are severally equal; 

1. Two sides, and the included angle, - Тћеотет 4. 

2. The three sides, Theorem 7. 

3. Two angles and one side, the side given in one triangle 
CORRESPONDING to that given in the other. Theorem 17. 

Two triangles are not, however, necessarily equal in all 


respects when any three parts of one are equal to the corre- 
sponding parts of the other, 


For example : 


(i) When the three angles of one are 
equal to the three angles of the other, | 
each to each, the adjoining diagram 
shews that the triangles need not be 
equal in all respects, 4 

‚ (Ш) When two sides and one angle in one are equal to two 


sides and one angle of the other, the given angles being opposits 


to equal sides, the diagram below shews that the triangles 
need not be equal in all respects, 


A D 
B с Е Е“ Е 


For if АВ DE, and А00 
Will be seen that the shor 
triangle DEF may lie in eithe 


F, and the / ABC — tho / DEF, it 
ter of the given sides in the 
r of the positions DF or DF’, 


о be shewn that the angles opposite 
to the equal sides AB, DE are dither equal (as for fasten Grete TACE, 
DF'E) or supplementary (аз the д" AC » DFE); and that in the former 
caso the triangles are equal in all respects, This is called the 

in the лев of triangles, [See Problem 9, p. 82.} 


туе: ‚4% B and E are right angles, the ambiguity dia- 
appears. This exception is Proved in the following Theorem, 


Е 
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THEOREM 18. 
Two right-angled triangles which have their hypotenuses equal, 
and one side of one equal to one side of the other, are equal in all 
respects. 


A D 


^B С [o E È 


Let ABC, DEF be two right-angled triangles, in which 
the 2" АВС, DEF are right angles, 
the hypotenuse AC = the hypotenuse DF, 
and AB= DE. 


It is required to prove that the ABC, DEF are equal in all 


respects. 


Proof, Apply the AABC to the ADEF, so that AB falls 
on the equal line DE, and C on the side of DE opposite to F. 
Let C' be the point on which C falls. 
Then DEC’ represents the ^ ABC in its new position. 


Since each of the /* DEF, DEC’ is a right angle, 
*. EF and EC' are in one straight line. 


And in the A C'DF, because DF — DC' (i.e. AC), 
. the 2 DFC' = the 2 РСЕ. 
Hence in the A^ DEF, DEC’, 


[the LDEF = the 2 DEC’, being right angles ; 
the 2 DFE = the 2 ОС'Е, Proved, 
and the side DE is common. 
.. the A^ DEF, DEC’ are equal in all respects; Theor. 1T. 
that is, the A' DEF, ABC are equal in all respects. , 
Q.E.D. 


Theor. б. 


because 
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"THEOREM 19. [Euclid I. 24.] 


Tf two triangles have two sides of the one equal to two sides of the 
P each to EN but the angle pho: by the two sides of one 
greater than the angle included by the corresponding sides of 
the other; then the base of that which has the greater angle i$ 
greater tham the base of the other. 


D 
B C E KG 
ГА 
F 
Let ABC, DEF be two triangles, in which 
BA=ED, 
and AC= DF, 


but the 2 BAC is greater than the LEDF. 
It 


t is required to prove that the base BC is greater than the 
base EF. 


Proof. Apply the AABC to the A DEF, so that A falls on D, 
and AB along DE. 


Then because АВ = DE, B must coincide with E. 
Let DG, GE represent AC, CB in their new position. 
Then if EG passes through F, EG is greater than EF $ 
that is, BC is greater than EF, 


But if EG does not pass through F, suppose that DK bisects 
the LFDG, and meets EG in K. Join FK. 


Then in tho At FDK, GDK, 
FD—GD, 

beue] , DK is common to both, 
and the included г РОК = е included 2 GDK; 


“. ЕК= Ок. Theor. 4. 
Now the two sides EK, KF are greater than EF ; 

that is, EK, KG are greater than EF. 
*- EG (or BC) is greater than EF, Q.E.D, 
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Conversely, if two triangles have two sides of the one equal to two 
sides of the other, each to each, but the base of one greater than the 
base of the other ; then the angle contained by the sides of that which 
has the greater base, is greater than the angle contained by the- 
corresponding sides of the other. 


A 
B LO ШЕ 
F 
Let ABC, DEF be two triangles in which 
BA — ED, 
and AC = DF, 


but the base BC is greater than the base EF. 
It és required to prove that the L BAC is greater. than the L EDF. 


Proof. If the 2 BAC is not greater than the 2 EDF, 
it must be either equal to, or less than the д EDF. 


Now if the 2 BAC were equal to the д EDF, 
then the base BC would be equal to the base EF; Theor. 4. 
but, by hypothesis, it is not. 
Again, if the 2 BAC were less than the / EDF, 
then the base BC would be less than the base EF; Theor. 19. 
but, by hypothesis, it is not. 
That is, the 2 BAC is neither equal to, nor less than the / EDF ;. 


.'. the / BAC is greater than the д EDF. 
Q.E.D. 


_* Theorems marked with an asterisk may be omitted or postponed at the- 
discretion of the teacher. 
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REVISION LESSON ON TRIANGLES, 


1. State the properties of a triangle relating to 
(i) the sum of its interior angles ; 
(ii) the sum of its exterior angles, 


What property corresponds to (i) in a polygon of n sides? With 
"what other figures does a triangle share the property (ii)? 


2. Classify triangles with regard to their angles, Enunciate any 
"Theorem or Corollary assumed in the classification. 

3. Enunciate two Theorems in which from 
а conclusion is drawn relating to the angles. 


In the triangle ABC, if «—3:6 cm., b=2°8 cm., с=3°6 cm., arrange 


the angles in order of their sizes (before measurement); and prove that 
‘the triangle is acute-angled. 


data relating to the sides 


4. Enunciate two Theorems in which 
angles a conclusion is drawn relating to the 


In the triangle ABC, if 
(i) A=48° and B=51°, find the third an 


&ide. 


(ii) A=B=62}°, find the third angle, and arrange the sides in order 
of their lengths. 


from data relating to the 
sides, 


gle, and name the greatest 


5. From which of the conditions 
the triangles ABC, A'B'C' 
ambiguity arises ; 


given below may we conclude that 
are identically equal? Point out where 
and draw the triangle ABC in each case. 


A=A'=71°, 
(i) 4B a 
а=а =37 cm. 


а= а —3:0 em, 
(iv) 4 b= b—5:2 em. 
c= c'—4'5 om. 


C=C’=90°. 
(vi) 4 c= c'=5 ст, 
а=а'=З ош. 


6. Summa: 


rise the results of the 
and 


last question by stating generally 
er what conditions two triangles B ef xi 


(i) are necessarily congruent ; 
(1) may or may not be congruent, 
7. If two triangles have their angles equal. ‘angles 
"gre not necessarily equol in all reat jp и часы 


pects, бєсилїве the three data are not 
‘dependent, Carefully explain this statement, 
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(Miscellaneous Examples.) 


8. (i) The perpendicular is the shortest line that can be drawn to a. 
given straight line from a given point. 

(ii) Obliques which make equal angles with the perpendicular are 
equal. 

(iii) Of two obliques the less їв that which makes the smaller angle with 
the perpendicular. 


9. If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise the angles opposite to one pair of 
equal sides equal, then the angles opposite to the other pair of equal sides. 
are either equal or supplementary, and in the former case the triangles ате 
equal in all respects. 


10. PQ is a perpendicular (4 ст. in length) to a straight line XY. 
Draw through P'a series of obliques making with PQ the angles 15°, 
2» - dS 60's 75°. Measure the lengths of these obliques, and tabulate 

he results. 


11. PAB is a triangle in which AB and AP have constant lengths. 
4 om. and 3 еш. If AB is fixed, and AP rotates about A, trace the 
changes in PB, as the angle A increases from 0° to 180°. 

Answer this question by drawing a series of figures, increasing A by 
increments of 30°. Measure PB in each case, and tabulate the results. 


12. From B the foot of a flagstaff AB a horizontal line is drawn. 
passing two points C and D which are 27 feet apart. The angles ВСА 
and BDA are 65° and 40° respectively. Represent this on а diagram 
(scale 1 em. to 10 ft.), and find by measurement the approximate height 
of the flagstaff. 


13. From P, the top of а lighthouse PQ, two boats A and B are. 
seen at anchor in a line due south of the lighthouse. It is known that 
PQ=126 ft., 2 PAQ=57", LPBQ=33°; hence draw а plan in which 
1" represents 100 ft., and find by measurement the distance between A 
and B to the nearest foot. 


14. From a lighthouse L two ships A and_8, which are 600 yards: 
apart, are observed in directions S.W. and 15* East of South respec- 
tively. At the same time B is observed from A in a S.E. direction, 


Draw a plan (scale 1” to 200 yds.), and find by measurement the distance 


of the lighthouse from each ship. 
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PARALLELOGRAMS, 


DEFINITIONS, 


1. A quadrilateral is a plane figure bounded 
‘by four Straight lines, 


The straight line which joins opposite angular 
Points in a quadrilateral is called a diagonal, 


2 A parallelogram is а quadrilateral 


whose opposite sides are Parallel, 

_ [It will be proved hereafter that the opposite zm 
sides ofa parallelogram are equal, and that its = 
‘Opposite angles are equal,] 

3. А Tectangle is a parallelogram which 


has one of its angles a right angle. 
[It will be proved hereafter that all the angles of 
4 rectangle are right angles, See page 59.] 


1. A square is 


4 4 rectangle which has two . 

adjacent sides equal, | 
[It will be proved that ай the sides of a Square are 

equal and all its angles right angles, See page 59.] 


5. A rhombus is a 


Ие ADI Quadrilateral which 
has all its Sides equal, but its angles are 7 
not right angles, 


6. A trapezium is 


^ quadrilateral which has 
Фе pair of parallel sides, 
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THEOREM 20. [Euclid I. 33.] 


The straight lines which join the extremities of two equal and. 
parallel straight lines towards the same parts are themselves equat 
and parallel. 


A B 


c D 


Let AB and CD be equal and parallel straight lines; and let 
them be joined towards the same parts by the straight lines: 
AC and BD. 


It is required to prove that AC and BD are equal and parallel. 
Join BC. 


Proof. Then because AB and CD are parallel, and BC meets: 
them, 
i ... the 2 ABC = the alternate 2 DCB. 


Now in the A ABC, DCB, 


AB = DC, 
because BC is common to both ; 


and the 2 ABC — the 2 DCB; Proved. 
„'. the triangles are equal in all respects ; 
80 hati ACE РВ. ека (i) 


and the ACB=< ОВС. 
But these are alternate angles ; 
-. AC and BD are parallel. .................. (ii). 
That is, AC and BD are both equal and parallel. 
Q.E.D. 


58 GEOMETRY, 


THEOREM 21. [Euclid I. 34.] 


The opposite sides and angles of a parallelogram are equal to one 
another, and each diagonal bisects the parallelogram, 


8 


D с 


Let ABCD be a parallelogram, of which BD is a diagonal, 
- Lt is required to Prove that 


(i) AB=CD, and AD=CB, 

(ii) the 2 BAD =the L DCB, 

(iii) the 2 ADC =the LCBA, 
(iv) the AABD =the A CDB in area, 


Proof. Because AB and DC are parallel, and вр meets them, 
`. the 2 ABD =the alternate ;. CDB. 
Again, because AD and BC are parallel, and 


BD meets them, 
“+ the LADB=the al D 


the / ADB — the 4 CBD, 

and BD is common to both; 

<. the triangles are equal in all r 
so that AB = CD, and Ар св 
and the 2 ВАО = ће 7. DCB; .., 
and the ^ABD =the A CDR in area, 


(у) 
And because the CL ADB =the 2 CBD, Proved. 
and the срв Ше, АВР, 


>. the whole “ADC =the whole L СВА. 


the L ABD = the L срв, 
because 
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COROLLARY 1. If one angle of a parallelogram is a right 
angle, all its angles are right angles. 


In other words : 
All the angles of a rectangle are right angles. 


For the sum of two consecutive £*—2 rt. £*; (Theor. 14.) 
^. if one of these is a rt. angle, the other must be a rt. angle. 
And the opposite angles of the раг" are equal ; 
*. all the angles are right angles. 


COROLLARY 2. All the sides of a square are equal; and all 
its angles are right angles. 


COROLLARY 3. The diagonals of a parallelogram bisect one 


another. D С 
Let the diagonals AC, BD of the par? Sr, 
ABCD intersect at О. 
To prove AO = ОС, and BO=OD. О 
In the A* АОВ, COD, A B 


the LOAB=the alt. 2 ОСО, 
because 4 the 2 АОВ = vert. opp. 2 COD, 
and AB «the opp. side CD; 


. OA=OC; and OB- OD. Theor, 17.. 


EXERCISES. 


l. If the opposite sides ofa quadrilateral are equal, the figure ts œ 
parallelogram. 

2. If the opposite angles of а quadrilateral are equal, the figure ts а. 
parallelogram, 

3. If the diagonals of a quadrilateral bisect each other, the figure is œ 
parallelogram. 

4. The diagonals of a rhombus bisect one another at right angles. 


5. If the diagonals of в parallelogram are equal, all its angles are- 
right angles. 

6. In a parallelogram which is not rectangular the diagonals are- 
unequal. 
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EXERCISES ON PARALLELS AND PARALLELOGRAMS. 
(Symmetry and Superposition.) 


1. Shew that’ by folding a rhombus about one of its diagonals the 
triangles on opposite sides of the crease may be made to coincide. 


hat is to say, prove that a thombus is symmetrical about either 
"diagonal. 


2. Prove that the diagonals of a Square are azes of symmetry. Name 
“two other lines about which a square is symmetrical. 


3. The diagonals of a rectangle divide the figure into two congruent 
triangles: is the diagonal, therefore, an axis of symmetry? About 
"what two lines is a rectangle symmetrical ? 


4. Is there’ any axis about which 


an oblique parallelogram is sym- 
metrical? Give 


reasons for your answer, 


5. Ina quadrilateral ABCD, AB=AD and CB=CD;; but tho sides 


“sre not all equal. Which of the diagonals (if either) is an axis of 
symmetry ? 


6. Prove by the method of superposition that 


[ОД parallelograms are identically equal if two adjacent sides of 
‘one are equal to two adjacent sides of the other, each to each, and one 
angle of one equal to one angle of the other. 


(ii) Two rectangles are equal if two adjacent sides of one are equal to 
two adjacent sides of the other, each to each. 


7. Two quadrilaterals ABCD, EFGH have the sides AB, BC, CD, DA 
equal respectively to the sides EF, FG, GH, HE, and have also the 


angle BAD equal to the angle РЕН. Shew that the figures may be 
made to coincide with one another, 


(Miscellaneous Theoretical Examples.) 


8. Any straight line drawn through the middle point of a diagonal 
of a parallelogram and termin: 


at that point ated by a pair of opposite sides, is bisected 


9. Ina parallelogram the 


1 perpendiculars drawn from one pair of 
opposite angles to th 


e diagonal which joins the other pair are equal, 


10. If ABCD isa parallelogram, and X, Y respectively the middle 
points of the sides AD, ; shew that the figure AYCX is а paral- 
‘lelogram, 
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1l. ABC and DEF are two triangles such that AB, BC are respec- 
tively equal to and parallel to DE, F; shew that AC is equal and 
parallel to DF. 

19. ABCD is a quadrilateral in which AB is parallel to DC, and AD 
equal but not parallel to BC ; shew that 

(i) the ДА+ е LC=180°=the 28+ е ^0; 

(ii) the diagonal АС= ће diagonal BD ; 

(ii) the quadrilateral is symmetrical about the straight line joining 
the middle points of AB and DC. 


13. AP, BQ are straight rods of equal length, turning at equal 
rates (both clockwise) about two fixed pivots A and Brespectively. If 
the rods start parallel but pointing in opposite senses, shew that 


(i) they will always be parallel ; 
(ii) the line joining PQ will always pass through a certain fixed 
point. 


(Miscellaneous Numerical and Graphical Examples.) 


14. Calculate the angles of the triangle ABC, having given: 
int. LA=$ of ext. LA; 3B=4C. 


15. Afyacht sailing due East changes her course successively by 63°, 
by 78°, by 119°, and by 64°, with a view to sailing round an island. 
What further change must be made to set her once more on an Easterly 
course ? 

16. If the sum of the interior angles of a rectilineal figure is equal 
to the sum of the exterior angles, how many sides has it, and why? 


17. Draw, using your protractor, any five-sided figure ABCDE, 


in which М 
LB-10, /С=115°, LD-93, LE-152. 


Verify by а construction with ruler and compasses that AE is parallel 
to BC, and account theoretically for this fact. 


18. A and B are two fixed points, and two straight lines AP, BQ, 


- unlimited towards Р and Q, are pivoted at Aand B. AP, sarang from 


the direction AB, turns about A clockwise at the uniform rate of 7}° a 
second ; and BQ, starting simultaneously from the direction BA, turns 
about B counter-clockwise at the rate of 32° a second. 
(i) How many seconds will elapse before AP and BQ are parallel? 
(ii) Find graphically and by calculation the angle between AP and 
BQ twelve seconds from the start. 
(iii) At what rate does this angle decrease? 
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THEOREM 22. 


Jf there are three or more purallel straight lines, and the intercepts 
made by them on any transversal are equal, then the corresponding 
intercepts on any other transversal are also equal, 


Let the parallels AB 
from the.transversal P 
intercepts cut off from 


, CD, EF cut off equal intercepts PQ, QR 
QR; and let XY, YZ be the corresponding 
any other transversal XYZ. 


It is required to prove that XY = vz: f 


Through X and Y let XM and YN be drawn parallel to PR 


Proof. Since CD and EF are parallel, and XZ meets them 


. the 2 ХҮМ = the corresponding / YZN. 
And since XM, YN are parallel, each being parallel to PR, 
э. the 2 MXY =the corresponding + NYZ. 


Now the figures PM, QN are parallelograms, 
<. XM = the opp. side PQ, and YN = the opp. side QR ; 
and since by hypothesis РО = QR, 
С. XM=YN, 


Then in the 2" XMY, YNZ, 


the 2 XYM = the z YZN, 
because 4 the 4 MXY = the L NYZ, 
and XM=YN; 
«s the triangles are identically equal; Theor, 17. 
С. ХҮ = YZ. 


Q.E.D. 
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COROLLARY. Г а triangle ABC, if a set of lines Рр, Q9, Rr, ... , 
drawn parallel to the base, divide one side AB into equal parts, they 
also divide the other side AC into equal parts. 


The lengths of the EUM Pp, Qg, Rr, ..., may thus be expressed 
{п terms of the base BC. у 

Through р, 9, and r let pl, 92, r3 be drawn par! to АВ. ` 

Then, by Theorem 22, these par^ divide BC into four equal parts, of 
which Pp evidently contains one, Qg two, and Rr three, 

In other words, 
1 
T 
Similarly if the given par" divide AB into n equal parts, 


Рр=1. BC; Q;-i- BC; Rr=3. BC. 
Рр=1 + BC, Qq=2 - BC, Rr=3 + BC; and so on. 


*.* Problem Т, p. 78, should now be worked. 


DEFINITION, 


If from the extremities of a straight line AB perpendiculars 
AX, BY are drawn to a straight line PQ of indefinite length, 
then XY is said to be the orthogonal projection of AB on PQ. 


B 
А 
B 
ide Swe IX 
P X M weir: Р Le № Q 
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EXERCISES ON PARALLELS AND PARALLELOGRAMS. 


l. The straight line drawn through the middle point of a side of & 
triangle, parallel to the base, bisects the remaining side. 


[This is an important particular case of A 
Theorem 22, 

In the A ABO, if Z is the middle point of | 2 Y 
AB, and ZY is drawn par! to BC, we have to 
prove that AY - YC. 

Draw YX par! to AB, and then prove the 
A 2АҮ, ХҮС congruent.] B F3 о 


2. The straight line which joins the A 
middle points of two sides of a triangle ia 
parallel to the third side. 

[In the A ABG, if Z, Y are the middle 


v 
points of AB, AC, we have to prove ZY 2 
par! to BC. 


Produce ZY to V, making YV equal to 
Y, and join CV. Prove the A* AYZ, 


B sa. 
CYV congruent; tho rest follows at once.] 
3. The straight line which joins the middle points of two aides of & 
triangle is equal to half the third side. 


4. Shew that the three straight lines which join the middle pointo 
of the sides of а triangle, divide it into Jour triangles which are identi- 
cally equal. 


. 9. Any straight line drawn from the vertex of a triangle to the base 
ба bisected by the straight line which Joins the middle points of the other 
sides of the triangle, 


6. ABCD is в parallelogram, and X, Y are tho middle points of 
s opposite sides AD, BC: shew that BX and DY trisect the diagonal 


7.” If the middle points of adjacent sides of any quadrilateral ате 
Joined, the figure thus formed. is a ONE ad 


8. Shew that the straight lines which join the middle pointa of 
opposite sides of a quadrilateral, bisect one another. 
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9. Fr wo points A and B, and from О the mid-point between 
them, ира АР, BQ, OX are drawn toa straight e oe 
It AP, BQ measure respectively 4-2 ст. and 5° cm., deduce the leng 
of OX, and verify your result by measurement. у 

Shew that OX=3(AP+BQ) or A(AP- BQ), according as A and B 
Are on the same side, or on opposite sides of CO. 


10. When three parallels cut off equal intercepts from two trans- 
versals, shew that of the threo parallel lengths between the two 
transve; 


reals the middle one is the Arithmetic Mean of the other two. 
ides of а trapezium are a centimetres and b centi- 
metres in length. Prove that the line joining the middle points of the 


oblique sides is parallel to the parallel sides, and that its length is 
4(a+b) centimetres, 


ll. The parallel s 


12. OX and OY are two straight lines, and along OX five points 
1, 2, 3, 4, 5 are marked at equal distances. Through these points 
parallels are drawn in any direction to mect OY. Measure the lengths 
of these parallels: take their average, and compare it with the length 
of the /Aird parallel. Prove geometrically that tho 34 parallel is the 
mean of all five. 


State the corresponding theorem for any odd number (2n+1) of 
parallels so drawn, 


13. From the angular points of a 
are drawn to any straight line which i 
shew that the sum of the perpendiculars drawn from one pair of 
opposite angles is equal to the sum of those drawn from the other pair. 
[Draw the diagonals, and from their point of 
5 perpendicular drawn to the given straight line.] 


parallelogram perpendiculars 
s outside the parallelogram : 


intersection suppose. 


l4. The sum of tho perpendieulars drawn from any point in the. 
base of an isosceles triangle to tho equal sides is equal to the perpen- 
dicular drawn from either extremity of the base to the opposite side, 

[It follows that the sum of the distances of any point in the base- 
ОТ an isosceles triangle from the equal sides is constant, that is, the 
eame whatever point in the base is taken. ] 


. How would this property be modified if the given point were taken, 
in the base produced? 


15. The sum of the perpendiculars 


?n equilateral triangle to tho three sides is equal to the perpendicular 


тауп from any one of the angular points to the opposite side, and is 
therefore constant. 


16. Equal and parallel lines have equal projections on any other 
atraight lino, 


FG 


drawn from any point within, 


"Ds. тп—5 
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DIAGONAL SCALES. 


Diagonal scales form an important application of Theorem 22. 
We shall illustrate their construction and use by describing a 
Decimal Diagonal Scale to shew Inches, Tenths, and Hundredths. 


A straight line AB is divided (from A) into inches, and the 
points of division marked 9,1,2,.... The primary division 
0A is subdivided into tenths, these secondary divisions being 


numbered (from 0) 1, 2, 3,...9, We may now read on AB 
inches and tenths of an inch, 


Li 
LTT TT 
98765432190 


Tn order to read hundredths, ten lines are taken at any equal 
intervals parallel to AB ; and perpendiculars are drawn through 
оўо 


"The primary (or inch) division corresponding to QA on the 
tenth parallel is now subdivided into ten equal parts; and 


diagonal lines are drawn, as in the diagram, 


joining 0 to the Jirst point of subdivision on the 10% 


parallel. 

» 1 tothe second ,, э n n , 

н 2 to the third n n n » D 
and so on, 


The scale is now complete, and its use 
following example, 


Example, 


is shewn in the 


To take from the scale a length of 2°47 inches. 
(i) Place one Point of the dividers at 2 in AB, 


the 7% parallel, Then 
nal 4 also on the 
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REASON FOR THE ABOVE PROCESS. 


The first step needs no explanation. The reason of the 
second is found in the Corollary of Theorem 22. 

Joining the point 4 to the corresponding point 5 4 
on the tenth parallel, we have a triangle 44,5, ~ 
of which one side 4,4 is divided into ten equal 
parts by a set of lines parallel to the base 4,5. 

Therefore the lengths of the parallels between 
4,4, and the diagonal 4,5 are ү, 45, 35... of the 
base, which is 1 inch. 

Hence these lengths are respectively 

01, :02, -03,... of 1 inch. 451210 


Similarly by means of this scale, the length of a given 
straight line may be measured to the nearest hundredth of an 
inch. 


Again, if one inch-division on the scale is taken to represent 
10 feet, then 2:47 inches on the scale will represent 247 feet. 
And if one inch-division on the scale represents 100 links, then 
2:47 inches will represent 247 links. ‘Thus a diagonal scale is 
of service in preparing plans of enclosures, buildings, or field- 
Works, where it is necessary that every dimension of the actual 
object must be represented by a line of proportional length on 
the plan. 


NOTE. 
The subdivision of a diagonal scale need not be decimal. 
For instance we might construct a diagonal scale to read centimetres, 


millimetres, and quarters of a millimetre; in which case we should take 
four parallels to the line AB. 


[For Exercises on Linear Measurements see the following pago.] 
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EXERCISES ON LINEAR MEASUREMENTS, 


l. Draw straight lines whose lengths are 1-25 inches, 2772 inches, 
3708 inches, 


2. Draw a line 2:68 inches long, and measure its length in centi- 
metres and the nearest millimetre, 

3. Draw a line 5-7 cm. in length 
nearest hundredth). Cheek your 
1 cm. —0:3937 inch. 


; and measure it in inches (to the 
result by caleulation, given thal 


4. Find by measurement the equivalent of 3:15 inches in centi- 


metres and millimetres, Hence calculate (correct to two decimal 
places) the value of 1 em; in inches 


5. Draw lines 2:9 em. and 6'2 ст. in length, and measure them in 
inches. Use each equivalent to find the value of 1 inch in centimetres 
and millimetres, and take the average of your results, 


100 miles is Tepresented on a map by 1 inch. 
t distances of 336 miles and 408 miles, 


6. A distance of 
Draw lines to represen 


7. Iflinchon a map represents 1 kilometre, draw lines to represent 
850 metres, 2980 metres, and 1010 metres, 
8 Ар 


lan is drawn to the Scale of 1 inch to 100 links, Measure in 
centimetres and millimetres a line Tepresenting 417 links, 
9. Find to the nearest hundredth of an inch the length of a line 
which will Tepresent 42-500 kilometres in a map drawn to the scale of 
1 centimetre to 5 kilometres, 


10. The distance from London to Oxford (in a direct line) is 
55 miles, Tf this distance ig represented on а map by 2°75 inches, to 
drawn? That is, how many miles will be 
Tepresented by 1 inch? How many kilometres by 1 centimetre? 
п em. —0:3937 inch; 1 Кп, = 6 mile, nearly.] 

„11. Ona map of France drawn to the scale 1 inch to 35 miles, the 
distance from Paris to Calais is represented by 4:2 inches. Find the 
distance accurately in miles, an approximately in kilometres, and 
‘xpress the scale in metric measure, [1 km. =§ mile, nearly.] 


X to Piymouth is 37} miles, and 
ertain map to be 217; and the distance from Lincoln te 
5 appears on another map to b ў are the 
scales of these maps in niles to the inch. P bn Comp 

13. Draw a diagonal scale, 2 centi id, 
shewing yards, fect, and inches, Dragos ES ктен L yard 
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PRACTICAL GEOMETRY. 


PROBLEMS. 


The following problems are to be solved with ruler and 
compasses only. No step requires the actual measurement 
of any line or angle; that is to say, the constructions are to be 
made without using either a graduated scale of length, or a 
protractor. 


The problems are not merely to be studied as propositions ; 
but the construction in every case is to be actually performed 
by the learner, great care being given to accuracy of drawing. 


Each problem is followed by a theoretical proof; but the 
resulls of the work should always be verified by measurement, 
as a test of correct drawing. Accurate measurement is also 
required in applications of the problems. 


In the diagrams of the problems lines which are inserted 
only for purposes of proof are dotted, to distinguish them 
from lines necessary to the construction. 


For practical applications of the problems the student 
should be provided with the following instruments : 


1. A flat ruler, ono edge being graduated in centimetres 
and millimetres, and the other in inches and tenths. 

9. Two set squares; one with angles of-45°, and the other 
with angles of 60° and 30°. 

3. A pair of pencil compasses. 

4. A pair of dividers, preferably with screw adjustment. 

5. А semi-cireular protractor. 
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PROBLEM 1. 


To bisect a given angle. 


Let BAC be the given angle to be bisected. 


Construction, With centre A, and any radius, draw an 
arc of a circle cutting AB, AC at P and Q. 


With centres P and Q, and radius PQ, draw two ares cutting 
at О. Join AO. 


Then the 2 BAC is bisected by AO. 


Proof. Join PO, 80. 
In the A" APO, AQO, 


AP=AQ, being radii of a circle, 
because PO-QO, , 5 equal circles, 
and AO is common ; 


=. the triangles are equal in all respects; Theor, T. 
so that the 2 РАО = the г QAO 5 
that is, the 2 ВАС is bisected by AO. 


Nore. PQ has been taken as the radius 
centres P and Q, and the intersection 
point O. Any radius, however, 
that it is great enough to secure 


of the arcs drawn from the 
of these aros determines the 
may be used instead of PQ, provided 
the intersection of the aros. 
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PROBLEM 2. 


To bisect a given straight lina 


Let AB be the line to be bisected. 
Construction. With centre A, and radius AB, draw two 


arcs, one on cach side of AB. 
With centre B, and radius BA, draw two ares, one on each 


side of AB, cutting the first arcs at P and Q. 
Join PQ, cutting AB at O. 


Then AB is bisected at О, 
Proof. Join AP, AQ, BP, BQ. 
In the А APQ, BPQ, 
AP — BP, being radii of equal circles, 
because | АО = ВО, for the same reason, 


and PQ is common ; 
+. the L APQ = ће 2 BPQ. Theor, T. 


Again in the A' APO, BPO, 


AP — BP, 
because PO is common, 
and the L APO = the 2 BPO; 
s. AO - OB; Theor, 4. 
that is, AB is bisected at O. 
Nores. (i) AB was taken as the radius of the ares drawn from the 


centres А and B, but any radius may be used provided that it is great 
Proust to secure the intersection of the arcs which determine the points 
Q. 


Pan 
(ii) From the congruence of the A*APO, BPO it follows that the 


LAOP-the LBOP. As these are adjacent angles, it follows that PQ 
bisects AB at right angles. 


72 GEOMETRY, 


PROBLEM 3. 


To draw a straight line perpendicul 


ar lo а given straight line as 
а given point in й. 
О 
At 
AN 
ÁN 
Se s 
/ ` 
р s 
/ * 
РД Ж 
А s 
e B 
r LY 
: Y H 
—————— —— À 
A P x Q B 


Let AB be the straight line, and X the point in it at which 
а perpendicular is to be drawn. 


Construction. With centre X 
equal parts XP, XQ. 


With centres P and Q, and radius PQ, draw two arcs cutting 
at O. 
Join XO. 
Then XO is perp. to AB. 


cut off from AB any two 


Proof. Join OP, OQ. 


In the ^' ОХР, ОХО, 


|| XP = XQ, by construction, 
because OX is common, 


and PO — QO, being radii of equal circles ; 
5 the LOXP — the 2 OXQ. Theor. 7. 
And these being 


adjacent angles, each is a right angle ; 
that is, XO is perp. to AB. 


Obs. If the point X is near one end of AB, one or other of 
the alternative constructions on the next page should be used. 


Å 
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PROBLEM 3. SECOND METHOD. 


Construction. Take any point C 
outside AB. 

With centre C, and radius CX, draw 
a circle cutting AB at D. 

Join DC, and produce it to meet 
the circumference of the circle at O. 

Join XO. 
Then XO is perp. to AB. 


Proof. Join CX. 
Because CO- CX; .:. the 2 CXO = the £2 СОХ; 
and because СО = СХ; .*. the 2 СХО = (ће / СОХ. 
7. the whole 2 ОХО = the 2 XOD + the 2 XDO 
= 1 of 180° 
= 90°, 


*. XO is perp. to AB. 


PROBLEM 3. THIRD METHOD. 


Construction. With centre X J 7& 
and any radius, draw the are CDE, 
cutting AB at C. 


With centre С, and with the 
same radius, draw an are, cutting 
the first are at D. 


With centre D, and with the 
same radius, draw an аго, cute .—— Y 
ting the first arc at E. 
Bisect the 2 ОХЕ by XC Prob. 1. 
Then XO is perp. to AB. 


Proof, Each of the Z^ CXD, ОХЕ may be proved to be 60°; 
and the 2 DXO is half of the 2 ОХЕ; 
.. the / ОХО is 90°. 
That is, XO is perp. to AB. 


14 GEOMETRY. 


PROBLEM 4. 


To draw a straight line perpendicular to а given straight lins 
from a given external point. 


Let X be the given external 


point from which a perpen- 
dicular is to be drawn at AB. 


Construction. Take any point C on the side of AB remote 
Írom X. 

With centre X, and radius XC, draw an are to cut AB at P 
and Q. 


With centres P and Q, and radius PX, draw arcs cutting at 
Y, on the side of AB opposite to X, 

Join XY cutting AB at О. 

Then XO is perp. to AB. 


Proof. Join PX, QX, PY, QY, 


In the ^ PXY, QxY, 
PX — QX, being radii of a circle, 
because | PY = QY, for the same reason, 
and XY is common ; 


С. the 2 PXY =the / QXY. Theor. Т. 


Again, in the л PXO, QXO, 
PX-QX, 
I XO is common, 
and the 2 PXO - the г охо; 
~. the / ХОР= the ход. Theor, 4. 
And these bein adjacent angles, each is a right angle, 
that is, XO is perp. to AB, 
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Obs. When the point X is nearly opposite one end of AB, 


one or other of the alternative construetions given below 
should be used. 


PROBLEM 4. SECOND METHOD. 


Construction. Take any point D in ух 
АВ. Join DX, and bisect it at C. C 
With centre C, and radius CX, draw 
a circle cutting AB at D and O. : 
Join XO. AD TE 


Then XO is perp. to AB. Ke 
For, as in Problem 3, Second Method, the 2 ХОР is a right 


angle. 


PROBLEM 4. THIRD METHOD. 


Construction. Take any two points 
D and E in AB. 

With centre D, and radius DX, draw 
an arc of a circle, on the side of AB 


opposite to X. 
Vith centre E, and radius EX, draw 


another are cutting the former at Y. 
Join XY, cutting AB at O. 
Then XO is perp. to AB. 
(i) Prove the A'XDE, ҮРЕ equal 
in all respects by Theorem 
poets ЭЎ that the L XDE =the 4 YDE. 
ii) Hence prove the A'XDO, үро equal in all respects 
Е Pe во that the adjacent /* ООХ, DOY are equal. 
That is, XO is perp. to AB. 


76 GEOMETRY, 


PROBLEM 5. 


At а given point in a given straight line to make an angle equa) 
lo a given angle, 


C 


A D B 


Let BAC be the giv 
and let O be the poi 
to the Д ВАС. 


en angle, and FG the given straight lino; 
nt at which an angle is to be made equal 


Construction. With centre A, and with any radius, draw 
an are cutting AB and AC at D and E. 


With centre O, and with the same radius, draw an arc 
cutting FG at 9. 


With centre Q, and with radius DE, draw an arc cutting the 
former arc at P. 
Join OP, 
Then POQ is the required angle. 


Proof, Join ED, PQ. 


In the APOQ, EAD, 


ОР = АЕ, being radii of equal circles, 
because OQ=AD, for the same reason, 
PQ = ED, by construction j 


=". the triangles are equal in all respects ; 
80 that the 2 POQ =the 4 EAD, Theor. 7 
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PROBLEM 6. 


Through a given point to draw a straight line parallel to a given 
straight line, 


E о 


ХА Drd 


Let XY bo the given straight line, and O the given point, 
through which a straight line is to be drawn par! to XY. 


Construction. In XY take any point A, and join OA. А 
Using the construction of Problem 5, at the point O in 
pae line AO make the 2 AOP equal to the 2 OAY and alternate 
О 1b. 
Then OP is parallel to XY. 


Proof, Because AO, meeting the straight lines OP, XY, 


makes the alternate /* РОА, OAY equal ; 
1, OP is par! to XY. 


oblems 3, 4, and 6 are not usually 


*.* The constructions of Pr 
followed in practical applications. Parallels and perpendiculars 
may be more quickly drawn by the aid of set paa (Ste LESSONS 


IN EXPERIMENTAL GEOMETRY, РР. 36, 42.) 
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PROBLEM 7. 
To divide a given straight line into any number of equal parts. 


Let AB be the given straight line, and suppose it is required 
to divide it into five equal parts. 


Construction. From A draw AC, a straight line of unlimited 
length, making any angle with AB. 


From AC mark off Jive equal parts of any length, AP, PQ, 
QR, RS, ST. 


Join TB; and through P, Q, R, 8 draw par" to TB, meeting 
^B in p, q, 7, s. | 
"Then since the par" Рр, Qr, Rr, Ss, TB cut off five equal parts 


from AT, they also cut off five equal parts from АВ. 
(Theorem 22.) 


SECOND METHOD. 


From A draw AC at any angle with 
AB, and on it mark off four equal parts 
AP, PQ, QR, RS, of any length. 

. From B draw BD par' to AC, and on 
it mark off Bs’, s/g, R'Q, Q'P', each 
equal to the parts marked on AC. 
_ Join PP’, QQ’, RR’, ss’ meeting AB 
in D, q, т, з. Then АВ is divided into 
five equal parts at these points, 

Tove by Theorems 90 and 22.] 


PROBLEMS. 19 


EXERCISES ON LINES AND ANGLES. 


(Graphical Exercises.) 


1. Construct (with ruler and compasses only) an angle of 60°. 

By repeated bisection divide this angle into four equal parts. 

2. By means of Exercise 1, trisect a right angle; that is, divide it 
into three equal parts. 

Bisect each part, and Hence shew how to trisect an angle of 45°. 

INo construction is known for exactly trisecting any angle.] 

3. Draw a line 6'7 cm. long, and divide it into five equal parts. 


Maasure one of the parts in inches (to the nearest hundredth), and verify 
your work by calculation. [l om. =0°3937 inch.] 

4. From a straight line 3°72" long, cut off one seventh. Measure 
the part in centimetres and the nearest millimetre, and verify your 
work by calculation. 

5. Аба point X ina straint line AB draw XP perpendicular to AB, 
making XP 1:8” in length. From P draw an oblique PQ, 3:0" long, 
to meet АВ in Q. Measure XQ. 


(Problems. State your construction, and give a theoretical proof.) 


6. Ina straight line XY find a point which is equidistant from two 
given points A and B. 
When is this impossible? 


7. Ina straight line XY find а point which is equidistant from two 
intersecting lines AB, AC. 
When is this impossible? 


aw a straight line PQ, making with a. 


LE i oint P dri 
ы ERO AB: magnitude. 


given straight line AB an angle of given 
Q on the same side of a straight. 


hod two given points P and Q 
i AB, draw Ж-А Tings which meet in AB and make equal angles 


with 16. 
erp. to AB, and produce PH to P', 


Construction. From P draw PH ^ 
sur HP^ equal to PH. Join BQ cutting AB at K. Join PK. 


Prove that PK, QK are the required lines. ] 


10. Through given point P draw a straight line such that the 
perpendiculars drawn to it from two points A and B may be equal. 


Is this always possible? 
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THE CONSTRUCTION OF TRIANGLES. 
PROBLEM 8. 


To draw a triangle having given the lengths of the three sides. 


с — 
_———— 
x а —————— 


[s] 


Let a, b, c be the lengths to which the sides of the required 
triangle are to be equal. 


Construction. Draw any straight line BX, and cut off from 
ita part BC equal to a, 


us ¢, draw an are of a circle. 


With centre C, and radius б, draw a second arc cutting the 
first at A, 


Join AB, AC, 


Then ABC is the required triangle, for by construction the 
sides BC, CA, AB are equal to a, b, c respectively, 


Obs. The three data а, b, c may be understood in two 
Ways: either as three actual lines to which the sides of the 
i to be equal, or as three numbers expressing the 
lengths of those lines in terms of inches, centimetres, or some 
Other linear unit, 


Notes. (i) In order that the construction may be possible it is 
necessary that any two of the given sides should i together greater 
than the third side (Theorem 11); for otherwise the ares drawn from 
the centres B and C Would not cut, 


(ii) The ares which cut at A would, if conti d, cut again on the 
other side of BC. ‘Th Ата и аш ад 


t us the construction gives two triangles on opposite 
sides of a common base. 


ccc mm 


` 


> 
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ON TEE CONSTRUCTION OF TRIANGLES. 


It has been seen (page 50) that to prove two triangles 
fdentically equel, three parts of one must be given equal to 
the corresponding parts of the other (though any three parts 
do not necessarily serve the purpose) This amounts to saying 
that to determine the shape and size of a triangle we must know 
three of ils parts: or, in other words, 

To construct a triangle three independent data are required. 


For example, we may construct a triangle 

41) When two sides (b, с) and the included angle (A) are given. 
‘The method of construction in this case is obvious. 

(ii) When two angles (A, B) and one side (a) are given. 


Here, since A and B are given, we at once know C ; 
for A+B+C=150°. 


Hence wo havo only to draw the base equal А 
to а, and at its ends make angles equal to КА 
8 and C; for we know that the remaining BY = 


angle must necessarily be equal to A. 


are given (and no side), the 


(iii) If the three angles A, B, C f 
the number of solutions 


problem is indeterminate, that is, 
is unlimited. 
For if at the ends of any base we make angles equal to 


В and C, the third angle is equal to A. 
This construction is indeterminate, because the three data 


are not independent, the third following necessarily from the 
other two. 


4.8.4. 
88S G. 150—6 
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PROBLEM 9. 


To construct a triangle having given two sides and an angle 
opposite to one of them. 


Let b, c be the given sides and В the given angle, 


Construction. Take any straight line ВХ, and at B make 
the 2 XBY equal to the given 2B. 


From BY cut off BA equal to с! 
With centre A, and radius b, draw an are of a circle. 


If this arc cuts BX in two points C, and С,, both on the 
same side of B, both the ^' ABC,, ABC, satisfy the Biven con- 
ditions, 

This double solution is known as the Ambiguous Case, and! 
will occur when б is less than ¢ but greater than the perp.. 
from A on BX, 


EXERCISE, 


Draw figures to illustrate the nature and number of solutions in the 
following cases : 


(i) When b is greater than с, 
(ii) When b is equal to c. 
(iii) When b ise 


qual to the perpendicular from A on BX, 
(iv) When b is] 


css than this perpendicular. 
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PROBLEM 10. 


To construct a right-angled triangle havi ivi 
psi n g riangle having given the hypotenuse 


С, 
i 
A о B 


Let AB be the hypotenuse and P the given side. 


Construction. Bisect AB at О; and with centre O, and 


radius OA, draw a semicircle. э 
With centre A, and radius P, draw ап are to cut the semi- 


circle at C. 
Join AC, BC. 


Then ABC is the required triangle. 


Proof. Join OC. 


Because ОА= OC ; 
the 2 ОСА = the 2 OAC. 


And because OB — OC ; 
+. the 2 ООВ = the 2 OBC. 


„. the whole LACB = the 2 OAC + the 2 ОВС 
=} of 180° Theor. 16. 


290°, 
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ON THE CONSTRUCTION OF TRIANGLES, 
(Graphical Exercises.) 


1. Draw a triangle whose sides are 7:5 em., 6:2 om., and 5:3 em. 


Draw and measure the perpendiculars dropped on these sides from 
the opposite vertices. 


[N.B. The perpendiculars, if correctly drawn, will meet at a point, 
as will be seen later. Sce page 207.] 


2. Draw а triangle ABC, having given a—3:00", b=2°50", c=2°75". 


Bisect the angle A by a line which meets the base at X. Measure 
BX and XC (to the nearest hundredth of an inch); and hence calculate 


the value of 8х to two places of decimals. Compare your result with 


the value of È 


3. Two sides of a triangular field are 315 yards and 260 yards, and 
the included angle is known to be 39°. Draw a plan (1 inch to 


100 yards) and find by measurement the length of the remaining side 
of the field. 


4. ABC is a triangular gie of ground, of which the base BC is 
75 metres, and the angles at B and C aro 47° and 68° respectively. Draw 
a plan (scale 1 em. to 10 metres). Write down without measurement 
the size of the angle A; and by measuring the plan, obtain the approxi- 


mate lengths of the other sides of the field; also the perpendicular 
drawn from A to BC. 


5. A yacht on leaving harbour steers N.F, sailing 9 knots an hour. 
After 20 minutes she goes about, steering N.W. for 35 minutes and 
making the same average speed as before. How far is she now from 
the harbour, and what course (approximately) must she set for the 


run home? Obtain your results from a chart of the whole course, 
scale 2 cm. to 1 knot. 


ET n right-angled triangle, given that tho hypotenuse 


ne side a—5:6 cm. Measure the third side b; and 
find the value of мМ ай, Compare the two results, 


7. Construct a tri ‘le, havi Mr E : B=34° 
b=8-5 ош, Sau age having given the following parts: B=34°, 


dm w that there are two solutions. Measure 
e two values of a, and also of C, and shew that the latter are 
supplementary, 
8. Ina 


triangle ABC, the an. 
by figures the cases which aris 


gle A=50°, and b=6'5 ст. Illustrate 
(i) а=7 cm. 


A e in constructing the triangle, when 
(ii) а=6 cm. (iii) a=5 cm. (iv) a=4 cm. 
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9. Two straight roads, whi i 

wo straig , which cross at right angles at A, are carried» 
ыг straight canal by bridges at B and C. The Aisa: Mecum tbe 
B fepe edu gates, and the distance from the [oc A to the bridge- 
ар is d raw, a plan, and by measurement of it ascertain the- 


(Problems. State your construction, and give a theoretical proof.) 


a base of 4 cm., and having an 


10. Draw an isosceles triangle on 
and measure them to- 


altitude of 62cm. Prove the two sides equal, 
16 nearest millimetre, 


ll. Draw an isosceles triangle having its vertical angle equal to а. 
e vertex on the baso equal to- 


gem angle, and tho perpendicular from Ё 
&iven straight line. 
запоз draw an equilateral triangle in 
ee on the opposite side is 6 cm. 
Ө nearest millimetre. 


which the [рош from 
Measure the length of a side- 


C in which the perpendicular from A оп. 


12. Construct a triangle AB 
AC are 5:8 om. and 9:0 cm. respeotively. 


BC is 5-0 a 
Tons Be" and the sides AB, 
angles at В and C equal: 


13. Construct a triangle ABC having the 
ndieular from A on BC 


to two given angles L and М, and the perpe 
qual to a given line P. 
14. Construct a triangle ABC (without protractor) having given two- 
g protractor) having given two 
angles B and © and the side b. 
VE On a given base construct an isosceles triangle h 
ical angle equal to the given angle L. 


aving its- 


having given the length of 
ing sides a and b. 
d b graphically; and 


16. Construct a right-angled triangl 
g Z gl g: e, 
tho hypotenuse с, and the sum of the remain 
If c=5:3 om., and а+0=73 ош. find a an 
calculate the value of Ма +02. М 
erimeter and the angles 


l7. Construct a triangle having given the 
at the base, For S ample, а+0+с212 em., B=70, С=80° 
18. Construct a triangle АВС from the following data : 
a=65om,, b4c-10em., and B=60°. 


Measure the lengths of b and c. 


19. Construct a triangle ABC from the following data : 
а=7 ош., c-b-lenm., and B=55°. 


Measure the lengths of b and c. 
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THE CONSTRUCTION OF QUADRILATERALS. 


It has been shewn that the shape and size of a triangle are 
completely determined when the lengths of its three sides are 
given. A quadrilateral, however, is not completely determined 
by the lengths of its four sides. From what follows it will 


appear that five independent data are required to construct а 
quadrilateral. 


PROBLEM 11. 


To construct a quadrilateral, given the lengths of the four sides, 
and one angle. 


Let a, b, c, d be the given lengths of the sides, and A the 
angle between the sides equal to a and d. 


_ Construction. 
it AB equal to a. 


Make the 2 BAY equal to tho £A. 
3 From AY cut off AD equal to d. 
With centre D, and radius с, draw an arc of a circle. 


With centre B and radius b, draw another arc to cut the 
former at С, 


Take any straight line AX, and cut off from 


Join DC, BC. 


Then ABCD is the required quadrilateral; for by construction 


‘the sides are equal to a, b, c, d, and the г DAB is equal to the 
given angle. 
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PROBLEM 12. 


To construct ing giv ; ; 
ви а. EE d having given two adjacent sides and: 


——— 
TEN | / A 
A B 


and A the given angle. 


Take a line 
and 


Let P and Q be the two given sides, 


on 1. (With ruler and compasses.) 
equal to Р; and at A make the 2 BAD equal to the 2А, 
make AD equal to Q. 
With centre D, and radius P, d 
With centre B, and radius ©, 


raw an arc of à circle. 
draw another are to cut the 


former at C. 
Then ABCD is the required par™. 
Proof, Join DB. 
In the A' DCB, BAD, 
DC = BA, 
because CB-AD, 


and DB is common : 
„©. the L CDB = Ше LABD; 
and these are alternate angles, 
.. DC is par! to AB. 


Also DC - AB ; 
*. DA and BC aro also equal and parallel. Theor. 20.. 


., ABCD 1$ à par™. 


Theor. Te 


Construction 2. (With set squares.) Draw AB and AD as 

aeons ; then with set squares through D draw DC par! to АВ, 
nd through B draw BO par to AD. 

By construction, ABCD is a par^ having the required parts. 
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PROBLEM 13. 


To construct a square on a given side, 


eH o 


^ 8 
Let AB be the given side. . 


Construction 1. (IVith ruler and compasses.) At A draw AX 
perp. to AB, and cut off from it AD equal to AB. 

With B and D as centres, and with radius AB, draw two arcs 
cutting at C. 


Join BC, DC. 
Then ABCD is the required Square. 


Proof. Asin Problem 12, ABCD may be shewn to be a раг", 
And since the / BAD is а rig 


ht angle, the figure is à rectangle. 
Also, by construction all its sides are equal. 


©. ABCD is a square. 


Construction 2. (With set squares.) At A draw AX perp. to 
^B, and cut off from 


it AD equal to AB. 


Through p draw DC par! to AB, and through B draw BC 
parto AD meeting DC in C. 
en, by construction, ABCD is a rectangle. [Def. 3, page 56.] 
Also it has the two adjacent sides AB, AD ne : 
it is a square. 


CONSTRUCTION OF QUADRILATERALS. 


EXERCISES. 


Ox rue CONSTRUCTION Or QUADBILATERALS. 


1 Draw a rl i ides Í 

к AW rhombus each of whose sides is equal to a given straight. 

i. PQ, which is also to be one diagonal of the figure. d ч 

аза (without measurement) the number of degrees in each. 
› giving а reason for your answer, 

5inches. Prove theoretically that. 

the diagonals to the nearest 

f your drawing. 


9 
. Draw a square on a side of 2 


its diagonal л 
Наласа aae equal; and by measuring 
ndredth of an inch test the correctness 0 
3. Const ; 
of ea onstruct a square on а diagonal of 3:0", and measure the lengths 
ach side. Obtain the average of your results. Е 


4. Draw — 
AB 5:5, a parallelogram ABCD, having glv 
AC RUM ^b! and the diagonals AC, BD are 8 cm., and 


en that one side- 
б cm. respectively. 


x 
iud ü The diagonals of a certain quadrilateral are equal, (each 6:0 om.) 
pend iey bisect one another at an angle of 60°. Shew that five inde- 
v ent data are here given. 
АСЫ EA M tho quadrilateral. Name its specie: 
iko E your answer. Measure the perimeter. 
diagonals were increased to 90°, by how mu 


Perimeter be increased ? 


s; and give a format 
Тг the angle between 
ch per cent. would the- 


6. Ina quadrilateral ABCD, 
Show AB- 5:6 cm., BO=2°5 om., C 

lew that the shape of the quadrila 
e f tte quadrilateral when (i) 

D. ion fail when A=100°? 
sean c e n 


and DA=3°3 em. 
settled by these data. 
Why does the 


D=4'0 cm., 
teral is not 
A=30", (ii) A=60°. 


least value of A for which the con- 


TOR drilateral, having given the lengtlis 
of the eM lige do NOE ond Piers oe What vine опе must old 
among the data in order that the problem may be possible? 
Illustrate your method by constructing а quadrilateral ABCD, when 
EDU AB-309' BO-17^ CD-25" DA=2'8", and the diagonal 
2-0". Measure AC. 
D—6:8 cm., DAz51 em., and the» 


_ (ii) AB-3:6 cm., ВС=7'7 ema [5 
diagonal AG 85 cm. Measure the angles at B and D. 
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LOCI. 


DzrrxiTION. The locus of a point is the path traced out 
‘by it when it moves in accordance with some given law. 


Example 1. Suppose the point P to move so 
that its distance from a fixed point O is constant 
(say 1 centimetre). 

Then the locus of P is evidently the circum- 
ference of a circle whose centre is O and radius 
1 ст. 


Example 2. Suppose the point P 
moves at a constant distance (say 1 em.) 
from a fixed straight line AB. 


Н 

Н 

] 
Then the locus of P is one or other of — —————— 
two straight lines parallel to AB, on A 


1 
*ither side, and at a distance of 1 cm. ! 
from it. i 


Thus the locus of a point, moving under some given con- 
dition, consists of the line or lines to which the point is 
thereby restricted ; provided that the condition is satisfied by 
every point on such line or lines, and by no other. 

When we find 
law, and through v 
we are said to plo 


a series of points which satisfy the given 
which therefore the moving point must pass, 
t the locus of the point. 
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PROBLEM 14. 


fr wk 0 м the locus of а point Р which moves so that its distances 
wo fixed points A and В are always equal to one another. 


s through all positions in which PA= PB; 


Here the point P move 
ving point is at O the middle point 


- One position of the mo 
, of AB. 
th Suppose P to be any other position of the moving point: 
at is, let PA = PB. 
Join OP. 


Then in the A* POA, POB, 


PO is common, 
because ОА = OB, 


and РА = РВ, by hypothesis ; 


=, the 2 РОА = ће 4 РОВ. Theor. Т. 
Непсе РО із perpendicular to AB. 
That is, every point P which is equidistant from А and B lies on 
the straight line bisecting AB at right angles. 
the perpen- 


roved that every point on 
distant from A an B. 
the required locus. 


_Likewise it may be P 
dicular through O is equi 
This line is therefore 
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PROBLEM 15. 


To find the locus of a point P which moves so thal its perpen- 
dicular distcnces from two given straight lines AB, СО are equal t 
-me another. 


Let P be any point such that the perp. PM =the perp. PN. 
Join P to O, the intersection of AB, CD. 
Then in the ^' PMO, РМО, 


the L" PMO, PNO are right angles, 
because 4 the hypotenuse OP is common, 
and one side PM — one side PN ; 


`. the triangles are equal in all respects; Theor. 18 
so that the / POM=the / PON. 


Hence, if P lies within the / BOD, it must be on the bisector 
-of that angle ; 


and, if P is within the 2 AOD, it must be on the bisector of 
that angle. 


It follows that the required locus is the pair of lines which bised 
the angles between AB and CD. 
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INTERSECTION OF LOCI. 


The method of Loci may be used to find the position of a 
point which is subject to two conditions. For corresponding 
to each condition there will be a locus on which the required 
point must lie. Hence all points which are common to these 
two loci, that is, all the points of intersection of the loci, will 


satisfy both the given conditions. 


ExamPLE l. То find а point equidistant from three given points 
A, B, C, which are not in the same straight line. 

(i) The locus of points equidistant from 
А and B is the straight line PQ, which 
bisects AB at right angles. 

_ (ii) Similarly, the locus of points equi- 

distant from B and O is the straight line 
RS which bisects BC at right angles. 

Hence the point common to PQ and RS 
must satisfy both conditions: that isto — 
say, X the point of intersection of PQ and A 


RS will bo equidistant from A, B, and C. 


ExaAMPLE 2. То construct а triangle, having given the base, the 
altitude, and the length of the median which bisects the base. 

Let AB be the given base, and P and 
Q the lengths of the altitude and median 
respectively. Сте к= ш 
. Then the triangle is known if its vertex / ] 
is known. 

(i) Draw a etraight line CD parallel to 


AB, and at a distance from it equal to Р: OMe 
then the required vertex must lie on CD. 
(ii) Again, from O the middle point of ae 


AB as centre, with radius equal to © 
describe a circle: С 

then the required vertex must 

i i Y ircle, satisf 

Hence ai oints which are common to CD and the circle, · fy 

both the уеп conditions : that is to 82у, if CD intersect the circle in 

E, F, each of the poin of intersection might be the vertex of the 

required triangle. This supposes the length of the median Q to be 

greater than the altitude. 


lie on this circle. 


1% may happen that the data of the problem are во related to one 
another that the resulting loci do not intersect. In this case the 
problem ig impossible. 
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Obs. ln examples on the Intersection of Loci the student 
should make a point of investigating the relations which must 
exist among the data, in order that the problem may be 
possible; and he must observe that if under certain relations 
two solutions are possible, and under other relations no solu- 
tion exists, there will always be some intermediate relation 
under which the two solutions combine in a single solution. 


EXAMPLES ON LOCI. 


1. Find the loous of a point which moves so that its distance 
(measured radially) from the circumference of a given circle is constant. 


2. A point P moves aleng a straight line RQ; find the position in 
which it is equidistant from two given points A and B. 


3. A and B аго two fixed points within a circle: find points on the 


ошен equidistant from А and B. How many such points are 
there? 


4. A point P moves along a straight line RQ; find the position in 
which it is equidistant from two given straight lines AB and CD. 


5. А апі B аге two fixed points 6 ст. apart. Find by the method 
of loci two points which are 4 cm. distant from A, and 5 cm. from B. 


6. AB and CD are two given straight lines. 


» Find points 3 cm. 
distant from AB, and 4 cm. from CD. 


How many solutions are there? 


7. A straight rod of given length slides between two straight 
rulers placed at right angles to one another. 


Plot the locus of its middle point; and shew that this locus is the 
fourth part of the circumference of a circle. [See Problem 10.] 


,8. Ona given base as hypotenuse right-angled triangles are described. 
Find the locus of their vertices. й Р y 


_ 9. Ais a fixed point, and the point X moves on a fixed straight 
line BC. 


Plot the locus of P, the middle point of AX; and prove the locus to 
bo a straight line parallel to BC. 


10. A is а fixed point, and the point X moves on the circumference 
of a given circle. 


Plot the locus of P, the middle point of AX; and prove that this 
locus is a circle. [See Ex. 3, p. 64.] 
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11. AB is a given straight line, and AX is th i 
trom АЧо апу Мы raight line, is the perpendienian drawn 
ght line passin, through B. ИВ 
find the locus of the V dle point of AX. E Ir 
19. Two straight lines OX OY cut at right angles, and 
В Haak , t Я f P, 
pot within the angle XOY, perpendiculars PM, PN are SEA "to 
, OY respectively. Plot the locus of P when 
(i) PM+PN is constant (=6 cm., вау): 
Aug (ii) PM- PN is constant (—3 cm., say). 
nd i i i i 
SNR give & theoretical proof of the result you arrive at 
mu Two straight lines OX, OY intersect at right angles at О; and 
m a movable point P perpendiculars PM, PN are drawn to OX, OY. 
Plot (without proof) the locus of P, when 
(i) PM=2PN; 
(ii) PM=3 PN. 


Es Find a point which is at a given distence from a given point, 
E is equidistant from two given parallel straight lines. 
When does this problem admit of two solutions, when of one only, 


and when is it impossible? 
wl S is a fixed point 2 inches dis 
93 in Bind two points which are 23 inch 
ches distant from MX. 
16. Fi А Lus 
s nd a series of oints equidista 
airen straight line MX.” Draw а curve fi 
Points so found. 


Eos On a given base construct a tri 
ex on a given straight line. 


1 Я n 
8. Tinda point equidistant from 6 


19. Two strai 4 i 4 
, Two straight I OX, OY out at right angles and Q and R 
pa; Points in OX and OY respectively. Plot the locus of the middle 


Point of QR, when 


tant from a given straight line 
es distant from S, and also 


nt from а given point S and 
rechand passing through all 


angle of given altitude, having 


ho three sides of а triangle. 


(i) OQ+OR= constant. 
(ii) OQ- OR constant. 


Find a series of points P such 


20. М 
that. S and S' are two fixed points. 
(i) SP +S'P=constant (say 3°5 inches). 
(ii) SP- S'P=constant (say 1:5 inch). 
h all the points 


ics 
во [rca case draw a ourve freehand passing throug 
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ON THE CONCURRENCE OF STRAIGHT LINES IN A TRIANGLE, 


w^ І. The perpendiculars drawn to the sides of a triangle from thei» 
middle points are concurrent. 


т, А 
Let ABC bea A, and X, Y, Z the middle 
points of its sides, 


From Z and Y draw perps. to AB, AC, 
meeting at О. Join OX. 


Jt is required to prove that OX is perp. 
to BC. 

Join OA, OB, OC. B 

Proof. Because YO bisects AC at ri: 


ght angles, 
7. it fs the locus of points equidistant from A and О; 
^ OAZ OC, 


Again, because ZO bisects 


AB at right angles, 
^ it is the locus of 


points equidistant from Aand B; 
“. OAZOB 


Hence OB- OC. 
+. O is on the locus of oints equidistant from B and C; 
that is, ox is perp. to BC. 


Hence the perpendiculars from the mid-points of the sides meet at О. 


Q.E.D. 
vt The bisectora of the angles of a triangle are concurrent, 
Let ABO be a A, Bisect the 4° ABC, A 
BCA by straight lines which meet at O. 


Join AO, XN Q 
It is required to prove that AO bisects the 
L ВАС. 


,,Lrom О draw OP, OQ, OR perp. to the b 
sides of the A. B P G 
Proof — v Because BO bisects the LABC, 
7. it is the locus of points equidistant from BA and BC; 
2 =OR. 


Similarly CO is the locus of points equidistant from BC and CA; 
= ОР=09. 


Hence OR—- OQ. 
*- O is on the locus of points equidistant from AB and AC; 
that із, OA is the bisector of tho / BAC, 


Hence the bisectors of the angles meet at О. QED 
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ПІ. The medians of a triangle are concurrent. 


M n Let ABO bea A. 
t BY and CZ be two of its medians, and let 
them intersect at O. 
Join AO, 2 
and produce it to meet BC in X. 


A 
5 АГ 
Tt is required to shew that AX is the remaining 4 5 \ 
median of the A. О 
Through C draw CK parallel to BY ; Biss feces: 


produce AX to meet CK at K. 
Join BK. K 
Proof. In the AAKC, 
because Y is the middle point of А 
2. О is the middle point of AK. 
Again in the A ABK, 
since Z and O are the middle points of AB, AK, - 
-. ZO is parallel to BK, : 
that is, OC is parallel to BK, 
-. the figure BKCO is a раге, 


But the diagonals of a par? biseot one another ; 
em X is the middle point of BC. 
That is, AX is a median of the A. 


Hence the three medians meet at the point O. 


C, and YO is parallel to CK, 
Theor. 22. 


Q.E.D. 


Ювктхттїох. The point of intersection of the medians is called the 
centroid of the triangle. 


Conmornamy. The three mediana of a triangle cut one another a$ @ 
Point of trisection, the greater segment in each being towards the angular 


point, 
For in the above figure it has been proved that 
AO =0 


also that OX is half of OK; 
OX is half of OA: 
that is, OX is one third of AX. 
Similarly OY іє one third of BY, 
and OZ is one third of CZ. Q.E.D. 


By means of this Corollary it may be shewn that in any triangle. 
the shorter median bisects the greater side. 


ereafter that the perpendiculars draum- 


Nore. It will be proved h Д 
e opposite sides are concurrent, 


from the vertices of a triangle to th 
н.в.ө. a 


msc: PUT 
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MISCELLANEOUS PROBLEMS, 
(A theoretical proof is to be given in each case.) 


I. Aisa given point, and BC a given straight line. Frem A draw 
a straight line to make with BC an angle equal to a given angle X. 


How many such lines can be drawn? " 


2. Draw the bisector of an angle AOB, without using the vertex O 
in your construction. 


3. P is a given point within the angle AOB. Draw through P a 
straight line terminated by OA and ОВ, and bisected at P. 


4. OA, OB, OC are three straight lines meeting at O. Draw a 
transversal terminated by OA and OC, and bisected by OB. 


5. Through a given point A draw a straight line so that the part 
intercepted between two given parallels may be of given length. 


When does this problem admit of two solutions? When of only one! 
And when is it impossible ? 


6. Ina кые ABC inscribe a rhombus having one of its angles 
coinciding with the angle A. 


7. Use the properties of 5n equilateral triangle to trisect a iven 
straight line. ШЫ z Р a E 


(Construction 9f Triangles.) 
8. Construct a triangle, having given 
(i) The middle points of the three sides, 


(ii) The lengths of two sides and of the median which bisects the 
third side, 


(iii) The lengths of ono side and the medians which bisect tho other 
two sides, 


(iv) The lengths of the three mediana, 
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PART II. 
ON AREAS. 


DEFINITIONS. 


l. The altitude (or height) of a parallelogram with refer- 
ence to a given side as base, is the perpendicular distance 
between the base and the opposite side. 

2. The altitude (or height) of a triangle with reference te 
а given side as base, is the perpendieular distance of the 
Opposite vertex from the base. 

(от, It is clear that parallelograms or triangles which are between 
same parallels have the same altitude. 


For let AP and DQ be the alti- Aches 2 in 
udes of the A*ABC, DEF, which 
Gh between the same parallels BF, 
Then the fig. APQD is evidentl 
à rectangle ; E ' М 
B PCQSE F 


-. AP=DQ. 
3. The area of a figure is the amount of surface contained 
Within its bounding lines. 


4. A square inch is the area of a 
Square drawn on а side one inch in URS 
length, inca 


imetre is the area of 


b. Similarly a square cent 
4 entimetre in length. 


а square drawn on a side one c 


.. The terms square yard, square foot, square metre are to be understood 
in the same sense. 

6. Thus the unit of area is the area of 
of unit length. 


a square on a side 
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THEOREM 23. 


Area of a rectangle. If the number of units in the length of a 
rectangle is multiplied by the number of units in its breadth, the 
product gives the number of square units in the area. 


Let ABCD represent a rectangle whose length AB is 5 feet, 
and whose breadth AD is 4 feet. 


Divide AB into 5 equal parts, and BC into 4 equal parts, and 


through the points of division of each line draw parallels to 
the other. 


The rectangle ABCD is now divided into compartments, 
each of which represents one square foot. 


Now there are 4 rows, each containing 5 squares, 
.. the rectangle contains 5 x 4 square feet. 


Similarly, if the length=a linear units, and the breadth =b 
linear units 


the rectangle contains ab units of area. 
And if each side of a square =a linear units, 
the square contains a? units of area. 
These statements may be thus abridged: 


the area of a rectangle = length x breadth ........... 
the area of a square = (side)? ............... 


COROLLARIES. (i) Rectangles which have equal lengths and 
equal breadths have equal areas. 

(ii) Rectangles which have 1 areas and equal lengths have 
also equal breadths, A E 
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NOTATION. 


The rectangle ABCD is said to be contained by AB, AD; for 
these adjacent sides fix its size and shape. 

A rectangle whose adjacent sides are AB, AD is denoted by 
rect. AB, AD, or simply AB x AD. 

A square drawn on the side AB is denoted by sg. on AB, or AB". 


EXERCISES. 
(On Tables of Length and Area.) 


1. Draw a figure to shew why 
(i) 1 sq. yard=3? sq. feet. 
(ii) 1 sq. foot =12? sq. inches. 
(iii) 1 sq. em. =10? sq. mm. 
_ 2 Draw a figure to shew that the square on & straight line is four 
times the square on half the line. 


3. Use squared paper to shew tha 
square on 01". 


t the square on 1" 210? times the 


4. If 1” represents 5 miles, what does an area of 6 square inches 


сергевепё? 


N OF THEOREM 23. 


The proof of Theorem 93 here given supposes that the length and 
breadth of the given reotangle are expressed by whole numbers ; but the 
formula holds good when the length and breadth are fractional. 

This may be illustrated thus : 

Suppose the length and breadth are 3'2 cm. and 2*4 em.; we shall 


thew that the area is (3:2 х 9-4) sq. ст. 
length 32 cm. =32 mm. 


For 
breadth —2:4 cm. =94 mm. 


EXTENSIO: 


dE area = (32 х 24) вд. mm. —— 1j 
= (3-2 x 2°4) sq. cm. 
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EXERCISES. 
(On the Area of a Rectangle.) 


Draw on squared paper the rectangles of which the length (a) and 
breadth (b) are given below. Calculate the areas, and verify by the 
actual counting of squares. 


1. a=2’, b=3". 2. a=1:5", b=4". 
3. a=0°8", b=3°5". 4. a=2°5’, 
5. a=2'2", b=1°5". б. а=1:6", 


Calculate the areas of the rectangles in which 
7. a=18 metres, b=11 metres. 8. a=7 ft., b=72 in. 
9. a—92:5 km., b=4 metres, 10. a=} mile, b=1 inch. 


11. The area of a rectangle is 30 sq. om., and its length is 6 om. 
Find the breadth. Draw the rectangle on squared paper; and verify 
your work by counting the squares. 


12. Find the length of а rectangle whose area is 3:9 sq. in., and 


breadth 1:5". Draw the rectangle on squared paper; and verify your 
work by counting the squares. 


13. (i) When you treble the length of a rectangle without altering 
its breadth, how many times do you multiply the area? 


(ii) When you treble both length and breadth, how many times do 
you multiply the area? 


Draw а figure to illustrate your answers; and state a general rule. 


14. In a plan of a Sed ad garden the length and breadth 


are 3:6" and 2'5”, one inch standing for 10 yards. Find the area of the 
garden. 


lf the area is increased by 300 sq. Iis the breadth remaining the 


вате, what will the new length bə? And how many inches will repre- 
sent it on your plan? 


15. Find the 


(scale area of a rectangular enclosure of which a plan 


ош. to 20 metres) measures 6:5 cm. by 4°5 cm. 


16. The area of a rectangle is 1440 aq. yds. If in a plan the sides 
ot the qotengle are 3'2 om. and 4'5 cm., on what scale is the plan 
wn 


17. The area of a recta: i .ft. On a plan of 
thine drawa to tho PUR ngular field is 52000 sq. 


f: . length is 3:25". What is 
the breadth? ө of 1" to 100 ft., the length is 
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Calculate the areas of the enclosures of which plans are given below. 
All the angles are right angles, and the dimensions are marked in feet. 


18, 19. PRU E 


Esse usce 


Tango 


Calculate the areas represented by the shaded parts of the following 
plans. The dimensions are marked in feet, 


Width of shaded border 
uniform 4 ft. 


<---> 


48 


=+-20----> 


Еа лоз 


W--------15-------—» 


TIIM------ 
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THEOREM 24. [Euclid I. 35.] 


Parallelograms on the same base and between the same parallels 
are equal in area, 


A E D Е 


в (еј 


Let the par™ ABCD, EBCF be on the same base ВО, and 
between the same par' BC, AF. 


It is required to prove that 
the par" ABCD =the par” EBCF in arca. 


Proof. In the AFDC, EAB, 


DC — the opp. side AB; Theor. 21. 
because 4 the ext. 2 ЕОС = the int. Opp. LEAB; Theor. 14. 
the int. 2 DFC = the ext. LAEB; 


ss the Л РОС = the A EAB. Theor, 17. 


Now, if from the whole fig. ABCF the AFDC is taken, the 
remainder is the par™ ABCD. 


And if from the whole fig. ABCF the AEAB is taken, the 
remainder is the par^ EBCF. 


С. these remainders are equal ; 
that is, the par^ ABCD =the par^ EBCF. Q.E.D. 


EXERCISE. 
In the above diagram the sides AD, EF overlap. Draw diagrams in 
which (i) these sides do not Отата (ii) the ends Е and D coincide. 


Go through the proof with these diagrams, and ascertain if it applies 
to them without change, 
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Tur AREA OF A PARALLELOGRAM. 


Let ABCD be a_ parallelogram, ED E C 
and ABEF the rectangle on the 
same base AB and of the same 
altitude BE. Then by Theorem 24, 


area of par^ ABCD = area of rect. ABEF А 
—ABxBE 
= base x altitude. 


COROLLARY. Since the area of a parallelogram depends 
only on its base and altitude, it follows that 
Parallelograms on equal bases and of equal altitudes are equal 


in area, 


EXERCISES. 
(Numerical and Graphical.) 


R. Find tho area of parallelograms in which 
(i) the base=5°5 cm., and the height=4 cm, 
(ii) the base=2°4”, and the height —1:5". 


2, Draw а parallelogram ABCD having given AB=2}’, AD=1}°, 
and the LA=65°. Draw and measure the perpendicular from D on AB, 
and hence calculate the approximate area. Why approximate? 

Again calculate the area from the length of AD and the perpendicular 
on it from B. Obtain the average of the two results. 


3. Two adjacent sides of a parallelogram are 30 metres and 25 metres, 
and the included angle is 50°. Draw a plan, 1 cm. representing 
6 metres; and by measuring each altitude, make two independent 
calculations of the area. Give the average result. 


ат ABCD is 42 sq. in., and the base 


4. The area of & parallelogr 
AD —2", draw the parallelogram. 


AB ів 2:8". Find the height. If 


5. Each side of a rhombus is 2”, and its area is 3°86 sq. in. Calculate 


an altitude. Hence draw the rhombus, and measure one of its acute 
angles 
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THEOREM 25. 


The Area of a Triangle. Te area of a triangle is half the area 
of the rectangle on the same base and having the same altitude. 


D A E D E A 
B E c 
Fig.1. 


Let ABC be a triangle, and BDEC a rectangle on the same 
*ase BC and with the same altitude AF. 


It is required to prove that the A ABC is half the rectangle BDEC. 


Proof. Since AF is perp. to BC, each of the figures DF, EF 
# a rectangle. 


Because the diagonal AB bisects the rectangle DF, 
.. the ДАВЕ is half the rectangle DF. 


Similarly, the A AFC is half the rectangle FE. 
-*. adding these results in Fig. 1, and taking the difference in 
Fig. 2, 
the A ABC is half the rectangle BDEC. 
Q.E.D. 


COROLLARY. A triangle is half any parallelogram on the same 
е and between the same parallels. 


For the A ABC is half the rect. BCED. © нр AT 


And the rect. BCED =any par» BCHG 
ED same base and Beevers the same 


^. the ДАВС is half the par™ BCHG. 
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THE AREA OF A TRIANGLE. 


If BO and AF respectively contain a units and p units of 
«ength, the rectangle BDEC contains ap units of area. 
-. the area of the A ABO— Jap units of area. 


This result may be stated thus: 
Area of a Triangle= 4 . base x altitude. 


EXERCISES ON THE AREA OF A TRIANGLE. 


(Numerical and Graphical.) 


1. Caloulate tho areas of tho triangles in whioh 
(i) the base—24 ft., the height=15 ft. 
(ii) the baso=4'8", the height=35". 
(iii) the baso=160 metres, the height=125 metres. 
wing data. In each case draw and 


2. Draw triangles from the follo 1 
measure the altitude with reference to а given side as base: hence cal- 


culate the approximate area. 
(i) a=8'4 om., 
(ii) b=5'0 om., c=6'8 cm., А=65°. 
(iii) 46:5 om., B=52", =76° 


3. ABCisa triangle right-angled at С; shew that its area= 


Given a=6 om., b=5 om., caloulate the ares. 
raw and measure 


Draw the triangle and measure the hypotenuse с; di 
C on the hypotenuse ; hence calculate the 


the perpendicular from 
approximate area. 

Note the error in your ар 
centage of the true value. 

4, Repeat the whole process of the last question for а right-angled 
triangle ү ВО, in which a=2'8" and b=4'5"; С being the right angle 
as before. 

5. Ina triangle, given 

(i) Area =80 sq. in., 
(ii) Area-—10'4 sq. em. 


4BC x CA. 


proximate result, and express it as в per- 


paso=1 ft. 8 in.; calculate the altitude. 
5 altitude=1°6 om. ; calculate the base. 


6. Construct & triangle ABC, havin given a—3'0, b=2'8", с=2'6". 
Draw and measure the perpendicular тош A on ВС; hence calculate 


the approximate area. 
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THEOREM 26. [Euclid I. 37.] 


Triangles on the same base and between the same parallels 
(hence, of the same altitude) are equal in 
area. D 


A E [c] 
Let the A'ABO, GBC be on the 
Same base BC and between the same 
раг" BC, AG. 
It is required to prove that 
the ^ ABC =the ^ GBC in area. B с 


Proof. If BCED is the rectangle on the base BO, and 
between the same parallels as the given triangles, 


the A ABC is half the rect. BCED; Theor. 25. 
also the ^ GBC is half the rect. BCED; 


^. the AABC=the AGBC. Q.E.D. 


Similarly, triangles on equal bases and of equal altitudes are 
equal in area. 


THEOREM 27. . [Euclid I. 39.] 


If two triangles are equal in area, and stand on the same base 
and on the same side of it, they are between the same parallels, 
Let the A* АВС, GBC, standing on A 
the same base BC, be equal in area; 
and let AF and GH be their altitudes, 


It is required to prove that AG and 
BC are par’, 


[2] 


B E ow 
de m The A ABC is half the rectangle contained by BC 
and the 
and GH; 


3 


^GBC is half the rectangle contained by BC 


*". the rect, BC, AF — the rect, BC, GH ; 


С. AF GH. Theor. 23, Cor. 2. 
Also AF and GH are раг; 


ence AG and FH, that is BC, are par. Q.E.D. 
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EXERCISES ON THE AREA OF A TRIANGLE. 
( Theoretical.) 


1. АВС isa triangle and XY is drawn parallel to the base BO, 
cutting the other sides at Xand Y. Join BY and CX; and shew that 
(i) the A XBC=the A YBC; 
(ii) the A BXY =the A CXY ; 
(iii) the A АВҮ= ће A AQX. 


If BY and CX cut at K, shew that 
(iv) the A ВКХ= Ње ACKY. 


2. Shew that a median of a triangle divides it into two parts of 
equal area, 
_ How would you divide a triangle into three equal parts by straight 
lines drawn from its vertex? 
3. Prove that а parallelogram is divided by its diagonals into four 
triangles of equal area. 
4, ABC isa triangle whose base BC is bisected at X. If Y is any 
point in the median AX, shew that 
the A ABY=the A ACY in area. 
5. ABCD is a parallelogram, and BP, DQ are the perpendiculars 
from B and D on the diagonal AC. 
Shew that BP=DQ. 
Hence if X is any point in AC, or AC produced, 
prove (i) the A ADX =the A ABX; 
(ii) the A CDX=the A CBX. 


f Theorems 26 and 27 that the straight line 


Ant Р by means 0! i 
he middi а triangle is parallel to the third 


joining the middle points of two sides of 
side. 


7. The straight line which j 
sides of a trapezium 18 parallel to eac! 


i allelogram, and X, Y are the middle points of the 
sides eae rif fus any Point in Y, or XY produced, shew that the 
triangle AZB is one quarter of the parallelogram ABCD. 

9. If ABCD isa parallelogram, and X, Y any points in DC and AD 


‘respectively : shew that the triangles AXB, BYC are equal in area. 


oins the middle points of the oblique 
h of the parallel sides. 


10. ABCD isa parallelogram, and P is any point within it; shew 
that tho sum of the triangles PAB, PCD is equal to half the parallelo- 


gram. 
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EXERCISES ON THE AREA OF A TRIANGLE. 


(Numerical and Graphical.) 


l. The sides of a triangular field are 370 yds., 200 yds., and 190 
yds. Draw a plan (scale 1” to 100 yards). “Draw and measure an 
altitude; hence calculate the approximate area of the field in square 
yards. 

2. Two sides of a triangular enclosure are 124 metres and 144 
metres respectively, and the included angle is observed to be 45°. 
Draw a plan (scale 1 em. to 20 metres). Make any necessary measure- 
ment, and calculate the approximate area, 


3. Ina triangle ABC, given that the агез = 6°6 sq. cm., and the base 
BC=5'5 cm., find the altitude. Hence determine the locus of the 
vertex A. 


If in addition to the above data, BA-9:6 cm., construct the tri- 
angle ; and measure CA, 


4. In a triangle ABC, given area —3:06 sq. in, and a—3:(". Find 
the altitude, and the locus of A. Given C—68*, construct the triangle ; 
and measure b, 


5. ABC isa triangle in which BC, BA have constant lengths 6 ст. 
and 5 ст. If BC is fixed, and BA revolves about B, trace the changes 
in the area of the triangle as tho angle B increases from 0° to 180*. 

Answer this question by drawing a series of triangles, increasing 


у increments of 30°, Find the area in each case and tabulate the 
results. 


(Theoretical. ) 


es supple- 
mentary, shew that the triangles are equal in area, Can such triangles 


.7. Shew how to dra: 
triangle of equal area, 


en It ку шна Points of the sides of a quadrilateral are joined in 
: Г 
e [ux RU the parallelogram so formed [see Ex. 7, p. 64], is half 


FAG oa, а triangle, and R Q the middle points of the sides 
AB, AC; shew that if B? SR intere, Diddle points o! BXO 
їв equal to the qu adrilater ааа СА intersect in X, the triangle 

10. Two triangles of е, t 

ite si К qual area stand the same base but on 
fe posite sides of it: shew that the straight line joining their vertices 
isected by the base, or by the baso produced. 
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[The method given below may be omitted from a first course. In 
any case it must be postponed till Theorem 29 has been read.] 


The Area of a Triangle. Given the three sides of a triangle, 
to calculate the area. 

ExawrLE. Find the area of a triangle whose sides measure 21 m., 
17 m., and 10 m. 

Let ABC represent the given A 


triangle. 
Draw AD perp. to BC, and 


denote AD by p. 
We shall first find the length 10 7 
оѓ BD. 
Let ВО == metres; then ОС 
z2]-x metres. BED ТРЕ Tie} 


From the right-angled A ADB, 
wo have by Theorem 29 
AD?=AB?- BD?=10?- 23, 


And from the right-angled SADC, 
AD?2—AC!- DC2=17?-(21-=)*s 
д l00-23—171- (21-2)? 

or 100 —a2=289 - 441 42x - 2* 
whence z=6. 
AD?=AB?- BD?; 

pr=10?-6=643 
л. p=8. 


Again, 
or 


Now Area of triangle=} . base x altitude 
= (4x 21 x 8) sq. m. =84 sq. m. 


EXERCISES. 


ove method the area of the triangles, whose side» 


Find by the ab 
1 $ 
скы 2, 15 yds., 14 yds., 13 yds. 


20 ft., 13 ft., 11 ft. 
21 m., 20 m., 13 m. 4, 30cm., 25 cm., 11 em. 
6. 51m., 37 m., 20 m. 


37 ft., 30 ft., 13 ft. 
Jf the given sides are a, b and c units in length, prove 
ai c - Do 


2 
Oneroa, Gi) poo {A} ; 


(ш) ЛА={4 (акЕкеў(—а+&+с)(а-®+о)(@+®—). 


с lg SO 
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THE AREA OF QUADRILATERALS, 


THEOREM 28, 

To find the area oy (i) a trapezium, 
(i) any quadrilateral, 

(i) Let ABCD bea trapezium, having 


the sides AB, CD parallel. Join BD, D e 
and from C and D draw perpendiculars 
CF, DE to AB, 
Let the parallel sides AB, CD measure 
a and b units of length, and let the А Е F 


height CF contain № units, 
Then the area of ABCD — AABD + A DBC 


1 1 
= АВ. DE * 5DC. CF 


1 1 h 
= 5аћ + gh (a +b). 
That is, 


the area of a trapezium = 1 height x (the sum of the parallel sides). 


(ii) Let ABCD be any quadrilateral. c 
raw а diagonal AC; and from B D 

and D draw perpendiculars BX, DY to 

^C. These perpendiculars are called 

offsets, 


If AC contains d units of length, and B 
8X, DY p and 0 units respectively, 


the area of the quad' ABCD =A ABC + ^ ADC 


1 l 
= 5А0.ВХ +3AC. DY 


1 1 1 
Тбаб is to'say, “2% + 24 = (р +a) 


the area of a quadrilateral = 5 diagonal x (sum of offsets). 
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EXERCISES. 
(Numerical and Graphical.) 


1. Find the area of the trapezium in which the two parallel sides 
ere 47" and 3:3", and the height 1:5". 


2. In a quadrilateral ABCD, the diagonal AC=17 feet; and the 
offsets from it to B and D are 11 feet and 9 feet. Find the area. 


3. In a plan ABCD of a quadrilateral enclosure, the diagonal AC 
measures 8'2 cm., and the offsets from it to B and D аге 3'4 cm. and 
2'6 om. respectively. If 1 om. in the plan represents 5 metres, find 
the area of the enclosure. 

4. Draw a quadrilateral ABCD from the ad- D 29 
Joining rough plan, the dimensions being given in 
inches. 

Draw and measure the offsets to A and C from 
the diagonal BD ; and hence calculate the area of 
the quadrilateral. 

A vo B 


5. Draw a quadrilateral ABCD from the 
details given in the adjoining plan. The 
dimensions are to be in centimetres. 


Make any necessary measurements of your 

figure, and calculate its area. . 

A 77 в 

f the following data: AB and CD 

AD = BC=2’; the LA=tho L B-60*. 
and calculate the area. 


6. Draw a trapezium ABCD 
are the parallel sides. AB=4"; 


Make any necessary measurements, 
i i i he parallel 
7. Draw а trapezium ABCD in which AB and CD are the pai 
aides; and AB=9 cm., CD=3 cm., and AD=BC=5 ст. 
Make any necessary measurement, and calculate the area. 


8. From the formula area of quad! —X diag. x (вит of offsets) shew 


that, if the diagonals are at right angles, 
area=}(produet of diagonals). 


the diagonals of a quadrilateral, and the 


9. Given the lengths of 
Ме 5i that the area is the same wherever they 


"0816 between, them, prove 
intersect. 


HS. т-п—8 
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THE AREA OF ANY RECTILINEAL FIGURE. 


1" METHOD. A rectilineal figure 
may be divided into triangles whose 
areas can be separately calculated 
from suitable measurements. The 
sum of these areas will be the area 
of the given figure. 


Example. The measurements re- 
uired to find the area of the figure 
BCDE are AC, AD, and the offsets X, 

DY, EZ. 


2" METHOD. The area of a rectilineal figure is also found 
by taking a baseline (AD in the diagram below) and offsete 
from it. These divide the figure into right-angled triangles 
and right-angled trapeziums, whose areas may be found after 
measuring the offsets and the various sections of the base-line 

Exomple. Find the area of the enclosure ABCDEF from the plam 
and measurements tabulated below. 

j Yarps, D 
AD=56 N, 
vc=12| Av=50 | . M 
AZ=40 | ZE=18 
YB-20| AY=18 
AX=10 | XF=15 


The measurements are made from 
A ior the base line to the pointa 


from which the offsets spring. 
A 
. _ Bq. yds. ‚уй 
Her — A AXF =4.AXxXF =hxl0xi5= "p^ 
SAYB=}.AYxYB =4x18x20= 180 
4DZE=3.0ZxZE —hx16x18— 144 
^ DVC-3.DVxVC =}x 6х12= 36 


trap" XFEZ=3.XZ х(ХЕ+2Е)=}х30х33= 495 
trap" YBCV=4. YVx(YB4VC)=3x32x32= 512 


4, by addition, the fig. ABCDEF= 1442 sq. уйа. 
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! 
EXERCISES. 


1. Calculate the areas of the figures (i) and (ii) from the plans and 


dimensions (in cms.) given below. 


АС=6 cm., AD=5 cm. AB=BD=DA=6 om. 
Lengths of offsets figured EY=CZ=1 om. 
in diagram. DX=5-2 cm. 


2. Draw full size the figures whose plans and dimensions are given 


below ; and calculate the area in each case. 
D 


(ii) с 
дех К в 
The fig. is equilateral : AX=1}", XY=22", 
YB=13". 


each side to be 24”. 


BCDEF from the following measure- 


3.. Fi figure A 
ind the area of the TE m. represents 20 metres. 


ments and draw a plan in which 1 c 
Tux PLAN. 
с 
` D 
E E 
A 
А 
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EXERCISES ON QUADRILATERALS. 
( Theoretical.) 


1. ABCD їз а rectangle, and PQRS the figure formel by joining in 
order the middle points of the sides. 
Prove (i) that PQRS is a rhombus ; 
Gi) that the area of PQRS is half that of ABCD. 
Hence shew that the area of a rhombus is half the product of ite 
diagonals. 


Is this true of any quadrilateral whose diagonals cut at right angles? 
Illustrate your answer by a diagram. 


2. Prove that a parallelogram is bisected by any straight line whicb 
passes through the middle point of one of its diagonals. 


Hence shew how a parallelogram ABCD may be bisected by ә 
straight line drawn 
(i) through a given point Р; 
(ii) perpendicular to the side AB ; 
(iii) parallel to a given line QR. 


.9. In the tapeli ABCD, AB is parallel to DC; and X is tho 
middle point of BC. Through X draw PQ parallel to AD to meet AB 
and DC produced at P and Q. Then prove 

(i) trapezium ABCD — par» APQD. 

(ii) trapezium ABCD —twice the A AXD. 


(Graphical.) 


4. The diagonals of a quadrilateral ABCD cut at right angles, and 
measure 3:0" and 2:2" respectively. Find the area. 


Shew by a figure that the area is the same wherever the diagonalo 
cut, so long as they are at right angles. 


5. In the parallelogram ABCD, AB=8-0 cm., А0 =3'2 cm., and the 
perpendicular distance between AB and DC=3'0 em. Draw the par- 


allelogram. Calcul: AA Я à i 
your result by manae, Le distance between AD and BC; and chec 


Ж. de қо 8 pem is 2-5", and its diagonals are 3:4^ 
i struct the parallelogram ; king any neces 
sary measurement, calculate mma Qu Dua tesi а 
7. ABCD is а parallelo; З d 5 
i gram on a fixed base AB and of constan 
ares, Find the locus of the intersection of its diagonals. 


EXPERIMENTAL EXERCISES. DI 


EXERCISES LEADING TO THEOREM 29. 


Tui the adjoint d A а 
В joining diagram, ABC is в triangle 
right. Bü 
ешш at C; and squares are drawn on the A 
on thet es. Let us compare the area of the square 
ypotenuse AB with the sum of the squares C B 


К б 
n the sides АС, CB which contain the right angle. 


1. Draw the above diagram, making AC=3 cm., and BC=4 em. ; 


Then the area of the square on AC=38%, or 9 sq. cm. 
апа... the square on BC- 4, or 16 sq. em. 


. the sum of the squares on AC, BC= 25 sq. cm. 


ов measure АВ ; hence caleulate the area of the square on 
pare the result with the aum already obtained. 


making AC=1°0", and: 


AB, and 


во о Repent the process of the last exercise, 


ithmetically that cizat D. 


angle ABO, whose sides a, b, and c: 
the angle ACB. 


3. Ifa=15, b=8, c=17, shew ar 


ow draw H 
аг on squared paper & tri 
? 15, 8, and 17 units of length ; and measure 


+ Take i ight- 
ап, any triangle АВО, right. 
owe at С; aad кез squares on AC, 
oe on the hypotenuse AB. 
on on ЕП the mid-point of the square 
Опа]. (ie. the intersection of the dia- 
dica draw lines parallel and das 
RES to the hypotenuse, thus ing 
liters, o into four congr ad 
on AQ. These, together wit 
‚ will be found exactly 
© square on AB, in the wey indicated 
У corresponding numbers. 


ents point to the conclusion that: 

In any right-angled triangle the square on the hypotenuse is equal’ 
to the sum of the squares m the other two sides. 

A formal proof of this theorem is given on the next page. 


These exporim 
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THEOREM 29. [Euclid I. 47.] 


i ў rü the hypotenust 
tangled triangle the square described on ] 
E xd s a of the aba described on the other two sides. 


ГРД 
Let ABC be а right-angled д, having the angle ACB & rt 


athe 
It is required to prove that the square on the hypotenuse AB | 
-sum of the squares on AC, CB. 


о 6 
On AB describe the sq. ADEB; and on AC, CB describe | 
чч. ACGF, CBKH. | 


Through С draw CL par! to AD or BE. | 
Join CD, FB, 


Proof. Because each of the г" ACB, ACG is a rt. 2, 
С. BC and CG are in the same st. line. 


Now the rt. L BAD = the rt. 2 FAC; 
add to each the / CAB: | 
then the whole 2 CAD =the whole 2 FAB. 


Then in the A' CAD, FAB, | 


CA=FA, | 
because AD — AB, B; 
and the included 2 CAD =the included г РАВ? bl 
. the ACAD — the A FAB, Them | 
| 
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Now the rect. AL is double of i 
Я the ACAD, being o! 
m base AD, and between the same раг" AD, CL. MUR 
nd the sq. GA is double of the Л ҒАВ, bei 
, being on th 
base FA, and between the same par" FA, GB. G 4 3 
.'. the rect. AL = Ше sq. GA. 


Similarly by joining CE, AK, it can be shewn that 
the rect. BL=the sq. HB. 


.'. the whole sq. AE = ће sum of the sqq. GA, HB: 


that is, the square on tho hypotenuse AB-the sum of the 
squares on the two sides AC, CB. 
Q.E.D. 


Obs. This is known as the Theorem of Pythagoras. The 


result established may be stated as follows : 
AB? = ВО? + CA". 
That із, if a and 0 denote the lengths of the sides containing. 
the right angle; and if ¢ denotes the hypotenuse, 
e= +b. 


Hence аї=ї-Ё; and j?— c? — а, 


esults should be noticed. 


Nors 1. The following important г 
been shewn in the course of the 


If CL and AB intersect in O, it has 
Proof that 

the sq. GA=the rect. AL; | 

that is, AC?=the rect. contained by AB, AO. „=.= 


Also the sq. HB=the rect. BL; 
that is, BC?=the rect. contai 


(i) 
ined by BA, BO. rere li 
Nore 2, It can be proved by superposition that squares standing on 


equal sides are equal in area. 
Hence we conclude, conversely, 


If two squares are equa! in area they stand on equal sides, 
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EXPERIMENTAL PROOFS oF PYTHAGORAS'S THEOREM. 


L Here ABC is the given 
Tt.-angled A; and АВЕО is 
ns square on the hypotenuse 
AB. 


By drawing lines par! to the 
sides BC, CA, it ів easily sven 
that the eq. BD is divided 
into 4 rt.-angled A", eaoh 
identically equal to ABC, to- 
gether with a central square. 

Hence 
aq. on hypotenuse c—4 rt, Lê A» 

+the central square 
=4.hab+(a—b)2 
= 2ab+a?—2ab+58 
zai, 


IL Here ABC is the given 
Tt.angled A, and the figs. 
СЕ, HK are the sqq. on CB, 
CA placed side by ERO 

FE is made equal to DH 
or CA; and the two sqq. 
‘CF, HK are out along the 
lines BE, ED, 

Then it will be found that 
the ADHE may be placed 
20 as to fill тр the space АСВ; 

E 


end the ABFE may bo made 
to fill the space AKD. 


to be 2 perfect Square, namely 
E Square on the hypotenuso 
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EXERCISES. 
(Numerical and Graphical.) 


1. Draw a triangle ABC, right-angled at C, having given: 
(i) a=3 cm., b-4ocm.; 
(ii) a=2°5 cm., b—6:0 cm. ; 
(iii) a—1:2", b=3°5". 
In each caso calculate the length of the hypotenuse c, and verify 
your result by measurement. 
2. Draw a triangle ABC, right-angled at C, having given: 
(i) с=3°4°, a=3:0"; [See Problem 10] 
(ii) с=5'3 cm., b=4°5 om. 
In each case caloulate the remaining side, and verify your result by 
measurement. 


(The following examples are to be solved by calculation; but in each 
сазе a plan should be drawn on some suitable scale, and the calculated 


result verified by measurement.) 

3. A ladder whose foot is 9 feet from the front of a house reache~ 
to a window-sill 40 fect above the ground. What is the length of tl: 
ladder ? 

4. A ship sails 33 miles due South, and then 56 miles due West. 
How far is it then from its starting point? 

5. Two ships are observed from a signal station to bear respectively 
N.E. 6:0 km. distant, and N.W. 1'1 km. distant. How far are they 
apart? 
feet long reaches to a point in the face of a house 
63 feet above the ground. ‘ow far is the foot from the house? 


B is due East of A, but at an unknown distance. C is due South 
AC is known to be 73 metres. Find AB. 


6. A ladder 65 


7. 
of B, and distant 55 metres. 

8. A man travels 27 miles due South; then 24 miles due West; 
finally 20 miles due North. How far is he from his starting point? 


9. From A go West 25 metres, then North 60 metres, then East 
80 metres, finally South 12 metres. How far are you then from A? 


,10. A ladder 50 feet long is placed so as to reach a window 48 feet. 
high ; and on turning the ladder over to the other side of the street, it. 
reaches a point 14 feet high. Find the breadth of the street, 
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THEOREM 30. [Euclid I. 48.] 


If the square described on one side of a triangle is equal to the 
sum of the squares described on the other two sides, then the angle 
contained by these two sides is a right angle. 


D 


с Е 


Let ABC be a triangle in which : 
the sq. on AB=the sum of the sqq. on ВС, СА, 
Tt is required to prove that ACB is a right angle. 


Make EF equal to ВС. 
Draw FD perp' to EF, and make FD equal to CA. 
Join ED. 


Proof. Because EF = BC, 


-*. the sq. on EF =the 8q. on BC, 

And because FD = CA, 

=. the sq. on ЕР = ће sq. on СА. 
Hence tho sum of the sqq. on EF, FD = ће sum of the sqq. 
on BC, CA. 

But since EFD is a rt, thas 
+‘. the sum of the sqq. on EF, FD=the sq. on DE: Theor, 29, 
And, by hypothesis, the sqq. on BC, CA — the sq. on AB, 
г". the вд. on DE =the 8q. on AB. 
* DE=AB, 


Then in the A' ACB, DFE, 
AC — DF, 

because { CB=FE, 

and AB=DE; 
~. the LACB—the LDFE, Theor. 9. 
But, by construction, DFE is a right angle ;. 

+. the 2 АСВ is a right angle, 
QED. 
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EXERCISES ON THEOREMS 29, 30. 
(Theoretical.) 


1. Sh " А 5 

of the given aee square on the diagonal of a given square is double 

2. In the A ABC, AD is drawn ndicular to th! 
the side c is greater than b, DAS d 
shew that c?—b?=BD*— ОС". 

3. If from any point O within a triangle ABC, perpendiculars OX, 
OY, OZ are drawn to BC, CA, AB respectively : shew that d 
AZi4 BX3-- CY3- AY? + CX? В2?. 
in 4. АВС is a triangle right-angled at A; and the sides AB, AC are: 
tersected by a straight line PQ, and BQ, PC aro joined. Prove that 
BQ?+PC?=BC?+ PQ*. 


le four times tho sum of the squares on 
to five times the 


e base BC. If 


5. Ina ngit angla triang 
the medians drawn from the acute angles is equal 


Square on the hypotenuse. 
6. Desoribe a square equal to the sum of two given squares. 


7. Describe a square equal to the difference between two given. 


squares, 

8. Divide a straight line into two parts 60 tha 
part may be twice the square on the other. 

9. Divide a Sirene line into two parts such t! 
squares shall be equal to a given square. 


t the square on one 


hat the sum of their 


(Numerical and Graphical.) 


ne which of the following triangles are righi 
(i) a=14 om., b=48 om., c= 50cm.; 

(ii) a=40 cm., =10 ст., с= 4lom.; 
(iii) a=20cm., b=99 cm., с=101 cm. 


celes triangle right-angled at C; deduce from 


10. Determi t-angled : 


11. ABC is an isos 
Theorem 29 that 
AB1—92AC*. 
this result graphically by drawing both diagonals of the 


Bquare on AB, and one diagonal of the square on AC. 
the nearest hundredth of an inch, and 


It AC=BC=2’, find AB to ] 
verify your calculation by actual construction and measurement, 
12. Draw a square оп а diagonal of 6 om. Calculate, and alse 


measure, the length of & side. Find the area. 


Illustrate 
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PROBLEM 16. 


To draw squares whose areas shall be respectively twice, three-times, 


four-times, ... , that of a given square. 
Hence find graphically approximate values of J3, A3, /4, V5, ... . 
ү 


Take OX, OY at right angles P 
to one another, and from them 
mark off OA, OP, each one 
unit of length. Join PA. 


o A B C x 
Then РА = OP? + 042—112, 


*. PA- A2, 
From OX mark off ОВ equal to PA, and join PB; 
then РВ? = ОР? + 0B2—1 4.2— 3, 
. PB-J3. 
From OX mark off OC equal to PB, and join РО; 
then РС? = ОР? + ОС? — ] +3=4. 
. РС= A4. 


The lengths of PA, PB, PC may now be found by measurement ; 
snd by continuing the process we may find V5, V6, V7, .... 


EXERCISES oN THEOREMS 29, 30 (Continued). 


13. Prove the following formula : 


Diagonal of square — side x JB, Д 
,,Henee find to the nearest centimetre tho diagonal of a square опа 
-side of 50 metres, 


Draw a plan (scale 1 o; 


d m. to 10 metres) and obtain the result as 
"nearly as y 


ou can by measurement. 


М. ABO is ап equilateral triangle of which each side=2m units, 
and the Perpendicular from any vertex to the opposite side=p. 


Prove that p=mn3, 


Test this result graphically, when each side=8 cm. 
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15. Ifina triangle a=m*-n?, b=2mn, c=m*+n3; i 

ally that ens nn, c=m*+n?; prove algebraic- 
Hence by giving vi 

numbers representing 
16. Ina triangle ABC, AD is drawn perpendicular to BC. Let p 


«enote the length of AD. 
(i) If a=25 cm., р=12 cm., BD —9 em. ; find b and c. 


(ii) If b—41^, c—50", BD=30"; find p and a. 
And prove that М2 — p? Nc* - p'—a. 
17. In the triangle ABC, AD is drawn perpendicular to BO. 
Prove that : 
ct- BD?- b? — CD?, 


arious numerical values to m and n, find sets of 
the sides.of right-angled triangles. 


b=20 cm., c=37 em. ; find BD. 


If a—51 cm., 
and the area of the triangle ABC. 


Thence find p, the length of AD, 
18. Find by the method of the last exam 

Jhose sides are as follows : 
(ii) а=25 ft., b=17 ft., c=12 ft. 


(i) a=17", b=10", c=% 
Aii) a=41 cm., b-28 cm., c-15em. (iv) a—40 yd., b=37 yd., c—13 yd. 


ple the areas of the triangles 


19. A straight rod PQ slides between two straight rulers OX, OY 
laced at right angles to one another. In one position of the rod 
P=56 cm., and OQ=3'3 cm. If in another position OP-40 em., 
find OQ graphically ; and test the accuracy of your drawing by 
Jaleulation. 

20. ABO is a triangle right-angled at C, and p is the length of the 
ance from C on АВ. By expressing the area of the triangle in 
wo ways, show that 


15.4 
Henoe deduce Bog 
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PROBLEMS ON AREAS. 


Ls 
PROBLEM 17. 


~ То describe a parallelogram equal to a given triangle, and having 
one of its angles equal to a given angle. 


Let ABC be the given triangle, and D the given angle. 


It is required to describe a parallelogram equal to ABC, and 
having one of its angles equal to D. 


Construction. Bisect BC at E. 
At E in CE, make the / СЕЕ equal to D; 
through A draw AFG par! to BC j 
and through С draw CG рат! to EF. 
Then FECG is the required раг", 


Proof. Join АЕ, 
Now the A'ABE, AEC are on equal bases BE, EC, and of 
the same altitude $ 
4. the AABE- the A AEC. 
.. the A ABC is double of the Л АЕС. 


But FECG is а par" by construction ; 
and it is double of the ^ АЕС, 


being on the same base ЕС, and between the same раг" Еб 
and AG. 


1. the раг" FECG = the ^ABC; 
and one of its angles, namely CEF, =the given 20. 
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EXERCISES. 
(Graphical.) 


1. Draw в square on a side of 5 cm., and make a parallelogram of 
equal area on the same base, and having an angle of 45°. 
, Find (i) by calculation, (ii) by measurement the length of an oblique 
side of the parallelogram. 


2. Draw any parallelogram ABCO in which AB=2}" and AD=2"s 
and on tho base AB draw a rhombus of equal area. 


DEFINITION In а parallelogram 
ABCD, if through any point K in the 
diagonal AC parallels EF, HG are drawn 
to the sides, then the figures EH, GF 
are called parallelograms about AC, and 
the figures EG, HF are said to be their 


complements. 


hew by Theorem 21 that 


3. Inthe diagram of the preceding definition & 
the complements EG, HF are equal in area. 

Hence, given a parallelogram EG, and a straight line HK, deduce a 
construction for drawing on HK as one side a parallelogram equal and 


*quiangular to the parallelogram EG. 


4. Construct a rectangle equal in area to а given rectangle CDEF, 
and having one side equal to a given line AB. 


If AB=6 ст., CD=8 om., СЕ=3 cm., 
remaining side of the constructed rectangle. 


5. Gi ram ABCD, in which АВ=2-4", AD=1'8’, and 
the LA. 50^. рево an equiangular parallelogram of equal area, 
the greater side measuring 9-7", Measure the shorter side. 

Repeat the process giving to A any other value ; and compare your 
results. What conclusion do you draw? 


find by measurement the 


6. Draw a rectangle on a side of 5 om. equal in area to an 
equilateral triangle on & side of 6 cm. 
Measure the remaining side of the reotangle, and caleulate its 


approximate area. 
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PROBLEM 18. 
To draw a triangle equal in area to a given quadrilateral. 


D 


^ Б х 


Let ABCD be the given quadrilateral. 
It is required to describe a triangle equal to ABCD in area. 


Construction, Join DB. . 
Through C draw CX par! to DB, meeting AB produced in X% 
Join DX. 


Then DAX is the required triangle. 


Proof. Now the A ХОВ, СОВ are on the same base DB and 
between the same рат" DB, CX; 


. the AXDB=the A CDB in area. 


To each of these equals add the A ADB ; 
then the A DAX =the fig. ABCD. 


Corottary. In the same way 1t is always possible to draw 
arectilineal figure equal to a given rectilineal figure, and 
having fewer sides by one than the given figure; and thus 


step by step, any rectilineal figure may be reduced to & 
triangle of equal area. 


For example, in the adjoining dia- E 
gram the five-sided fig. EDCBA is equal С, 
in area to the four-sided fig. EDXA. 


The fig. EDXA may now be reduced 
to an equal A DXY. Y 
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PROBLEM 19. 


To draw & parallelogram equal in area to a given ectili 
1 neal 
figure, and having an angle equal to a given angle. еше 


к DH 


ie 


E the given angle. 
ABCD and having ат 


A G B E 


Let ABCD be the given rectil. fig., and 
It is required to draw à par™ equal to 


angle equal to E. 
Construction. Join DB. 
ТОЕП C draw CF раг to DB, and meeting AB produced 
Ee 
Join DF. 
Then the А DAF =the fig. ABCD. Prob. 18. 


qual to the A ADF, and having the 


Draw the par^ AGHK e 
Prob. 1T. 


L КАО equal to the 4 Е. 
Then the par^ KG— the A ADF 
—tho fig. ABCD; 


and it has the 2 KAG equal to the LE. 


Norm. If the given reotilineal fgure has more than four sides, tt 
must first be reduced, step by step, until it is replaced by an equivalems 


triangle. 
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EXERCISES. 
(Reduction of a Rectilineal Figure to an equivalent Triangle.) 


1. Draw a quadrilateral ABCD from the following data: 
AB=BC=5'5 ст.; CD=DA=4'5 em.; the 2 А= 75°. 
Reduce the quadrilateral to а triangle of equal area, Measure the 


base and altitude of the triangle; and hence calculate the approximate 
area of the given figure. 


2. Drawa quadrilateral ABCD having given : 
^B-28', BC=3-2", CD-3:3', DA=3°6", and the diagonal BD =3:07. 


Construct an equivalent triangle; and hence find the approximate 
area of the quadrilateral. 


3. Ona base AB, 4 cm. in length, describe an equilateral pentagon 
(5 sides), having each of the angles at A and B 108°, 
Reduce the figure to a trian, 


gle of equal area ; and by measuring it? 
'base and altitude, calculate the 


approximate area of the pentagon. 


4. А quadrilateral field ABCD has the following measurements : 


AB=450 metres, BC=380 m., CD =330 m., AD=390 m., 
and the diagonal AC=660 m. 
Draw a plan (scale 1 em. to 50 metres) Reduce your plan to aD 
*quivalent triangle, and measure its base and altitude, ` Hence estimate 
the area of the field. 


(Problems. State your construction, and give a theoretical proof.) 


5. Reduce a triangle ABC to a triangle of equal area having its 
базе BD of given length. (D lies in BC, or BC рео.) 

6. Construct а triangle equal in area to a given triangle, and 
having a given altitude. 

7. ABC is a given triangle, and X a given point. Draw a triangle 
‘equal in area to ABO, faving its vertex at X, and its base in the same 
straight line as BC, 


8. Construct a triangle equal in area to the quadrilateral ABCD, 
havin its vertex аб a given point X in ОС, and its base in Ње ваш 
straight line as AB, 


9. Shew how a trian 


gle may be divided into n equal parts by straight 
lines drawn through on 


e of its angular points. 


| 
| 
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10. Bisect a triangle by a straight line drawn through a given point 


in one of its sides. 
[Let ABC be tl 

given point in the EAB. 4, and P the A 

Preet AB at Z; end join CZ, CP. 

Чад. Crow ZA parallel io CP. 

Yom 
Then PQ bisects the A.) 
B Q o 


1. Trisect а triangle by straight lines drawn from a given point in 


one of its sides. 


+ ABC be the iven 2, 
„0 АВО patate BC 

Trisect HO at tho points P, @ rub fe 
Join AX, and through P and Q draw PH and 


QK parallel to AX. 
Join XH, XK. 


These straight lines trisect the A; as may 
be shewn by joining AP, At 

]2. Cut off from а gi 
required by & straight lin 


and X the 


ven triangle a fourth, fifth, sixth, or any part 
e drawn from a given point in one of its sides, 


13. Bisecta quadrilateral by a straight line drawn through an angular 


point. 
[Reduce the q 
vertex to the mid 


uadrilateral to а triangle of equal area, and join the 


dle point of the base.] 


14. Cut off from à given quadrilateral a third, a fourth, а fifth, or 
any part required, by а straight line drawn through a given angular 
point. 
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AXES OF REFERENCE. COORDINATES. 
EXERCISES FOR SQUARED PAPER. 


If we take two fixed straight lines XOX’, YOY’ cutting one 
another at right angles at O, the position of any point P with 
reference to these lines is known when we know its distances 
from each of them. Such lines are called axes of reference, 
XOX' being known as the axis of x, and YOY’ as the axis of у 
Their point of intersection O is called the origin. 


The lines XOX’, YOY’ are usually drawn horizontally and 
vertically. 

In practice the distances of P from the axes are estimated 
thus: 


From P, PM is drawn perpendicular to X'X; and OM and 
PM are measured. 
OM is called the abscissa of the point P, and is denoted by 7 
PM 2 ordinate % 5 3 y: 
The abscissa and ordinate taken together are called the 
coordinates of the point P, and are denoted by (z, y). 


We may thus find the position of a point if its coordinates 
are known. 


ExaMPLE. Plot the point whose coordinates are (5, 4). 


Along OX mark off OM, 5 units in length. 
At M draw MP perp. to OX, making MP 4 units in length. 
Then P is the point whose coordinates are (5, 4). 
The axes of reference divide the plane into four regions xoY, 


Yox’, XOY, Y'OX, known respectively as the first, second, 
third, and fourth quadrants. 


AXES. COORDINA 


It is clear that in each quadrant 


-— —uieiances from th 
diagram, namely; 


system : 


below the z-axis 
are negative. 


Thus the coordin' 


The coordinates 0 
of the posilive and negati 


5 units 


Absciss@ measured along the 
origin are positive, 
are negative. Ordinates 


the first and second qua 
(that is, in the thir 


ates of t 


those measure 


he points Q, 


e axes are equal to 


and 4 units. 


{ these points are 


те signs, acc 
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there is a point whose 
those of P in the above 


distinguished by the use 
ording to the following 


maxis to the right of the 
d to the left of the origin 


which lie above the z-axis (that 15, m 


drants) are positive ; those wh 
ird and fourth quadrants) 


(-5, 4), (C75 —4), and (5, — 


wo 7 Norm The coordinates of the origin a 


In practice it 


is convenien 


thickened to aid the eye then one 


divisions may be taken as 
the following examples 


(—5, 3): plot the points а 
After plotting the points 23 


1 in the diagram, we may find 
vimately by direct 


| 
| Exampie 1. The coordinates of the p 


Ab pp 
measurement. 


XU 


Or we may proceed thus: 
Draw through B a line par! 


to XX' to meet the ordinate 
АСВ is à 
C212, 


nd find the distance 


" t to use squared 
intersecting lines should be chosen as axes, 


the linear unit. f 
is ruled to tenths of an iuch. 


ойша A and B are (7, 
between them. 


hich lie 


R, S are 


4) respectively. 


re (0, 0). 


paper. Two 
and slightly 
or more of the length- 
it. The paper used in 


8) and 
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EXAMPLE 2. The coordinates of A, B, and C are (5, 7), (-8, 2), and 
(3, —5); plot these points and find the area of the triangle of which the»... 
are the vertices. 


Having plotted the points as in 
the diagram, we may measure AB, 
and draw and measure the perp. 
from Con АВ. Hence the approxi- 
mate area may be calculated, ` 


Or we may proceed thus: 


Through A and B draw AP, BQ 
par! to YY’, 


Through C draw PQ par! to 
хх’. 


Then the ДАВС the trap" APQB - the 


two rt.-angled A* APC, ВС 
=4PQ(AP+BQ)-4.AP.PC-3.BQ.QC 


=4x13x19 -Àx12x2 -3x7x11 
=73 units of area, 


EXERCISES, 
Plot the following sets of points : 
(i) (6, 4), (—6, 4), (76, -4), (3, - 4); 
(1) (8, 0), (0, 8), (-в,0), (0, "gj; 
(iii) (12, 5), (5, 12), (-12, 5), ( -5, 12). 


2. Plot the followi i : hat each ве 
ie in one Straight lin; ^ pr^ Seal sling Sxperimenieliy un 


(i) (3, 7), (0, 0), (-9, -7); 
Explain these results theoretically, 


1. 


(ii) (-9, 7), (0, 0), (9. - 


3. Plot the following paj i join ep Ants i 
8 pairs of points ; Nts in each cases 
and measure the Coordinates of the mid-point op nin ово 
G) (4, 3), (12, 7); (ii) (5, 4) ad: 
Bhew wh ABL" 


y y in each 
tively half the sum of the i 
the given points. 


4. Plot the follow; i j inates of 
the mid-point of their ор Ра of Points; and find the coordin. 
(i) (0, 0), (8, 10); Ре 
iii M T (ii) (8, 0), (0, 10); 
68) (0, 0), (^8; 210); (iv) (o Mog, 


- 
he coordinates f the mid-point are respe 
abscisse and half the pi of the ordinates ө 
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5. Find the coordinates of the points of trisection of the line joinin 
@, 0) to (18, 15). 19 n 
6. Plot the two following series of points : 
(i) (5, 0), (5, 2), (5, 5), (5, - D, (5, – 4); 
(ii) (—4, 8), (—1, 8), (0, 8), (3, 8), (6, 8). 


Shew that they lie on two lines respectively parallel to the axis of y, 
and tho axis of х. Find the coordinates of the point in which they 


intersect, 
ade Plot the following points, and calculate their distances from the 
igin. 
(iii) (24 7); ЧУ) (77,24. 


(i) (15, 8); (ii) (-15 -8; 
Check your results by measurement. 

.8. Plot the followin irs of points, an 

distance раве DP E 

^5) (4, 0), (0, 3); (ii) (9, 8), (5, 95 

Gii) (15, 0), (0, 8); (iv) (10, 4), (75, 12; 

(у) (20, 12), (-15, 0); (vi) (20, 9), (- 15, -3) 

Verify your calculation by measurement. 

3, 2), (3, 10), (7, 2) are the angular 


9. 81 ints (- 
Points of an Vai peg genet Calculate and measure the lengths of 
4, -3), (79, 0), 


© equal sides. 
10; i ats (0, 5), (3, 4) (5, б}, (4 —9) 
«0, ~ qun те К пота chew that they all lie on & circle whos 


d in each case calculate the 


entre is the origin. - 
1. Explain by a diagram why the distances between the following 
pairs of points are all equal. 3! / 
(ii) (b, 0), (0, a); (iii) (0, 0), (a, 5). 


(i) (a, 0), (0, b); 
12. р ight lines joining 
raw the straight lines J Ш) (0,0) Азр 


(i) (a, 0) and (0, а); ] 
Snd prove that these lines bisect each other at right angles. 
13. Shew that (0, 4), (12. 9), (12, - 4) T the vertices of an isosceles 
triangle wi is bi ected by the axis of 2. 
Mun (14, 0) (14, 10), and (0, 10) ; 


14. Three vertices oe Benya and of ‘the intersection of the 


find the coordinates of t 
lagonals, a 
15. Prove that the four points (0, 0), (13, 0), as I (5.12) 18 ine 
angular points of a rhombus. Find the length of each SS 
JYoordinates of the intersection of the diagonals. 

16. Plot the locus of a point which moves 80 
the points. (0, 0) ud (4, М) are always equal to 

Оев the locus cut the axes 


that its distances from 
one another. Where 
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17. Shew that the following groups of points are the vertices of 
rectangles. Draw the figures, and calculate their areas. 


(i) (4, 3), (17, 3), (17, 12), (4, 12); 
Gi) (3, 2), (3, 15), (76, 15), (76, 2); 
(ii) (5, 1), (-8, 1), (-8, - 8) (5, – 8). 
18. Join in order the points (1^ 0), (0, 1^), (- 1^, 0), (0, -1^. Of 
what kind is the quadrilateralso formed? Find its area. 
If a second figure is formed by joining the middle points of the first, 
find its area. 
19. Plot the triangles given by the following sets of points ; and find 
their areas. 
(i) (10, 10), (4, 0,), (18, 0); (ii) (10, —10), (4, 0), (18, 0); 
(iii) (710, 10), (74, 0), (-18, 0); (iv) (710, – 10), (—4, 0), (718, 0). 
20. Draw the triangles given by the points 
(1) (0, 0), (5, 3), (6, 0); (ii) (0, 0), (3, 0), (0, 6). 
Find their areas ; and measure the angles of the first triangle. 


21. Plot the triangles given by the following sets of points. Shew 


that in each case one side is parallel to one of theaxes. Hence find the 
area. 
(i) (0, 0), (12, 10), (12, —6); (ii) (0, 0), (5, 8), (15, 8); 


(iii) (0, 0), (712, 12,), (712, -8); (iv) (0, 0), (76, - 8), (20, - 9" 


92. In the following triangles shew that two sides of each are 
parallel to the axes. Find their areas. 


(i) (5, 5), (15, 5), (15, 15); (ii) (8, 3), (8, 18), (0, 18); 
(iii) (4, 8, (-16, -4), (4, -4); (iv) (1, 15), (- 11, 15), 6 -7 


23. Shew that (—5, б), (7, 10), (10, 6), (-2, 1) are the angular 
points of a parallelogram. Find its sides and area. 


24. Shew that each of th ing se ints gives a trapezium 
В deed a following sets of points g » 
(i) (3, 0), (3, 3), (9, 0), (9, 6); (ii) (0,3), (-5,3, (72. 3), (0,—3)* 
(iii) (8,4), (4, 4), (11, -1), (3,—1);` бу) (0, оү 5) (74,5) (7 8 OF 


25. Find the area of the triangles gi i oints : 

Е gles given by the following Р! м 
(i) (5, 5), (20, 10), (12, 14); Gi) (7, 6), (-10, 4), (7 4 -3) ІА 
Gii) (0, -6), (0, 3), (14, 5); 6v) (6,4), (-7, 6) (C2 7107 
26. Shew that 


-£ angular 
points dte ions 5.0), (7,5), (19, 0), (7, –5) are ua 


. Find its sides and its arca. 
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0), (4, 6), (28. 79) in the order 
first three sides and measure the 
{ the figure lying in the first 


‚1. дош the points (0, – 5), (12, 
piven. Caloulate the lengths of the 
‘fourth. Find the areas of the portions 0 


and fourth quadrants. 


28. The coordinates of four points A, B, C, Dare respectively 


(-4, -4) (-10, 4), (- 10, 13), (5, 5). 
Calculate the lengths of AB, BC, CD, and measure AD. Also calculate 
the area of ABCD by considering it as the difference of two triangles. 


29. 'Draw the figure whose angular points are given by 
(0, -3) (8, 3), (7^ в), (74, 3), (0, 0). 


Find the lengths of its sides, taking the ints in the above order. 
ngled triangles, and hence find its area. 


Also divide it into three right-a 
field ABC is drawn on squared s 
B. are 


30. A plan of à triangular 

1 ds) Оп the plan the coordinates of A, S, 
2") respectively. Find the area of the field, 
BC, and the distance from this 


31. Shew that the points (6, 0), (20, 6), (14, 20), (0 14) are the 
vertices of a square. ure а sid nd henoe find the approximate 
area, Caloulate the area exactly (i) by drawing 9 circumscribing 

n square as iÐ 


square through ita vertices ; (ii) by subdividing the give 
the first figure on page 190. 


138 GEOMETRY. 


MISCELLANEOUS EXERCISES. 


1. AB and AC are unequal sides of a triangle ABC; AX ts the 
median through A, AP bisects the angle BAC, and AD is the perpen: 
dicular from A to BC. Prove that AP is intermediate in position and 
magnitude to AX and AD. 


2. In a triangle if a perpendicular is drawn from one extremity of 
the base to the bisector of the vertical angle, (i) it will make with 
either of the sides containing the vertical angle an angle equal to half 
the sum of the angles at the base; (ii) it will make with the base ap 
angle equal to half the difference of the angles at the base. 


3. In any triangle the angle contained by the bisector of the 
vertical angle and the perpendicular from the vertex to the base is 
equal to half the difference of the angles at the base. 


4. Construct a right-angled triangle having given the hypotenuse 
and the difference of the other sides, 


5. Construct a triangle, having given the base, the difference of the 
angles at the base, and (i) the difference, (ii) the sum of the remaining 
sides. 


6. Construct an isosceles triangle, having given the base and the 


sum of one of the equal sides and the perpendicular from the vertex tc 
the base. 


7. Shew how to divide a given straight line so that the square on 
one part may be double of the square on the other. 


8. ABCD is a parallelogram, and O is any point without the angle 
BAD or its opiate vertical angle; shew that the triangle OAC is equal 
to the sum of tho triangles OAD, ОАВ. 

If O is within the angle BAD or its opposite vertical angle, shew 
that the triangle OAC is equal to the difference of the triangles 
OAD, OAB. 


d The area of а quadrilateral is equal to the area of a triangle 

eee of its sides equal to the diagonals of the given figure, ап 
© included angle equal to either of the angles between the diagonals. 

10. Find the locus of the 


int i i triangles 
described on a given base a ersection of the medians of 


of given area. 


ll. On the base of a given trian 1, nd triangle 
equal in area to the firat, and having iia; vane ia i p straight 
ie. 


12. ABCD isa penes 


inge. И 
1 1 th ram made n 
AB is fixed, fi 1 nade of rods connected by hing 


the middle point of CD. 


PAXT AL 
THE CIRCLE. 


DEFINITIONS AND FIRST PRINCIPLES. 


e contained by a line traced out 


J. A circle is a plane figur 
by a point which moves so that its distance from a certain 


fixed point is always the same. 
The fixed point is called the centre, 
is called the circumference. 


and the bounding line 


Nore. According to this definition the term circle strictly appliee 
to the figure contained by the circumference ; it is often used however 
for the circumference itself when no confusion is likely to arise. 

a straight line drawn from the 


2, A radius of a circle is 
It follows that all radii of a 


centre to the circumference. 
circle are equal. 


3, A diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 


the figure bounded by a diameter of 


4, A semi-circle is 
{ the circumference cut off by the 


a circle and the part o 
diameter. 

It will be proved on page 142 that a diameter divides а circle into 
two identically equal parts. 


5. Circles that have the same centre are said to be 
eoncentric. 
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From these definitions we draw the following inferences: 


(i) A cirele is a closed curve; so that if the circumference 
is crossed by a straight line, this line if produced will cross 
the circumference at a second point. 


(ii) The distance of a point from the centre of & circle 
is greater or less than the radius according as tne point 1s 
without or within the circumference. 


(iii) A point is outside or inside a circle according as its 
distance from the centre is greater or less than the radius. 


(iv) Circles of equal radii are identically equal. For by 
superposition of one centre on the other the circumferences 
must coincide at every point. 


(v) Concentric circles of unequal radii cannot intersect, for 
the distance from the centre of every point on the smaller 
circle is less than the radius of the larger. 


(vi) If the circumferences of two circles have a common 


point they cannot have the same centre, unless they coincide 
altogether. 


6. An arc of a circle is any part of the circumference. 


7. А chord of a circle is a straight line joining any two 
points on the circumference. 


Norm. From these definitions it may be seen 
that a chord of a circle, which does not pass through z 
the centre, divides the circumference into two un- 
equal arcs ; of these, the greater is called the major 
are, and the less the minor arc. Thus the major 
aro is greater, and the minor arc lesa than the semi- 
circumference. 

The major and minor arcs, into which a cir- 


oumference is divided by a chord, i 
conjugate to one Satis, ЕК 
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SYMMETRY. 


Some elementary properties of circles are easily proved by 
considerations of symmetry. For convenience the definition 


given on page 21 is here repeated. 


DzrmiTION 1. А figure is said to be symmetrical about a 
line when, on being folded about that line, the parts of the 
figure on each side of it can be brought jnto coincidence. 


The straight line is called an axis of symmetry. 
ear that the two parts of the figure 


That this may be possible, it is cl 
must have the same size and shape, and must be simi! ly placed with 


regard to the axis. 


DEFINITION 2. Let AB be a straight line and Ра point 


outside it. 
P 


From P draw PM perp. to AB, and produce it to Q, making 


MQ equal to PM. 
в is folded about AB, the point P may be 


Then if the m : 
made to coincide with Q, for the LAMP-the LAMQ, and 


МР = М. 

The points Р and Q are said tc be symmetrically opposite 
with regard to the axis AB, and each point is said to be the 
image of the other in the axis. 


Norm. A point and its image are equidistant from every point on 
the axis. See Prob. 14, page, 91. 


142 GEOMETRY, 


Some SYMMETRICAL PROPERTIES OF CIRCLES. 


І. A circle is symmetrical about any diameter. 


Lot APBQ be a circle of which O is the centre, and AB any 
diameter. 


It is required to prove that the circle is symmetrical about AB. 


Proof. Let OP and OQ be two radii making any equal 
L'AOP, AOQ on opposite sides of OA. 

Then if the figure is folded about AB, OP may be made to 
fall along OQ, since the 2 АОР = ће 2 AOQ. 

And thus P will coincide with Q, since OP — OQ. 


Thus every point in the arc APB must coincide with some 
point in the arc AQB ; that is, the two parts of the circum- 
ference on each side of AB can be made to coincide. 

*. the circle is symmetrical about the diameter AB. 


COROLLARY. If PQ is drawn cutting AB at M, then on 
folding the figure about AB, since P falls on Q, MP will 
coincide with MQ, 

^. MP=MQ; 
and the 2 OMP will coincide with the L ОМО, 
. these angles, being adjacent, are rt. 2"; | 

. the points P and Q are symmetrically opposite with 
regard to AB. 
, Hence, conversely, if a circle passes through a given point т 
it also passes through the symmetrically opposite point with rega” 
to any diameter. 
, DEFINITION. The straight line passing through the centres 
of two circles is called the line of centres. 
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IL Two circles are divided symmetrically by their line of centres. 


Let O, O' be the centres of two circles, and let the st. line 
through O, O' cut the O** at A, B and А, B'. Then AB aud 
A'B' are diameters and therefore axes of symmetry of their 
respective circles. That is, the line of centres divides each 


circle symmetrically. 


IIL ЈУ two circles cut at one point, they must also cut at a 
second point ; and the common chord is bisected at right angles by 


the line of centres. 


@ 


(| 
N о 


D, 


Let the circles whose centres are O, O' cut at the point P. 

Draw PR perp. to OO', and produce it to Q, so that 
RQ=RP. 

Then P and Q are symmetrically opposite points with 
regard to the line of centres OO’ ; 

^. since P is on the O* of both circles, it follows that Q is 
also on the О“ of both. [I. Cor.] 

And, by construction, the common chord PQ is bisected at 
right angles by oo’. 


144 GEOMETRY. 
ON CHORDS. 


Тнковкм 31. (Euclid Ш. 3.] 


If a straight line drawn from the centre of a circle bisects a 
chord which does not pass through the centre, it cuts the chord at 
right angles. 


Conversely, if it cuts the chord at right angles, it bisects tt, 


AN] 
Let ABC be a circle whose centre is O; and let OD bisect 
а chord AB which does not pass through the centre. 
It is required to prove that OD is perp. to AB 
Join OA, OB. 
Then in the ^' ADO, BDO, 


AD=BD, by hypothesis, 
because 


Proof, 


OD is common, 
and OA=OB, being radii of the circle ; 


г. the 2 АрО = ће г BDO; Theor. 7. 
and these are adjacent angles, 
^. OD is perp. to AB. Q.E.D. 


Conversely. Let OD be perp. to the chord AB. 
It is required to prove that OD bisects AB. 
Proof, In the ^' ODA, ODB, 


the /* ODA, ООВ are right angles, 
because 4 the hypotenuse OA = the hypotenuse ОВ, 
and OD is common ; 
*. DA- DB; Theor. 18. 


that te, OD bisects AB at D. СЕВ 
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, COROLLARY 1. The straight line which bisects а chord at 
right angles passes through the centre. 


COROLLARY 2. A straight line cannot meet a circle at more 
than two points. 


_For suppose a st. line meets a 
circle whose centre is O at the points 
A and B. 

Draw OC perp. to AB. = 
Then АС = CB. Свако 


Now if the circle were to cut АВ in a third point D, AC 
would also be equal to CD, which is impossible. 


COROLLARY 3. 24 chord of a circle lies wholly within й. 


EXERCISES. 


(Numerical and Graphical.) 


i. In the figure of Theorem 31, if AB=8 cm., and OD=3 om., find 
O8, Draw the figure, and verify your result by measurement. 


2. Caloulate the length of a chord which stands at а distance 5" 
from the centre of a circle whose radius is 13”. 


3. In a circle of 1^ radius draw two chords 1:6" and 1:2’ in length. 
Calculate and measure the distance of each from the centre. 


4. Draw а circle whose diameter is 8'0 cm. and place in it a chord 
6:0 om. in length. Calculate to the nearest millimetre the distance of 
the chord from the centre ; and verify your result by measurement. 


5. Find the distance from the centre of a chord 5 ft. 10 in, in length 
in a circle whose diameter із 2 yds. 2 in. Verify the result graphically 
by drawing a figure in which 1 cm. represents 10". 

6. AB is a chord 2:4" long in = circle whose centre is О end whose 
radius is 1'3”; find the area of the triangle OAB in square inches. 


7. Two points P and Q are 3” apart. Draw a circle with radius 17" 
to pass through Pand Q. Calculate the distance of its centre from the 


ohord PQ, and verify by measurement. 


146 GEOMETRY. 


THEOREM 32. 


One circle, and only one, can pass through any three points nol 
in the same straight line. 


Let A, B, C be three points not in the same straight line. 
It is required to prove that one circle, and only one, can pass 
through A, B, and C. 
Join AB, BC, 
Let AB and BC be bisected at right angles by the lines 
DF, EG. 


Then since AB and BC are not in the same,st. line, DF and 
EG аге not par’. 


Let DF and EG meet in O. 


Proof. Because DF bisects AB at right angles, 
*. every point on DF is equidistant from A and B. 
Prob. 14. 
Similarly every point on EG is equidistant from B and C. 


7. O, the only point common to DF and EG, is equidistant 
from A, В, and С; 
and there is no other point equidistant from A, B, and C- 


*. a circle having its centre at О and radius ОА will pass 
through B and С; and this is the only circle which will pas? 
throngh the three given points. Q.E.D. 
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CoRoLLARY 1. The size and position of a cwcle are fully 
determined if it is known to pass through three given points ; for 
E Ше position of the centre and length of the radius can 
. be found. 


COROLLARY 9. wo. circles cannot cut one another in more 
than two points without coinciding entirely; for if they cut at 
three points they would have the same centre and radius. 


HYPOTHETICAL CONSTRUCTION. From Theorem 32 it appears 
that we may suppose a circle to be drawn through any three points 
not in the same straight line. 

For example, a circle can be assumed to pass through the vertices of 
any triangle. 


Dermo . The circle which passes through the vertices 
of a triangle is called its cireum-circle, and is said to be 
circumscribed about the triangle. The centre of the circle is 
called the circ um-centre of the triangle, and the radius is called 


the circum-radius. 


EXERCISES ON THEOREMS 31 AND 32. 
(Theoretical.) 


1. The par of a straight line intercepted between the circum- 


ferences of two concentric circles are equal. 
9. Two circles, whose centres are at Aand B, intersect at C, D; and 
M is the middle point of the common chord. Shew that AM and BM 


are in the same straight line. 
Hence prove that the line of centres 


angles. 
3. АВ, AC are two equal chords of a circle ; shew that the straight 


sine which bisects the angle BAC passes through the centre. 

4. Find th locus of the centres of all circles which pass through two 
yiven points. 

5. Describe a circle that shall pass through two given points and have 
“в centre in a given straight line. 

When is tnis impossible? 

6. Describe a circle of given radius to pass through two given points. 

When is this impossible? 


bisects the common chord at right 
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* THEOREM 33. [Euclid Ш. 9.] 


* T : TA 
Tf from a point within a circle more than two equal straigh 
ind ps be bw to the circumference, that poini is the centre 


of the circle. 


с 


PI 


B 


Let ABC be a circle, and O a point within it from hich 
more than two equal st. lines are drawn to the О", namely 
OA, OB, OC. 


It is required to prove that O is the centre of the circle ABC. 


Join AB, BC. 

Let D and E be the middle points of AB and BC respectively 
Join OD, OE. 

Proof. In the ^ ОРА, ODB, 


DA=DB, 
because DO is common, ; 
and OA — OB, by hypothesis , 
^. the 2 ODA ће / ООВ; Theor. T 
'. these angles, being adjacent, are rt. 2". 


Hence DO bisects the chord AB at right angles, and therefore 
passes through the centre. - Theor. 31. Cor. t- 


Similarly it may be shewn that EO passes through the 
centre. 


27. O, which is the only point common to DO and ЕО, must 
be the centre. Q.E.D. 
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EXERCISES ON CHORDS. 
(Numerical and Graphical.) 


L AB and BC are lines at right angles, and their lengths are 1:6^ 
and 3:0" respectively. Draw the circle through the points A, B, and C ; 
find the length of its radius, and verify your result by measurement. 


,2. Draw а cirele in which а chord 
distance of 3 cm. from tho centre. 

Calculate (to the nearest millimetre 
verify your result by measurement. 

3. Draw a circle on & diameter of 8 om., 
equal to the radius. 

Calculate (to the nearest millimetre) 
the centre, and verify by measurement. 

4. Two circles, whose radii are respectively 26 inches and 25 
Inches, intersect at two points which are 4 feet apart. Find the 
distances between their centres. â 

Draw the figure (scale 1 om. 
measurement. 


6 cm, in length stands at a 


) the length of the radius, and 


and place in it a chord 


the distance of the chord from 


to 10”), and verify your result by 


allel chords of & circle whose diamoter is 13" are re 


5. Two per : 
apeotively б and 12" in length : shew that the distance between them 


ів either 8:5" or 35". 

6. Two parallel chords of a circle on the same side of the centre are 
6 cm. and 8 cm. in length res ectively, and the perpendicular distance 
between them is lem.  Caleu late and measure the radius. 

1. Bhew on squared paper that if a circle has its centro at any point 
on the z-axis and passes through the point (6, 5), it also passes through 


the point (6, —5). [See page 132.] 


(Theoretical.) 
8. The line joinin, the middle points of two parallel chords of a 
olrole passes through the centro. 
9. Find the locus of the middle points of parallel chords $n a circle. 
10. Two intersecting chords of & circle cannot bisect each other 
unless each is a diameter. 


ram can be inscribed in a circle, the point of inter- 
в must be at the centre of the circle. 


ams that can be 


11. Ifa parallelo 
aeotion of its diagona 

12, Show that rectangles are the only parallelogr: 
inscribed in a circle. 
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THEOREM 34. (Euclid III. 14.) 


Equal chords of а cercle are equidistant from the centre. 
Conversely, chords which are equidistant from the centre ara 


D 


Let AB, CD be chords of a circle whose centre is O, and let 
OF, OG be perpendiculars on them from O. 


First. Let АВ = CD. 
It is required to prove that AB and CD are equidistant from O. 
Join OA, OC. 


Proof. Because OF is perp. to the chord AB, 
2. OF bisects АВ; Theor. 33. 
5 AF is half of AB. 
Similarly CG is half of CD. 
But, by hypothesis, АВ = CD, 
4 AF = Са, 


Now in the A‘ OFA, ООО, 


the Z" OFA, OGC are right angles, 
because 4 the hypotenuse OA — the hypotenuse OC, 
and AF=CG; 


"5 the triangles are equal in all respects; Theor. 18 


so that OF=OG; 


that is, AB and CD are equidistant from O. m 


CHORD PROPERTIES. 151 


Conversely. Let OF- OG. 
It is required to prove that АВ = CD. 


Proof As before it may be shewn that AF is half of AB, 
and CG half of CD. 
Then in the A' OFA, OGO, 


the /* OFA, OGC are right angles, 
because {the hypotenuse ОА = ће hypotenuse OC, 
and OF=0G; 
s. AF=CG; Theor. 18. 


.'. the doubles of these are equal ; 


that is, AB=CD. 
Q.E.D. 


EXERCISES. 
(Theoretical:) 


1. Find the locus of the middle points of equal chords of a circle. 


one another, and make equal 


9. If two chords of а circle cut d [ 
s their point of intersection to 


angles with the straight line which join: 
the centre, they are equal. 

3. If two equal chords of a circle intersect, shew that the segmente 
of the one are equal respectively to the segments of the other. 
le draw a chord which shall be equal to one given 
ter than the diameter) and parallel to another. 
in a circle, and AB is any diameter : show 
of the perpendiculars let fall from A and B 
П positions of AB. 

[See Ex, 9, p. 65.] 


4. In a given circ 
straight line (not grea! 
5. PQ ів fixed chord 


that the sum or difference 
on PQ is constant, that is, the same for a 


(Graphical.) 


6. Ina circle of radius 4'1 om. any number of chords are drawn 
each 1:8 om. in length. Shew that the middle points of these chords 
all lie on a circle. Calculate and measure the length of its radius, and 
draw the circle. 

7. The centres of two circles are 4" apart, their common chord ie 
2-4" in length, and the radius of the larger circle is 3'7”. Give а con- 
struction for finding the points of intersection of the two circles, and 
find the radius of the smaller circle. 
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THEOREM 35. [Euclid III. 16.] 


Of any two chords of a circle, that which is nearer to the centre 
ás greater than one more remote. 


Conversely, the greater of two chords is nearer to the centre than 
the less, 


T 


Let AB, CD be chords of a circle whose centre is O, and let 
OF, OG be perpendiculars on them from О 
It is required to prove that 
(1) if OF is less than OG, then AB 1s greater than CD ; 
(ii) if AB is greater than CD, then OF is less than OG. 
Join OA, OC. 


Proof, Because OF is perp. to the chord AB, 
*. OF bisects AB ; 
<. AF is half of AB. 
Similarly CG is half of CD. 
Now 0A- OC, 
- the sq. on OA— the sq. on OC 
But since the 2 OFA is a rt. angle, 
- the sq. on OA = the sqq. on OF, FA. 
Similarly the sq. on OC - the sqq. on OG, GC. 
'. the sqq. on OF, FA=the sqq. on OG, GC. 
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(1) Hence if OF is given less than OG; 
the sq. on OF is less than the sq. on OG. 
. tbe sq. on FA is greater than the sq. on GC; 
.*. FA is greater than GC: 
7. AB is greater than CD. 


(ii) But if AB is given greater than CD, 
that is, if FA is greater than GC ; 
then the sq. on FA is greater than the sq. on GC. 
+, the sq. on OF is less than the sq. on OG; 
.. OF is less than OG. Q.E.D. 


ConoLLARY. The greatest chord in а circle 15 a diameter. 


EXEROISES. 


(Miscellaneous. ) 
з. Through s given point within a circle draw the least possible 
ehord. 
2. Draw а trian, ) 
the ends of the side а draw a circ 
Caloulate and measure the radius. 


3. Draw the circum circle of a triangle whose sides are 2*6", 2:8", 
and 30". Measuro its radius 

4. AB isa fixed chord of a circle, and XY any other chord having, 
{ts middle point Z on AB; what is the greatest, and what the least 
length that XY may have? 

Shew that XY increases, 
5. Shew on squared paper that & circle whose centre is at the 
origin, and whose radius is 3:0", passes through the points (2:4", 1:8"), 
(1:8", 2:4"). 

Find (i) the leng 
ordinates of its midd 
erigin. 


le ABC in which a—3:5", b-p125c-37. Through 
le with its centre on tho side c. 


as Z approaches the middle point of AB. 


th of the chord joining these points, (ii) the co- 
le point, (iii) its perpendicular distanco from the 
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*THEOREM 36. [Euclid III. 7.] 


й Ў т 7 lines are 
If from any internal point, not the centre, straight 
e to the circumference of а circle, then the greatest is that 
which passes through the centre, and the least is the remaing pari 
of that diameter. 


And of any other two such lines the greater is that which sub- 
tends the greater angle at the centre. 


Q 


N 


< 


Let ACDB bo a circle, and from P any internal point, which 
is not the centre, let PA, PB, PC, PD be drawn to the o", 
so that PA passes through the centre O, and PB is the remain- 
ing part of that diameter. Also let the ¿ POC at the centre 
subtended by PC be greater than the г POD subtended by PD. 


Ti is required to prove that of these st. lines 
(1) PA is the greatest, 
(1) PB is the least, 
(ili) PC is greater than PD. 
Join OC, OD. 


B 


Proof. (i) In the APOC, the sides PO, OC are together 
greater than PC, Theor. 11. 


But 0C — OA, being radii ; 
+ PO, OA are together greater than PC; 
that is, PA is greater than PC. 


Similarly PA may be shewn to be greater than any other 
st. line drawn from P to the om; 


v. PA is the greatest of all such lines. 
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(ii) In the ^ OPD, the sides OP, PD are together greater 


than OD. 
But OD = OB, being radii; 


7. OP, PD are together greater than OB. 
Take away the common part OP; > 
then PD is greater than PB. 


Similarly any other st. line drawn from P to the O* may 


be shewn to be greater than PB; 
>. PB is the least of all such lines. 


In the APOC, POD, 


(iii) 
PO is common, 
because OC — OD, being radii, 
but the 2 POC is greater than the 2 POD; 
PC is greater than PD. Theor. 19. 
Q.E.D. 


EXERCISES. 


(A iscellaneous.) 

1. All circles which pass through a fixed point, and have their centrea 
оп a given straight line, pass also through а second fixed point. 

2 Iftwo circles which intersect are cut by a straight line parallel 
to the common chord, shew that the parts of it intercepted between 
‘the circumferences are equal. 

3. If two circles cut one anot! 
drawn through the points of intersect 


4, If two circles cut one another, ап, two straight lines drawn 
section, making equa angles with the common 


through a point of 
chord, and terminated by the circumferences, are equal, 

5, Two circles of diameters 74 and 40 inches respectively have а 
„ommon chord 2 feet in length : find the distance between their centres. 
Draw the figure (1 em. to represent 10") and verify your result by 


aneasurement. 
6. Draw two circles of radii 1:0’ and 17", and with their centres 
d by measurement, the length of 


2” apart. Find by calculation, ат! 
the common chord, and its distance from the two centres. 


her, any two parallel straight lines 
ion to eut the circles are equal. 
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I» "THEOREM 37. [Euclid III. 8.] 


If from any external point straight lines are drawn to 9 
circumference of a circle, the greatest is that which passes througi 


the centre, and the least is that which when produced passes through. 
the centre. 


And of any other two such lines, the greater is that which sub- 
tends the greater angle at the centre. 


ах 
A TAs Э 


Let ACDB be a circle, and from any external point P let the 
lines PBA, PC, PD be drawn to the O*, so that PBA passes 
through the centre O, and so that the / POC subtended by PC 
at the centre is greater than the 2 POD subtended by PD. 


Tt is required to prove that of these st. lines 
(1) PA is the greatest, 
(ii) PB is the least, 
(iii) PC is greater than PD, 
Join OC, OD. 


Proof (i) In the APOO, the sides PO, OC are together 
greater than PC. 
But 0C — ОА, being radii ; 
+ PO, OA are together greater than PC; 
that is, PA is greater than PC. 


Similarly PA may be shewn to be grea 
ine drawn from P to the O% р 


that is, PA is the greatest of all such lines 


ter than any other 86. 
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(ii) In the APOD, the sides PD, DO are together greater 


than PO. 
But OD — OB, being radii ; 


.. the remainder PD is greater than the remainder PB. 


Similarly any other st. line drawn from P to the О“ may be 


ahewn to be greater than PB; 
that is, PB is the least of all such lines. 


(iii) In the A' POC, POD, 
PO is common, 


because foc = OD, being radii ; 
but the 2 POC is greater than the L POD; 


Theor. 19. 


+, PC is greater than PD. 
с Q.E.D. 


EXERCISES. 


(Miscellaneous. ) 
1. Find the greatest and least straight lines whioh have one ex 
iromity on each of two given circles which do not intersects = 
rele straight lines 


2. If from any point on { a 
aro drawn to the circumference, the greatest is that which passes 
through the centre; and of any two such lines the greater is that 


which subtends the 
3. Of all straight lines drawn through а point of intersection of two 
eircles, and terminated by the circumferences, the greatest is that which 


is parallel to the line of centres. 
circles which have their centres 


4. Draw оп 8 uared papes, any two 
оп the z-axis, an cut at the point (8, -11) Find the coordinates of 
their other point of intersection. 

5. Draw on squared paper two circles with centres at the points 
(15, 0) and ( - 6, 0) respectivel , and cutting at the point (0,8) Find 
the lengths of their radii, an the coordinates of their other point of 
intersection. 

. Draw ап isosceles triangle OAB with an angle of 80* at its vertex 
О. With centro O and radius OA draw a circle, and on its circum- 
ference take any number of points P, Q, В,... оп the same side of 
les subtended by the chord AB at 


AB as the centre. Measure the ang с b 
Repeat the same exercise with any other given 


the points Р, ©, Ms uri 
angle at O- What inference do you draw? 
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ON ANGLES IN SEGMENTS, AND ANGLES AT THR 
CENTRES AND CIRCUMFERENCES OF CIRCLES. 


THEOREM 38. [Euclid III. 20.] 


~ The angle at the centre of a circle is double of an angle at the 
circumference standing on the same arc. 


Fig. 1. Fig. 2. 


Let ABC bea circle, of which O is the centre; and let BOC 
be the angle at the centre, and BAC an angle at the (Qs. 


standing on the same arc BC. 
It is required to prove that the L BOC is twice the L ВАС. 
Join AO, and produce it to D. 


Proof. In the A OAB, because OB = OA, 


'. the OAB=the / OBA. 
«~. the sum of the /* ОАВ, ОВА = twice the 2 ОАВ. 


But the ext. г BOD =the sum of the z" OAB, OBA; 
^. the / BOD = twice the г. OAB. 
Similarly the 2 DOC = twice the / OAC, 
о adding these results in Fig. 1, and taking the difference 
In Fig. 2, it follows in each case that Е 


the 2 ВОС = twice the 2 ВАС. Q.E.D. 
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A A 


ZN, YD 


Fig.3. Fig. 4- 


Obs. If the are BEC, on which the angles stand, is a semi- 


circumference, as in Pig. 3, the ¿BOC at the centre is æ 
i ter than a semi- 


straight angle; and if the arc BEC is grea 

circumference, as in Fig. 4, the 2 BOC at the centre is reflex. 
But the proof for Fig. 1 applies without change to both these: 
cases, shewing that "whether the given arc is greater than, 
equal to, or less than a semi-circumference, 


the L BOC = twice the L BAO, on the same arc BEC. 


DEFINITIONS. 


A segment of a circle is the figure bounded 
by a chord and one of the two ares into which 
the chord divides the circumference. 


. Nore. The chord of a segment is sometimes called ОШТУ? 
its base. = 
Ап angle in à segment 18 one formed by two 
j 


straight lines drawn from any point in the arc 
of the segment to the extremities of its chord. 


32 that a circle may be drawn 
a straight line. But it is 
at a circle can be drawn 


We have seen in Theorem « 
through any three points поб in 
only under certain conditions th 
through more than three points. 
If four or more po 
drawn through the 


DEFINITION. ints are so placed that a. 
circle may be m, they are said to be 


concyclic. 
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THEOREM 39. [Euclid Ш. 21.] 


Angles in ihe same segment of a circle are equal, 


A A D 
Nr ап 
\ B p ws c 
2 TN 
Fig.r. Fig.2. 
Let BAC, BDC be angles in the same segment BADC of а 
eircle, whose centre is О. 


It is required to prove that the L ВАС = the | BDC. 
Join BO, OC. 


Proof. Because the / BOC is at the centre, and the 2 ВАС 
at the О", standing on the same arc BC, 


7. the L BOC = twice the 2 BAC. Theor. 3°. 


Similarly the 2 BOC = twice the 2 ВОС. 
7. the 2 BAC=the 2 BDC. Q.E.D. 


„Norm. The given segment may be greater than a semicircle as in 
Fig 1; ог less than a semicircle as in Fig. 2: in the iatter case the angle 
‘BOC will be reflex. But by virtue of the extension of Theorem 38. 
раен the preceding page, the above proof applies equally to both 
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CONVERSE oF THEOREM 39. 


Equal angles standing on the same base, and on the same side of st. 
hase nett vertices on an arc of a circle, of which the given base їз the 

ora. 

Let BAC, BDC be two equal angles standing on EAD 
the same base BC, and on the same side of it. 

It is required, to prove. that А and D lie on an arc 
of a circle having ВО as its chord. 

Let ABC be the circle which passes through 
the three paa A, B, C ; and suppose it cuts BD ©- 
or BD produced at the point E. 

Join ES. 


о 


Then sus BAC=the 2 BEC in the same segment. 
But, by hypothesis, the L BAC-the LBDC; 
^ the LBEC=the LBDC: 
which is impossible unless E coincides with D; 
4 the cirole through B, A, C must pass through D. 


Proof. 


, COROLLARY. The locus of the vertices of triangles drawn on the same 
tide of a given base, and with equal vertical angles, із an arc of a circle. 


! EXERCISES ON THEOREM 39. 

1. In Fig. 1, ifithe angle BDC is 74°, find the number of degrees im 
each of the angles ВАС, В C, OBC. 

2. In Fig. 2, let BD and CA intersect at X. If the angle DXC=40°, 
and the angle XCD=25", find the number of degrees in the angle ВАС: 
and in the reflex angle вос. 

3. In Fig. 1, if the angles CBD, BCD are respectively 43° and 82°, 
find the number of degrees in the angles BAC, OBD, OCD. 

4. Shew that in Fig. 2 the angle OB 
BAC by a right angle. 


C is always less than the angle» 


[For further Exercises on Theorem 39 see page 170.) 
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THEOREM 40. [Euclid III. 22. 


Lhe opposite angles of any quadrilateral inscribed in а circle 
ате tegether equal to two right angles, 


Zet ABCD be a quadrilateral inscribed in the OABC, 
It is required to prove that 
(i) the L'AD, ABC together = two rt. angles, 
(ii) thé 2" BAD, BCD together — two rt. angles. 
Suppose O is the centre of the circle. 
Join OA, OC. 
Proof. Since the 2 АОС at the O* — half the 2 АОС at the 
centre, standing on the samo are ABC; 


and the 2 ABC at the O*— half the reflex 2 AOC at the centre, 
standing on the same are ADC; 


'. the 2" АОС, ABC together = half the sum of the 2 АОС and 
the reflex / АОС. 


But these angles make up four rt. 
s the д 
Similarly the /* 


angles, 

ADC, ABC together = two rt, angles. 

BAD, BCD together — two rt. angles. 
Q.E.D. 


Nor. The results of Theorems 39 and 40 should be carefully 
"compared. 


From Theorem 39 ұн 


© learn that angles in the same segment are 
equal. 
From Theorem 40 we learn that angles in conjugate segments are 
supplementary. 


DEFINITION. A quadrilateral i 


s called cyclic when a circle 
сап be drawn through its four ver 


tices, 
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CONVERSE or THEOREM 40. 


If a pair of opposite angles ofa quadrilateral are supplementary, it» 
vertices are concyclic. à 
Let ABCD be 2 quadrilateral in which’ the A 
opposite angles at B and D are supplementary. E D 
It is required to prove that the points A, B, c,D 
are concyclic. 
Let ABC be the circle which passes through 
the three points A, B, С; and suppose it cuts AD B (еў 
or AD produced in the point E. 
Join EC. 


Proof. Then since ABCE is a cyelic quadrilateral, 
^, the LAEC is the supplement of the LABC. 


But, by hypothesis, the LADC is the supplement of the ABC; 
2. tho LAEC=the LADC; 
which is impossible unless E coincides with D. 
+. the circle which passes through A, В, C must pass through D : 
that is, A, В, C, D are concyclic. Q.E.D- 


EXERCISES ON THEOREM 40. 


1. Ina circle of 1:6" radius inscribe а quadrilateral ABCD, makin) 
the angle ABC equa to 126°. Measure the remaining angles, an 
hence verify in this case that opposite angles are supplementary. 


the aid of Theorems 39 and 16, after firat. 


9, Prove Theorem 40 by 
f the quadrilateral. 


joining the opposite vertices o! 
3. Ifa circle can be described about а parallelogram, the parallelo- 
gram must be rectangular. 


4. ABC is an isosceles triangle, and XY is drawn parallel to the 
base BO cutting the sides in X and Y : shew that the four points B, C, 


X, Y lie on & circle. 
5. Ifone side of a cyclic quadrilateral is produced, the exterior angle 
ds equal to the opposite interior angle of the quadrilateral. 
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THEOREM 41. [Euclid III. 31.] 
The angle in a semi-circle is a right angle, 


Let ADB be a circle of which AB is a diameter and O the 
“centre ; and let C be any point on the semi-circumference ACB 


Tt is required to prove that the L ACB is a rt. angle. 


lst Proof. The / АОВ at the О" is half the straight angle 
~AOB at the centre, standing on the same are ADB; 


and a straight angle — two rt, angles : 


~. the L ACB is a rt. angle, QD; 
2nd Proof, Join OC. 
Then because OA = oc, i 
^. the 2 ОСА — the / OAC. Theor. 5. 


And because 0B = OC, 
^. the / OCB — the г OBC, 
=. the whole 2 АСВ = the / OAC + the 2 ОВС. 
But the three angles of the A ACB together — two rt. angles; 
©. the 2 ACB— one-half of two rt. angles 
=one rt. angle. Qs" 
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Я COROLLARY. The angle in a segment greater than a semi-circle 
is acute; and the angle ina segment less than а semi-circle is obtuse. 


с 
[0] 
AN A в 
ZOOM. MU 
A B j 


D 
The / АОВ at the О" is half the / АОВ at the centre, on the: 


same arc ADB. 
(i), If the segment ACB is greater than à S 

ADB is a minor атс; 

+, the ¿AOB is less than two rt. angles ; 

^4 the L АОВ is less than one rt. angle. 
. (ii) If the segment ACB is less than а semi-circle, then ADE: 
is a major ато; 

+. the 2АОВ is greater tham two rt. angles; 

J| the АСВ is greater than one rt. angle. 


emi-circle, ther 


EXERCISES ON THEOREM 41. 


1. 4 circle described. оп the hypotenuse of a right- 
diameter, passes through the opposite angular point. 

2. Two circles intersect at A and B; and through A two diameters 
AP, AQ are drawn, one in each circle: shew that the points P, B, @ 
are collinear. 

3. А circle is described о: 
triangle as diameter. Shew t 
the base. 

4. Circles described on any two sides of а triangle as diameters 
intersect on the third side, or the third side produced. 

5. A straight rod of given length slides between two straight rulers 
placed at right angles to one another ; find the locus of its middle point. 

of chords of а circle drawn 


6. Find the locus of the middle points 
Distinguish between the cases when the given point 


through a fixed oint. 
gh a fixed pos out the circumference. 


is within, on, OT with E 
a circle is a figure % N 


DEFINITION. A sector of ^ 
bounded by two radii and the are intercepted d E 
between them. 


angled triangle as- 


ual sides of an isosceles 


n one of the eq 
ough the middle point of 


hat it passes thr 
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THEOREM 42. [Euclid III. 26.] 


In equal circles, arcs which subtend equal angles, either at the 
«entres or at the circumferences, are equal, 


A 


B с 
K 


Let ABC, DEF be equal circles, and let the £ BGC =the ЕНЕ 
at the centres ; and consequently 


the / BAC =the / EDF at the О", Theor, 38. 
It is required to prove that the arc BKC = the are ELF, 


Proof. Apply the O ABC to the O DEF, so that the centre G 
falls on the centre H, and GB falls along НЕ, 


Then because the 2 BGC = the 2 EHF, 
*. GC will fall along HF, 


And because the circles have equal radii, B will fall on E, 
and C on Е, and the circumferences of the cireles will coincide 
entirely, 

"5 the are BKC must coincide with the are ELF; 
^. the are ВКС = the are ELF. Q.E.D. 


COROLLARY, 


In egual circles Sectors which have equal angles 
are equal, 


Obs. It is clear that any theorem relating to ares, angles, 
and chords in egual circles must also be true in the same circle. 
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Тнковкм 43. [Euclid Ш 27.] 
ircles angles, either at the centres or at the circum 


In equal c 
ferences, which stand on equal ares are equal. 
A D 
B c E F 
K [u 


Let ABC, DEF be equal circles ; 
and let the arc BKC — the arc ELF. 


It is required to prove that 
the LBGC =the 2 EHF at the centres ; 


also the ВАС =the 1 EDF at the О“ 


OABC to the O DEF, so that the centre a 


Proof. Apply the 
and GB falls along HE. 


falls on the centre H, 
Then because the circles have equal radii, 
+. B falls on E, and the two O** coincide entirely. 
And, hy hypothesis, the arc BKC — the arc ELF. 
г. с falls on Р, and consequently GC on HF ; 
s. the 2 BGC = the Д EHF. 


And since the / BAC at the О = half the 2 BGC at the centre; 
and likewise the / EDF = half the ЕНЕ; 
the 2 ВАС = Ње 2 EDF. QED. 
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THEOREM 44, (Euclid III. 28.] 


In equal circles, arcs which are cut off by equal chords are equal, 
the major arc equal to the major arc, and the minor to the minor. 


EA 


Let ABC, DEF be equal circles whose centres are G and H; 
and let the chord BC = the chord ЕЕ, 
It is required to prove that 
the major arc BAC = the major arc EDF, 
the minor arc BKC =the minor arc ELF. 
Join BG, GC, EH, HF. 


and 


Proof, In the A‘ BGC, EHF, 


GC= HF, for the same reason, 
nd BC=EF, by hypothesis ; 

С. the / BGC=the / EHF; Theor, 7. 
~. the arc BKC— the are ELF; Theor. 42. 
and these are the minor ares. 

But the whole O% АВКС =the whole O“ DELF ; 
4^. the remaining are BAC — the remaining are EDF : 

and these are the major ares. Q.E.D. 


BG — EH, being radii of equal circles 
because 
а 
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Тнковкм 45. [Euclid Ш. 29.) 
In equal circles chords which cut off equal arcs are equal. 


D 


m 
т 


cL 


Let ABC, DEF be equal circles whose centres are G and H; 
and let the are BKC =the are ELF. 


It is required to prove that the chord BC — the chord EF. 


Join BG, EH. 


Proof. Apply the OABC to the ODEF, so that G falls on H 


and GB along HE. 


Then because the circ 
+, B falls on E, 


les have equal radii, 
and the O™ coincide entirely. 


And because the arc BKC — the are ELF, 
.". C falls on F. 
oincides with the chord EF ; 


„'‚ the chord BC c! 
d вс= the chord EF. Q.E.D. 


.. the chor 
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EXERCISES ON ANGLES IN A CIRCLE. 


1. Pisany point on the arc of a segment of which AB is the chord. 
Shew that the sum of the angles PAB, PBA is constant. 


2. PQ and RS are two chords of a circle intersecting at X: prove 
that the triangles PXS, RXQ are equiangular to one another. 


3. Two circles intersect at A and B ; and through A any vind te 
line PAQ is drawn terminated by the circumferences : shew that PQ. 
subtends a constant angle at B. 


4. Two circles intersect at A and B; and through A any two 
straight lines PAQ, XAY are drawn terminated by the circumferences ; 
shew that the arcs PX, QY subtend equal angles at B. 


5. P is any point on the aro of a segment whose chord is AB: and 


the angles PAB, PBA are bisected by straight lines which intersect at O. 
Find the locus of the point O. 


6. If two chords intersect within a circle, they form an angle equal to 
that at the centre, subtended by half the sum of the arcs they cut off. 


T. If two chords intersect without a circle, they form an angle equat 
to that at the centre subtended by half the difference of the arca they cut off. 


8. The sum of the arcs cut off by two chords of a circle at right 
angles to one another is equal to the semi-cireumference. 


9. IfAB is a fixed chord of a circle and P any point on one of the 
arcs cut off by it, then the bisector of the angle APB cuts the conjugate arc 
in the same point Sor all positions of P. 


10. AB,AC are any two chords of a circle; and P, Q are the middle 
points of the minor arcs cut off by them ; if PQ is joined, cutting AB 
in X and AC in Y, shew that AX=AY, 


Le A triangle ABC is inscribed in a circle, and the bisectors of the 
Meet the 


angles cireumfer: t X, les of 
the triangle XYz are respectively ‚ Ya Z. Bhow that tho рле 


2 A . В NS 
90 2 90' -5 90' E 
12. Two circles intersect at A and B inte 
" ; and through these poin 
lines are drawn from any point P onthe ciroumference of one of the 
circles : shew that when produced the intercept on the other circum- 
ference an aro which is constant for ali positions of P. 
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13. The straight lines which join the extremities of parallel chords 
in a ine (i) towards the same parts, (ii) towards opposite parts, are 
equal. 

l4. Through A, а point of intersection of two equal circles, two 
straight lines "PAQ, XAY are drawn: shew that the chord PX is equal 
to the chord QY. 


15. Through the points of inte 
straight lines are drawn terminate 
the straight lines which join their ех 
are equal. 


rsection of two circles two parallel 
d by the circumferences: shew that 
tremities towards the same parts 


16. Two equal circles intersect at A and B; and through A any 
peraj e beta is drawn terminated by the circumferences: shew 
at - Ў 


‚17. ABC is an isosceles triangle inscribed in а circle, 
bisectors of the base angles meet the circumference at X and Y. 
that the figure BXAYC must have four of its sides equal. 

What relation must subsist among the angles of the triangle ABC, in 
order that the figure BXAYC may be equilateral ? 
rilateral, and the opposite sides AB, DC 


CB, DA to meet at Q: if the circles 
QAB intersect at R, shew that 


and the 
Shew 


18. ABCD is a cyclic quad 
are produced to meet at P, and 
circumscribed about the triangles PBC, 
the points P, R, Q are collinear. 


he middle points of the sides of a triangle, and X ts 
the foot of the perpendicular let fall from one vertex on the opposite side г 
shew that the four points P, Q, R, X are concyclic. 

[See page 64, Ex. 2: also Prob. 10, p. 83.] 

90. Use the preceding exercise to shew that the middle points of the 
sides of a triangle and the feet of the perpendicuars let fall from the 
vertices on the opposite sides, are concyclic. 

21. If a series of triangles are drawn standing on a fixed base, and 
having a given vertical augle, shew that the bisectors of the vertical 
angles all pass through a fixed point. 


scribed in a circle, and E the middle point. 
side remote from A: if through E 
e DEA is half the difference 


19. Р, Q, К are і 


92, АВС із а triangle in: 
of the аге subtended by BC on the 
a diameter ED is drawn, shew that the angl 


of the angles at B and C. 


н.5.6.п1—17—8 
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TANGENCY. 
DEFINITIONS AND First PRINCIPLES. 


1, A secant of a circle is a straight line of indefinite 
length which cuts the circumference at two points, 


2. lf a secant moves in such a way that the two points 
in which it cuts the circle continually approach one another, 
then in the ultimate position when these two points become 
one, the secant becomes a tangent to the circle, and is said to 
touch it at the point at which the two intersections coincide. 
This point is called the point of contact. 

For instance ; 


(i) Let a secant cut the circle at the points PAP 
P and Q, and suppose it to recede from the 


Р. 
centre, moving always parallel to its original Q 
position; then the two points P and Q will 
Чен, approach one another and finally coin- Q 
cide. 
In the ultimate position when P and Q Q 


become one point, the Straight line becomes a 
tangent to the circle at that point. 


(ii) Let a secant cut the circle at the points 
P and Q, and suppose it to be turned about Q Q 
the point P so that while P remains fixed, Q 
moves on the circumference nearer and nearer 
to P. Then the line PQ in its ultimate 
position, when Q coincides with P, is a Р 
tangent at the point P, A 


Since a secant can cut a circle at two points only, it is clear 
that a tangent can have only one point in common with the 
circumference, namely the point of contact, at which two 


poini of section coincide. Hence we may define a tangent as 
OllOWSs : 


3. A tangent to a circle is a straight line which meets 
the circumference at one point only; and though produced 
indefinitely does not cut the circumference. 
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Fig.r. Fig. 2. Fig. 3. 


4. Let two circles intersect (as in Fig. 1) in the pointe 
P and Q, and let one of the circles turn about the point P, 
, in such a way that Q continually 
approaches P. Then in the ultimate position, when Q coin- 
cides with P (as in Figs. 2 and 3), the circles are said to 
touch one another at P. 

Since two circles cannot intersect in more than two points, 
two circles which touch one another cannot have more than 
one point in common, namely the point of contact at which the 
two points of section coincide. Hence circles are said to touch 
one another when they meet, but do not cut one another. 
Nore. When each of the circles which meet is outside the other, вв 
in Fig. 2, they are said to touch one another externally, or to have 
external contact: when one of i i i 
Fig. 3, the first is said to touch the other internally, or to have 
internal eontact with it. 


INFERENCE FROM DEFINITIONS 2 AND 4. 


If in Fig. 1, TQP is a common chord of two circles one 
of which is made to turn about P, then when Q is brought 
into coincidence with P, the line TP passes through two coinei- 
dent points on each circle, as in Figs. 2 and 3, and therefore 
becomes a tangent to each circle. Hence 

Two circles which touch one another have а common tangent at 


their point of contact. 
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THEOREM 46. 


The tangent at any point of a circle is perpendicular to the 
radius drawn to the point of contact. 


P QT 


Let PT be a tangent at the point P to a circle whose centre 
is О. 


Tt is required to prove that PT is perpendicular to the radius ОР. 


Proof, Take any point Q in PT, and join OQ. is 
Then since PT is a tangent, every point in it except P 
outside the circle, 


"< OQ is greater than the radius OP. 
And this is true for every point Q in PT; 
*'« OP is the shortest distance from O to PT. 


Hence ОР is perp. to PT. Theor. 12, Cor. 1. 
Q.E.D. 


5 i н 
COROLLARY 1, Since there can be only one perpendicula 
to OP at the point P, it follows that one and only one tang 
can be drawn to a circle at а given point on the circumference. 
CoRoLLARY 9. 


; icular 
Since there can be onl one perpendicu 
to PT at the Point P, it follows that p» perpendicular to 6 
tangent at its Point of contact passes through the centre. 
COROLLARY 3, Since there can be only one perpendicular 
from O to the line PT, it follows that the Tros drawn perpen 
dicular to the tangent passes through the point of contact, 
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Turorem 46. [By the Method of Limits.] 
The tangent at any point of а circle is udi 
t 1, 
radius drawn to the point of contact. анаа iN 
8 R 
Q 
(Q) 


Fig. 1. Fig. 2. 


О. 


point on а circle whose centre is 
perpendicular to 


Let P be a 
d to prove that the tangent at P ts 


It is require 
the radius OP. 


Let варт (Fig. 1) be a secant c 
Join OQ, OP. 


utting the circle at Q and P. 


Because OP — 09, 
2. Ње OQP- the 2 OPQ; 
.", the supplements of these angles are equal ; 
that is, the 2 OQR- the 2 ОРТ, 
and this is true however near Q is to P. 
Now let the secant QP be turned about the point P so that 
Q continually approaches and finally coincides with P; then 


in the ultimate position, 
(i) the secant RT becomes the tangent at | Fie. 2 

(ii) OQ coincides with OP; Z. á 

and therefore the equ 
+, OP is perp: 


Proof. 


al 1% OQR, OPT become adjacent, 
to RT. Q.E.D. 


Norse. The method of proof employed here is known as the Methoa 
of Limits. 
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THEOREM 4T. 


Two tangents can be drawn to a circle from an external point. 


Let PQR be a circle whose centre is O, and let T be an 
external point. 


It is required to prove that there can be two tangents drawn to 
the circle from T. 

Join OT, and let TSO be the circle on OT as diameter. 

This circle will cut the ©PQR in two points, since T is 


without, and О is within, the OPQR. Let P and Q be these 
points. 


Join TP, TQ; OP, OQ. 


Proof. Now each of the "TPO, TQO, being in а semi- 
circle, is a rt. angle; 


©. TP, TQ are perp. to the radii OP, OQ respectively. 
“. TP, TQ are tangents at P and Q. Theor. 46. 
Q.E.D. 


COROLLARY. The two tangents to a circle from an external 
point are equal, and subtend equal angles at the centre. 
For in the A* TPO, ТОО, 


the /* TPO, ТОО are right angles, 
because 4 the hypotenuse ТО is common, 
and OP — OQ, being radii; 
4. TP2 TQ, 
and the 2 TOP — the 2 TOQ. Theor. 18. 
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EXERCISES ON THE TANGENT. 


(Numerical and Graphical.) 


rcles with radii 5'0 cm. and 3:0 cm. 


1. Draw two concentric ci 
former to touch the latter. Calculate 


Draw a series of chords of the 
and measure their lengths, and account for their being equal. 

2. Ina circle of radius 1-0” draw a number of chords each 1'6” in 
length. Shew that they all touch & concentrio circle, and find its 
radius. 
3. The diameters of two concentric circles are respectively 10:0 cm. 
and 5'0 cm.: find to the nearest millimetre the length of any chord of 
the outer circle which touches the inner, and check your work by 
measurement. 

4. In the figure of Theorem 47, if ОР=5", 
of the tangents from T. Draw the figure (scale 2 om. to 
measure to the nearest degree the angles subtended at O by the 
tangents. 

5. The tangents from T toa circle whose radius is 0-7” are each 274" 
in length. Find the distance of T from the centre of thecircle. Draw 
the figure and check your result graphically. 


( Theoretical.) 

6. The centre of any circle which touches two intersecting atraight 
lines must lie on the bisector of the angle between them. 

7. АВ and АС are two tangents to & circle whose centre is O ; shew 
that AO bisects the chord of contact BC at right angles. 

8. If PQ is joined in the figure of Theorem 47, shew that the angle 
PTQ is double the angle OPQ. 
9. Two parallel tangents to a circle intercept on any third tangent 
a segment which subtends a right angle at the centre. 

10. The diameter of a circle bisects all chords which are parallel to 
the tangent at either extremity. 

11. Find the locus of the centres 
straight line at a given point. 

12. Find the locus of the centres of all circles which touch each of 
two parallel atraight lines. 

13, Find the locus of the centres of all circles which touch each of two 
intersecting straight lines of unlimited length. 

14 In any quadrilateral circumscribed about a circle, the sum of one 
pair of opposite sides is equal to the sum of the other pair. 

State and prove the converse theorem. 

15. If а quadrilateral is described about a circle, the angles sub- 
tended at the centre by any two opposite sides are supplementary. 


of al circles which touch a given 
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THEOREM 49. [Euclid III. 32.] 


i i drawn ` 
The angles made by a tangent to a circle with a chord ) 
from the po^ of contact are respectively equal to the angles in 
the alternate segments of the circle. 


A 


E B F 


' Let EF touch the OABC at B, and let BD be a chord drawn 
from B, the point of contact. 


It is required to prove that 
(i) the LFBD =the angle in the alternate segment BAD ; 
(ii) the 2 EBD =the angle in the alternate segment BCD. 


Let BA be the diameter through B, and C any point in the 
arc of the segment which does not contain A. 


Join AD, DC, CB. 


Proof Because the г ADB in a semicircle is a rt. angle, 
7. the /^DBA, BAD together — a rt. angle. 
But since EBF is a tangent, and BA a diameter, 
'. the Д РВА is a rt, angle. 
"5 the 2 ЕВА = the г" ВА, BAD together. 
Take away the common 7. DBA, 
then the г ЕВО = the / BAD, which is in the alternate segment. 


Again because ABCD is a cyclic quadrilateral, 
С. the L BCD — the supplement of the / BAD 


=the supplement of the / ЕВО 
=the L EBD; 


=the / BCD, which is in the alternate segment. 
Q.E.D. 


5 the д EBD 
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EXERCISES ON THEOREM 49. 


1. In the figure of Theorem 49, if the 2ЕВО =72°, write 
values of the Z^ BAD, BCD, EBD. ' mede 
2. Use this theorem to shew that tangents to a circle from an 
external point are equal. 
3. Through A, the point of contact of two circles, chords APQ, 
AXY are drawn: shew that PX and QY are parallel. 
Prove this (i) for internal, (ii) for external contact. 
one of which passes 


4. AB is the common chord of two circles, 
through O, the centre of the other: prove that OA bisects the angle 
between the common chord and the tangent to the first circle at A. 

5. Two circles intersect at A and B; and through P, any point on 
one of them, straight lines PAC, PBD are drawn to cut the other at C 
and D : shew that CD is parallel to the tangent at P. 


6. If from the point of contact of a tangent to a circle à chord is 
d on the tangent and chord from the 


drawn, the perpendiculars droppe 
middle point of either aro cut off by the chord are equal. 


SES ON THE METHOD OF LIMITS. 
9 by the Method of Limita. 


EXERCI 


1. Prove Theorem 4 
[Let ACB be а segment of a circle of 
which AB is the chord ; and let PAT' be any 
secant through A. Join PB, 
Then the 2 BCA=the LBPA; 
Theor. 39. 


ear P approaches 


c 


and this is true however n 


to A. 
If P moves up to coincidence with A, 
then the secant PAT’ becomes the tangent 
AT, and tho 2 BPA becomes the LBAT. |. 
-., ultimately, the 2 BAT=the LBCA, in 


the alt. segment. ] 
2. From Theorem 3l, prove by the 

Method of Limits that т à Я 
The straight line drawn perpendicular to the diameter of а circle at sta 


extremity i8 а tangent. 
3. Deduce Theorem 48, from the property t 
bisects a common chord at right angles. 


4. Deduce Theorem 49 from Ex. 5, page 163. 
5. Deduce Theorem 46 from Theorem 41. 


hat the line of cenires 
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PROBLEMS. 
GEOMETRICAL ANALYSIS. 


Hitherto the Propositions of this text-book have been 
arranged Synthetically, that is to say, by building up known 
results in order to obtain a new result. 


But this arrangement, though convincing as an argument, 
in most cases affords little clue as to the way in which the 
construction or proof was discovered. We therefore draw the 
student’s attention to the following hints. 


In attempting to solve a problem begin by assuming the 
required result; then by working backwards, trace the conse- 
quences of the assumption, and try to ascertain its dependence 
on some condition or known theorem which suggests the 
necessary construction. If this attempt is successful, the 
steps of the argument may in general be re-arranged in 


reverse order, and the construction and proof presented in a 
synthetic form. 


This unravelling of the conditions of a proposition in order 
to trace it back to some earlier principle on which it depends, 
is called geometrical analysis: it is the natural way of attack- 


ing the harder types of exercises, and it is especially useful in 
solving problems. 


Although the above directions do not amount to a method, 
they often furnish a very effective mode of searching for a 
suggestion. The approach by analysis will be illustrated in 
some of the following problems. {See Problems 23, 28, 29.] 
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PROBLEM 20. 
Given a circle, or an arc of a circle, to find its centre. 


Let ABC he an arc of a circle c 
whose centre is to be found. E + 


Construction, Take two chords 

AB, BC, and bisect them at right 

angles by the lines DE, FG, meeting & 

at О. Prob. 2. B 
Then O is the required centre. А 


Proof, Every pointin DE is equi- 
distant from A and B. Prob. 14. x 
And every point in FG is equidistant from B and C. 
„+, О is equidistant from A, B, and C. 
„'. О is the centre of the circle ABC. Theor. 33. 


PROBLEM 21. 


To bisect a given arc. 


о 


Let ADB be the given arc to be bisected. 


Construction. Join AB, and bisect it at 


right angles by CD meeting the arc at D. i 
Prob. 2. А 
А с в. 


Then the arc is bisected at D. 
X 


Proof. Join DA, DB. 


Then every point on CD is equidistant from A and B ; 
Prob. 14.. 


. DA- DB; 
„'. the 2 DBA=the 2 DAB; Theorem 6.. 
.. the ares, which subtend these angles at the О“, are equal; 
that is, the arc DA=the are DB, 
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PROBLEM 22. 


To draw a tangent to a circle from a given external point. 


Let PQR be the given circle, with its centre at C ; and let T 
‘bo the point from which a tangent is to be drawn. 


Construction. Join TO, and on it describe a semi-circle TPO 
to cut the circle at P. 


Join TP. 
Then TP is the required tangent. 


Proof. Join OP, 


Then since the 2 TPO, being in a semi-circle, is a rt. angle, 
«~. TP is at right angles to the radius OP. 
. TP is a tangent at P, Theor. 46. 


Since the semi-circle may be described on either side of TO, 
а second tan 


gent TQ can be drawn from T, as shewn in the 
figure. 


Norm. Suppose the point T to approach the given circle, then the 
angle PTQ DESEAN increases. When T reaches the circumference, 
the angle PTQ becomes a straight angle, and the two tangents coincide. 
‘When T enters the circle, no tangent can be drawn. [See Obs. р. 94.) 
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PROBLEM 23. 


To draw a common tangent to two circles. 


Let A be the centre of the greater circle, and a its radius; 
and let B be the centre of the smaller circle, and 0 its radius. 


Analysis. ‘Suppose DE to touch the circles at D and E. 
Then the radii AD, BE are both perp. to DE, and therefore 
рах" to one another. 
Now if BO were drawn par to DE, then the fig. DB would 
be a rectangle, so that cD=BE=b. 
And if AD, BE are 0n the same side of AB, 
then AC=a-2, and the АСВ is à rt. angle. 


These hints enable us to draw во first, and thus lead to the 


following construction. 


"With centre A, and radius equal to the 


Construction. 
difference of the radii of the given circles, describe а circle, 


and draw BC to touch it. 
Join AC, and produce it to meet the circle (A) at D. 
Through B draw the radius BE par’ to AD and in the same 


sense. doin DE. 
Then DE is a common tangent to the given circles. 


Obs. Since two tangents, such as BC, can in general be 
drawn from B to the circle of construction, this method will 


furnish two common tangents to the given circles. These are 


called the direct common tangents. 
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PROBLEM 23. (Continued.) 


[e] 


% 


E 


Again, if the circles are external io one another two more 
common tangents may be drawn. 


Analysis. In this case we may suppose DE to touch the 
circles at D and E so that the radii AD, BE fall on opposite sides 
of AB. 


Then ВО, drawn par' to the supposed common tangent DE, 
would meet AD produced at C; and we should now have 


AC — AD-F DC —a-- b; and, as before, the + ACB is a rt. angle. 
Hence the following construction. 


Construction. With centre A, and radius equal to the swm 


of the radii of the given circles, describe a circle, and draw 
BC to touch it. 


Then proceed as in the first case, but draw BE in the sense 
‘Opposite to AD. 


„Obs. Ав before, two tangents may be drawn from B to the 
circle of construction 3 hence two common tangents may be 


thus drawn to the given circles. These are called the 
transverse common tangents. 


[We leave as an exercise to the student the arrangement of the proof 
in synthetic form.] 
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EXERCISES ON COMMON TANGENTS. 


(Numerical and Graphical.) 


1. How many common tangents can be drawn in each of the 


following cases? 

(i) when the given circles intersect ; 

(ii) when they have external contact ; 
(iii) when they have internal contact. 

Illustrate your answer by drawing two circles of radii 14" and 1:0" 


cespectively, 
(i) with 1:0" between the centres ; 


(ii) with 2-4" between the centres ; 
(iii) with 04" between the centres ; 
(iv) with 3:0" between tho centres. 


Draw the common tangents in each case, and note where the general 


construction fails, or is modified. 

2. Draw two circles with radii 2:0" 
2:0" apart. Draw the common tangents, 
the points of contact, both by calculation a 

3. Draw all the common tangents to two circles whose centres are 

1:8" apart and whose radii are 0°6" and 1'2” respectively. Calculate and 
measure tho length of the direct common tangents. 
" and 1:0" have their centres 2:1" apart. 
Draw their common tangents and find their lengths. Also find the 
length of the common chord. Produce the common chord and shew 
‘by measurement that it bisects the common tangents. 

5. Draw two circles with radii 1:6" and 0:8" and with their centres 
3-0’ apart. Draw all their common tangents. 


and 0:8", placing their centres 
and find their lengths between 
nd by measurement. 


4. Two circles of radii 1'7 


6. Draw the direct common tangents to two equal circles. 


(Theoretical. ) 


or the two transverse, common tangents are 


7, If the two direct, 
rts of the tangents intercepted between the 


drawn to two circles, the 
points ef contact are equa 
8. If four common tangents are dra 
one another, shew that the two direct, 
tangents intersect on the line of centres. 
9. Two given circles have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q: shew that PQ subtends a 


right angle at the point A. 


wn to two circles external to 
and also the two transverse, 


H:S.. II—IV—À 


188 GEOMETRY. 


ON THE CONSTRUCTION oF CIRCLES. 


In order to draw a circle we must kno 
the centre, (ii) the length of the radius. 


(i) To find the position of the 
needed, each giving a locus on wh 
that the one or more points in w) 
are possible positions of the requi 
page 93. 


(ii) The position of the centre bi 
is determined if we kn 


w (i) the position of 


centre, two conditions are 
ich the centre must lie; so 
hich the two loci intersect 
red centre, as explained on 


eing thus fixed, the radius 


ow (or сап find) any point on the 
circumference, 

Hence in order to draw а circle three independent data are 
required, 


Vor example, we may draw a circ], 


(i) three Points on the 
or (ii) three tangent lines 
or (iii) one 
of contact, 


e if we are given 
circumference H 
; 

point on the circumference, one tangent, and its роїпъ 


Tt will however often happen that nore than one circle can be drawn 
satisfying three given conditions, 


Before attemptin; 


the constructions of ise the 
ЖООДОН Б the next Exercise 


make himself familiar with the following loci. 


given points, Ф the centres of circles which pass through two 
TP т К" centres of circles which touch a given straight 

vee im Of the centres of circles which touch a given circle 
PE pe Ly Sad of circles which touch a given straight 
id ds Fe id, conira of circles which touch a given circle, 
mee Vf tle centres of circles which touch two given 
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EXERCISES. 


1, Draw a circle to pass through three given points. 


2. Ifs circle touches a given line PQ at a point A, on what line 
must its centre lie? 

If a circle passes through two given points A and B, on what line 
must its centre lie? 

Hence draw a circle to touch a straight line PQ at the point A, anc 
to pass through another given point B. 


3. Ifa circle touches a given circle whose centre is C at the point A, 
on what line must its centre lie? 

Draw a circle to touch the given circle (C) at the point A, and to pass 
through a given point B. 

4. A point P is 4:5 cm. distant from a straight line AB. Draw two 
«circles of radius 3'2 cm. to pass through P and to touch AB. 


B. Given two circles of radius 3'0 cm. and 2'0 om. respectively, 
their centres being 6'0 cm. apart; draw a circle of radius 375 cm. to 
‘touch each of the given circles externally. 

How many solutions will there be? What is the radius of the 
smallest circle that touches each of the given circles externally ? 


6. Ifa circle touches two straight lines OA, OB, on what line must 


dts centre lie? 
Draw OA, OB making an angle of 76°, and describe в circle of radius 


1-2" to touch both lines. 

7. Given a circle of radius 3:6 cm., with its centre 5'0 ст. from а 
given straight line AB ; draw two circles of radius 2:5 cm. to touch the 
given circle and the line AB. 

8. Devise a construction for drawing a circle to touch each of two 
parallel straight lines and a transversal, 

Shew that two such circles can be drawn, and that they aro equal, 


9. Describe a circle to touch a given circle, and also to touch a 
given straight line at a given point. [See page 311.) 

10. Describe a circle to touch a given straight line, and to touch a 
given circle at a given point. 

11. Shew how to draw a circle to touch each of three given straight 
lines of which no two are parallel. 

How many such circles can be drawn? 


[Further Examples on the Construction of Circles will be found on 
wp. 246, 311.] 
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PROBLEM 94, 


On а given straight line to describe a segment of a. circle which 
shall contain an angle equal to a given angle. 


Let AB be the given st, line, and C the given angle. 


Ti is required to describe on AB a segment of a circle containing 
an angle equal to C. 


Construction. At A in BA, make the £ BAD equal to the / О. 


From A draw AG perp. to AD. 
Bisect AB at rt. angles by FG, meeting AG in а. Prob, 2, 


Proof, Join GB. 
Now every point in FG is equidistant from A and B; 


Prob. 14.. 
^. ВА = GB. 


With centre G, and radius GA, draw a circle, which must 
pass through B, and touch AD at A. Theor. 46. 

Then the Segment AHB, alternate to the L BAD, contains an. 
angle equal to С, 


Theor. 49. 


Norr. In the partioular 


case wh i 
segment required will be the опре 


ew ven angle is a rt. angle, the- 
semi-circle on А 


asdiameter. [Theorem 41.]. 
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ComoLLARY. To cut off from a given circle a segment containing 
а given angle, it ts enough to draw a tangent to the circle, and from 
the point of contact to draw a chord making with the tangent an. 
angle equal to the given angle. 


It was proved on page 161 that 


The locus of the vertices of triangles which stand on the same base 
awl have a given vertical angle, is the arc of the segment standing 
on this base, and containing an angle equal to the given angle. 


The following Problems are derived from this result by the 
Method of Intersection of Loci [page 93]. 


EXERCISES. 


l. Describe a triangle on a given base having а given vertical angle 
and having its vertex on a given atraight line. 
9. Construct a triangle having given the base, the vertical angle, and 
(i) one other side. 
(ii) the altitude. 
(iii) the length of the median which bisects the base. 
(iv) the foot of the perpendicular from the vertex to the base. 


3. Construct a triangle having given the base, the vertical angle, and 
the point at which the base ts cut by the bisector of the vertical angle. 

[Let AB be the base, X the given point in it, and K the given angle. 
On AB describe a segment of а circle containing an angle equal to K; 
complete the O** by drawing the arc APB. Bisect the arc APB at P: 
join PX, and produce it to meet the O* at C. Then ABC is the 


required triangle. ] 
4, Construct a triangle having given the base, the vertical angle, and 


the aum of the remaining sides. 
[Let AB be the given base, K the given angle, and Н а line equal to 
the sum of the sides. On AB describe a segment containing an angle 
ual to K, also another segment containing an angle equal to half the 
LK. With centre A, and radius Н, describe a circle cutting the аго of 
the latter segment at X and Y. Join AX (or AY) cutting the are of the 
first segment at C. Then ABC is the required triangle. ] 


5. Construct a triangle having given the base, the vertical angle, and 
the difference of the remasning sides. 
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CIRCLES IN RELATION TO RECTILINEAL FIGURES. 


1. A. Polygon is a rectilineal figure bounded by more than 


A Polygon of five sides is called a Pentagon, 


DEFINITIONS, 
four sides. 
» six sides 
m seven sides 
а eight sides 
ЗЕ ten sides 
twelve sides 
" fifteen sides 


2. A Polygon is R 
all its angles are equal 


Hexagon, 
Heptagon, 
Octagon, 
Decagon, 
Dodecagon, 
Quindecagon. 


egular when all its sides are equal, and 


3. A rectilineal figure is said to be in- 


scribed in a circle, when a 
are on the circumference 

circle is said to be circums 
lineal figure, 

circle passes ti 
the figure. 


4. A circle is said 
rectilineal figure, when 
the circle is touched Ъ 
and a rectilineal figu 
scribed about a circ] 
figure is a tangent to the circle, 


e, when eac 


ll its angular points ‚ 
of the М 5 Pd a 
cribed about a recti- 
when the circumference of the 
hrough all the angular points of 


to be inscribed in a 
the circumference of 
y each side of the figure ў 
ге is said to be circum- 
h side of the 
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PROBLEM 25. 
To arcumsoribe o. circle about a given triangle. 


A i» А А 
IN AS ER 


Let ABC be the triangle, about which a circle ia to be 
drawn. 


Construction. Bisect AB and AC at rt. angles by DS and 
ES, meeting at S. Prob. 2. 
Then S is the centre of the required circle. 


Proof. Now every point in DS is equidistant from A 
aud B; Prob. 14. 
and every point in ES is equidistant from A and C; 

., S is equidistant from A, B, and C. 
With centre S, and radius SA describe a circle; this will 
pass through B and C, and is, therefore, the required circ n: 
circle. 


Obs. It will be found that if the given triangle is acute- 
angled, the centre of the circum-circle falls within it: if b 
is а right-angled triangle, the centre falls on the hypotenuse: 
if it is an obtuse-angled triangle, the centre falls without the 


triangle. 


Nore. From page 94 it is seen that if S is joined to the middl 
point of BC, then the joining line is пашах to BC. aa 

Hence the perpendiculars drawn to the sides of a. triangle from their 
middle points are concurrent, the point of intersection being the centre 
of the circle circumscribed about the triangle. 
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PROBLEM 96. 


To inscribe a circle in a given triangle, 


Let ABC be the triangle, in which a circle is to be inscribed. 


Construction, Bisect the “a 


ABC, ACB by the st. lines BI, 
Cl, which intersect at 1, Prob. 1. 
Then | is the centre of the required circle, 
Proof. From | draw ID, IE, IF регр. to BC, CA, AB, 
"Then every point in BI is equidistant from BO, BA 3 Prob. 15. 
4 ID=IF, 
And every point in CI is equidistant from CB, CA; 
"wl 


s ID=IE, 
*"- ID, IE, IF are all equal. 
With centre | and radius ID draw a circle; 
this will pass through the points E and F? 
Also the circle will touch the sides BC, CA, AB, 
ecause the angles at p, E, F are right angles, 
7. the ODEF is inscribed in the A ABC, 
Nore. From IL, p. 96 it i i is joi i 
‘the angle BAC, rege, d (lat if Al is Joined, then А! bisects 


The bisectors of the 
“intersection being the c 


C ) one side of а triangle and the other 
‘two sides produced is called an escribed circle of the triangle, 
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PROBLEM 27. 


To draw an escribed circle of a given triangle. 


à ВЕЛЕ, D 


Let ABC be the given triangle of which the sides AB, AC are 


produced to D and E. 
It is required. to describe a circle touching BC, and AB, АС. 


produced, 
Construction. Bisect the 2" СВО, BCE by the st. lines В, 


Cl, which intersect at ||. 
Then |, is the centre of the required circle, 


Proof. From |, draw ҺЕ, !,G, Н perp. to AD, BC, AE. 
Then every point in Bl, is equidistant from BD, BC; Prob. 15.. 
sS LF=1G. 
Similarly l8 — IH. 
+, ҺЕ, hG, lH are all equal. 
With centre 1, and radius IF describe a circle ; 
this will pass through the points G and H. 
Also the circle will touch AD, BO, and AE, 


because the angles at F, G, H are rt. angles. 
„'. the ©FGH is an escribed circle of the A ABC. 


Nore 1. It is clear that every triangle has three escribed circles. 
Their centres are known as the Ex-centres. 

Nore 2. It may be shewn, as in IL, page 96, that if Al, is joined, 
then Al, bisects the angle BAC: hence it follows that 

The disectors of two exterior angles of a triangle and the bisector of the. 
third angle are concurrent, the point of intersection being the centre of am 
escribed circle. 
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PROBLEM 28. 
In a given circle to inscribe a triangle equiangular to a given 
triangle. 
a 
A 
D 
Е Е B c 


Let ABC be the given circle, and DEF the given triangle. 


Analysis. А ^ ABC, equiangular to the ^ DEF, is inscribed 
in the circle, if from any point A on the O two chords AB, AC 
сап be so placed that, on joining BC, the / B— the LE, and 
the  C—the LF; for then the LA—the 7. D. Theor. 16. 


Now the / B, in the segment ABC 
between the chord 


Reversing these steps, we have the following construction, 


Construction. At any point A on the O of the © ABC 
draw the tangent GAH. 


Prob, 22. 
At A make the / GAB equal to the 7 Е, 


and make the / HAC equal to the г E, 
Join Bo, 
Then ABC is the required triangle, 
Nore. In drawing the figure on a larger scale the student shold 
shew the construction lines for the 


А tangent GAH and for the angles 
GAB, HAC. A similar remark applies tothe next Problem. 
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PROBLEM 29. 


About a given circle to circumscribe a triangle equiangular to 
a given triangle. 


A js 


A 
TE F.H 


M B N 

Let ABC be the given circle, and DEF the given triangle. 

Analysis. Suppose LMN to be a circumscribed triangle in 
which the .M=the ДЕ, the £N =the 2 Е, and consequently, 
the LL = е 20. 

Let us consider the radii KA, KB, KC, drawn to the points of 
contact of the sides; for the tangents LM, MN, NL could be 
drawn if we knew the relative positions of KA, KB, KO, that is, 
if we knew the 2" ВКА, BKC. 

Now from the quad BKAM, since the /* B and A аге rt. 2% 

the 2 BKA =180° – M =180°-E; 

similarly ед ВКС = 180° — N=180° – Р. 

Hence we have the following construction. 


Construction. Produce EF both ways to G and H. 


Find K the centre of the © ABO, 
and draw any radius KB. 
At К make the 2 ВКА equal to the 2 DEG; 
and make the 2 BKC equal to the / DFH. 


Through A, B, O draw LM, MN, NL perp. to KA, KB, KC. 
Then LMN is the required triangle. 


[The student should now arrange the proof synthetically.) 


L 
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EXERCISES, 


Ox CIRCLES AND TRIANGLES, 
(Inscriptions and Circumscriptions,) 


1. In a circle of radius 5 cm. inscribe an equilateral triangle; and 
about the same circle circumscribe a second equilateral triangle. In 
each case state and justify your construction, 


2. Draw an equilateral triangle on в side of 8 cm., and find by 
calculation and measurement (to the nearest millimetre) the radii of 
the inscribed, circumscribed, and escribed circles, 


Explain why the second and third radii are respectively double and 
treble of the first. 


3. Draw triangles from the following data: 
(i) а= 


t each triangle, and measure the radii 

to the nearest hundredth of ап inch. Account for the three resulta 
ө, by comparing the vertical angles, 

4. In a circle of radius 4 om, inscribe an equilateral triangle. 

Calculate the length of its side to the nearest millimetre; and verify 

by measurement, 


Find the area of the inscribed equilateral triangle, and shew that it 
ds one quarter of the circumscribed equilateral triangle, 
5. In the triangle ABC, if | is the centre, and r the length of the 
radius of the in-circle, shew that 


AIBC-1ar ; AICA=hbr; AIAB=her, 

Hence prove that OABC=4(atb+e)r, 

Verify this formula by measurements for a triangle whose sides are 
cm., 8 om., and 7 om; 


If r, is the radius of the ex-circle opposite to A, prove that 
d SABC=4(b+¢-a)r,, 
a=5 om., b=4 cm., c=3 cm., verify this result by measurement, 
7. Find by measurem t the ci: -radi i 
cad emo bdo, and eos T a 07 tho triangle ABO in 
‚у Taw and measure the Perpendiculars from A, B, C to the opposite 
pares lengths are Tepresented by Pis Da, Pn verify the КСЛ 


circum-radius 1002. 
2p, 
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EXERCISES. 
On CIRCLES AND SQUARES 


(Inscriptions and. Circumscriptiona,) 


1. Draw& circle of radius 1:5", and find a construction for inscribing 
Ф equare in it. 

Calculate the length of the side to the nearest hundredth of an inch, 
and verify by measurement. 

Find the area of the inscribed square. 


.2. Circumscribe а square about а circle of radius 1:5", showing all 

lines of construction. 

Prove that the area of the square circumscribed about e circle is 
double that of the inscribed square. 

3. Draw a square on а side of 7-5 cm., and state a construction for 
dnscribing a circle in it. 

Justify your construction by considerations of symmetry. 

4. Circumsoribe a circle about a square whose side is 6 cm. 

Measure the diameter to the nearest millimetre, and test your 
drawing by calculation. 

5. Ina circle of radius 1:8” inscribe & rectangle of which one side 
measures 3'0”. Find the approximate length of the other side. 

Of all rectangles inscribed in the circle shew that the square has the 
greatest area. 

6. A square and an equilateral triangle are inscribed in & circle. 
If a and b denote the lengths of their sides, shew that 

Заї= 9%. 

7. ABCD is a square inscribed in a circle, and P is any point on the 
arc AD: shew that the side AD subtends at P an angle three times as 
great as that subtended at P by any one of the other sides. 


(Problems. State your construction, and give a theoretical proof.) 


8, Circumsoribe а rhombus about a given circle, 


9. Inscribe а square in a given square ABCD, so that one of ite 
angular points shall be at a given point X in AB. 

10. Ina given square inscribe the square of minimum area. 

11, Describe (i) = circle, (ii) a square about a given rectangle. 


19. Insoribe (i) a circle, (ii) & square in a given quadrant. 
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ON CIROLES AND REGULAR POLYGONS, 


PROBLEM 30. 

To draw a regular polygon (i) in (ii) about a given circle, 

Let AB, BC, CD, ... be consecutive 

sides of a regular polygon inscribed in 
a circle whose centre is O. 

Then AOB, BOC, COD, ... are con- 

gruent isosceles triangles. And if 

the polygon has n sides, each of the 


360 
<*AOB, ВОС, COD, Du oe 


A 
(i) Thus to inscribe a polygon of n sides in 


draw an angle AOB at the centre equal to 360 


—— This gives 
n 
the length of a side AB 3 and chords equal to AB may now be 
set off round the circu 


mference, The resulting figure will 
clearly be equilateral and equiangular, 
(ii) То circumseribe а polygon of n sides about the circle, 
the points A, B, С, D, ... must be determined as before, and 
tangents drawn to the circle at these points. The resulting 
figure may readily be proved equilateral and equiangular. 
Nore. This method gives a strict geometrical const: 
the angle san can be drawn with ruler and compasse; 


a given circle, 
. 


ruction only when 
B. 


EXERCISES, 
. l. Give strict constructions for inscribing in a circle (radius 4 em.) 
(i) à regular hexagon ; (ii) а regular Octagon ; (iii) a regular dodecagon, 
2. About a circle of radius 1:5" circumscribe 
(i) & regular hexagon ; (ii) a regular octagon. 
constructions by measurement, and justify them by proof, 
quilateral triangle and a regular hexagon are inscribed in а 
“te, and a and b denote the lengths of their sides: prove that 
(i) area of triangle=4 (area of hexagon) ; (ii) a?=302, 
4. By means of 


our protractor j i heptagon in a 
circle of radius 2. y Toa An inscribe а regular heptagi 


i les; and 
measure the length of a side, d ceste One OE tà ie 
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PROBLEM 31. 
To draw a circle (i) in (ii) about a regular polygon. 


© 


Let AB, BC, CD, DE, ... be con- 
secutive sides of a regular polygon 
of n sides. 


Bisect- the L'ABC, BCD by BO, A 
CO meeting at O. 


. Then O is the centre both of the 
inscribed and circumscribed circle. 


Outline of Proof. Join OD; and from the congruent 
^*OCB, OCD, shew that OD bisects the 2 СОЕ. Hence we 
conclude that 

All the bisectors of the angles of the polygon meet at О. 

(i) Prove that OB— CC — OD =... ; from Theorem 6. 

Hence O is the circum-centre. 


(ii) Draw OP, OQ, OR, ... perp. to AB, BC, CD, .... 
Prove that OP=OQ=OR=...; from the congruent A'OBP, 


ово. Непсе О іѕ ће іп-сепіте. 


EXERCISES. 

1. Draw a regular hexagon on a side of 2:0”. Draw the inscribed 
and circumscribed circles. Calculate and measure their diameters to 
the nearest hundredth of an inch. 

2. Shew that the area of a regular hexagon inscribed in a circle is 
three-fourths of that of the cireumscribed hexagon. 

Find the area of a hexagon inscribed in a circle of radius 10 cm. to 
the nearest tenth of a sq. om. 

3. If ABC is an isosceles triangle inscribed in a circle, having each 
of the angles B and C double of the angle A; shew that BC іва Side of 
a regular pentagon inscribed in the circle. 


4. Ona side of 4 em. construct (without protractor) 
(i) a regular hexagon; (ii) a regular octagon, 
In each case find the approximate area of the figure. 
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THE CIRCUMFERENCE OF A CIRCLE. 


By experiment and measurement it is found that the length 
of the circumference of a circle is roughly 3} times the length of 
its diameter: that is to say 

circumference 
diameter 
and it can be proved that this is the same for all circles. 

A more correct value of this ratio is found by theory to be 
3:1416 ; while correct to 7 places of decimals it is 3-1415926. 


Thus the value 3+ (or 3:1428) is too great, and correct to 2 
places only. 


= 91 nearly ;. 


The ratio which the circumference of any circle bears to ite 
diameter is denoted by the Greek letter 7; so that 


circumference = diameter x т, 
Or, if r denotes the radius of the circle, 
circumference = 9r x т = пт ; 


where to т we are to give one of the values 31, 3:1416, or 


3:1415926, according to the degree of accuracy required in 
the final result. 


Nore. The theoretical methods by which r is evaluated to any 
рген degree of accuracy cannot be explained at this stage, but ite 
value may be easily verified by experiment to two decimal places. 

For example: round a cylinder wrap a strip of paper so that the 
ends overlap. At any point in the overlapping area prick a pin 
through both folds. Unwrap and straighten tl 
the dia*ance between the 
ference. 


he strip, then measure 
pin holes: this gives the length of the cireum- 
Measure the diameter, and divide the first result by the second. 


Ex. 1. From these data | Cimcvxrznzwcm, 


DIAMETER. | VALUE Or w. 
find and record the value 


of m. 16:0 em. 5:1 om. 
Find the mean of the 8:8" 2:8" 
three results, 


13:5" 43" 


Ex.2. A fine thread is wound evenly round linder, and it ia 
found that the length required for 20 барыб багая!а 75:4". The 
diameter of the cylinder is 1-2": find roughly the value of ж. 

Ex. 3. А Ыс; 


` ycle wheel, 28" in diameter, makes 400 revolutions 
in travelling over 977 yards, From this result estimate the value of т. 
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THE AREA OF A CIRCLE. 


Let AB be a side of a polygon of 
n sides circumscribed about a circle 
whose centre is O and radius r. ‘Then 
we have 
Area of polygon 
=n. A AOB 
=n. ЈАВ x OD 
=}.nABxr 
=} (perimeter of polygon) хт; 
and this is true however many sides the polygon may have. 
Now if the number of sides is inereased without limit, the 
perimeter and area of the polygon may be made to differ from 
the eireumference and area of the circle by quantities smaller 
than any that can be named ; hence ultimately 
Area of circle =} . circumference x v 
=4.20rxr 
= пті. 


ADB 


ALTERNATIVE METHOD. 


Suppose the circle divided into any even number of sectors having 
equal central angles : denote the number of sectors by n. 

Let the sectors be placed side by side as represented in the diagram ; 
then the area of the circle=the area of the fig. ABCD ; 
and this is true however great n may be. 

Now as the number of sectors is increased, each are is decreased; 


во that (i) the outlines AB, CD tend to become straight, and 
(i) the angles at D and B tend to become rt. angles. 


H.8-G шт—у—5 
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Thus when n is increased without limit, the fig. ABCD ultimately 


becomes a rectangle, whose length is the semi-circumference of the circle, 
and whose breadth is its radius. 


©. Area of circle=h. circumference x radius 
=}.2arxraa; 


THE AREA OF A SECTOR. 


A B 
С 
If two radii of a circle make an angle of 1°, they cut off 


(i) an are whose length = gig ОЁ the circumference ; 
and (ii) a sector whose area = 54, of the circle; 


^. if the angle АОВ contains D degrees, then 
(i) thearcAB = зб of the circumference ; 


(ii) the sector АОВ= эк, of the area of the circle 


- 590 of (} circumference x radius, 
=}. arc AB x radius. 


THE AREA OF A SEGMENT. 
The area of a minor segment is found by subtracting from 
the Corresponding sector the area of the triangle formed by 
the chord and the radii. Thus 
Area of segment АВС = seclor OACB — triangle AOB. 
The area of a major Segment is most simply found by 
subtracting the area of the corresponding minor segment from 
the area of the circlo, 


—————— M — — 
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EXERCISES. 


Un each case choose the value of т во as to give a result of the assigned: 
degree of accuracy.] 


1. Find to the nearest millimetre the circumferences of the circles 
whose radii are (i) 4:5 em. (ii) 100 ст. 


2. Find to the nearest hundredth of a square inch the areas of the 
circles whose radii are (i) 2*3". (ii) 106". 


3. Find to two places of decimals the circumference and area of a 
circle inscribed in a square whose side is 3:6 om. 


4. In a circle of radius 7:0 cm. а square is described: find to the 
nearest square centimetre the difference between the areas of the circle 
and the square. 


5. Find to the nearest hundredth of a square inch the area of the 
circular ring formed by two concentric circles whose radii are 5'7” and 
4:3", 

6. Shew that the area of a ring lying between the circumferences of 
two concentric circles is equal to the area of a circle whose radius is 
the length of a tangent to the inner circle from any point on the outer. 


7. A rectangle whose sides аге 8:0 ст. and 6:0 cm. is inscribed in a 
circle. Calculate to the nearest tenth of a square centimetre the total 
area of the four segments outside the rectangle. 


8. Find to the nearest tenth of an inch the side of a square whose 
area is equal to that of a circle of radius 5". 


9. A circular ring is formed by tho circumference of two concentric 
circles. The area of the ring is 22 square inches, and its width is 1:0"; 
taking т as 2А, find approximately the radii of the two circles. 


10. Find to the nearest hundredth of a square inch the difference 
between the areas of the circumscribed and inscribed circles of an 
equilateral triangle each of whose sides is 4”, 


11. Draw on ED paper two circles whose centres are at the 
points (1:5", 0) and (0, *8"), and whose radii are respectively "/" and 
1-0’. Prove that the circles touch one another, and find approximately 
their cireumferences and areas. 


12. Draw a circle of radius l'0" having the point (1:6", 1-2”) as 
centre. Also draw two circles with the origin as centre and of radii 
1:0” and 3:0" respectively. Shew that each of the last two circles 
touches the first. 
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EXERCISES. 


Ow THE INSCRIBED, CIRCUMSCRIBED, AND EsCRIBED CIRCLES oF A 
TRIANGLE. 


(Theoretical.) 


1. Describe a circle to touch two parallel straight lines and в third 
straight line which meets them. Shew that two such circles can be 
drawn, and that they are equal. 


2. Triangles which have equal bases and equal vertical angles have 
equal circumscribed angles. 


3. ABO is a triangle, and |, S are the centres of the inscribed and 
circumscribed circles; if A, 1, S are collinear, shew that AB-— АС. 

4. The sum of the diameters of the inscribed and circumscribed 
circles of a right-angled triangle is equal to the sum of tho sides con- 
taining the right angle. 


5. If the circle inscribed in the triangle ABC touches the sides 


at D, E, F ; show that the angles of the triangle DEF are respectively 
A B с 
90-5, 90-5, 90-7. 


6. If 1 is the centre of 
and |, the centre of the esci 
1, B, ^, C are concyclic. 


„1. In any triangle the difference of two sides is equal to the 
difference of the segments into which the third side is divided at the 
point of contact of the inscribed circle. 


the circle inscribed in the triangle ABC, 
ribed circle which touches BC; shew that 


,8. In the triangle ABC, | and S are the centres of the inscribed and 
circumscribed circles: shew that IS subtends at A an angle equal to 
half the difference of the angles at the base of the triangle. 


, Hence shew that if AD is drawn perpendicular to BC, then Al is the 
bisector of the angle DAS. 


9. The diagonals of a quadrilateral ABCD intersect at O : shew 
that the centres of the circles circumscribed about the four triangles 
AOB, BOC, COD, DOA are at the angular points of a parallelogram. 


10. In any triangle ABC, if | is the centre of the inscribed circle, 
and if Al is produced to meet the circumscribed circle at О; shew that 
is the centre of the circle circumscribed about the triangle BIC. 


,ll. Given the base, altitude, and the radius of the circumscribed 
circle; construct the triangle. 


12. Three circles whose centres are A, B, C touch one another 
externally two by two at D, E, F: shew that the inscribed circle of 
the triangle ABO is the circumscribed circle of the triangle DEF. 
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THEOREMS AND EXAMPLES ON CIRCLES AND 
TRIANGLES, 


THE ORTHOCENTRE OF A TRIANGLE. 


М1. The perpendiculars drawn from the vertices of a triangle to the 
opposite sides are concurrent, 


In the AABC, let AD, BE be the 
perp" drawn from A and B to the opposite 


sides ; and let them intersect at О. E A 
Join CO; and produce it to meet AB at 

F: E 
It is required to shew that CF is perp. N 

to AB. IN 

Join DE. б D c 

Then, because the Z* OEC, ODC are rt. 

angles, 


7. the points О, E, С, D are concyelio : 
^. the 2 РЕС= ће 2 DOC, in the same segment 
=the vert. opp. 4 РОА. 
Again, because the Z* AEB, ADB are rt. angles, 
^ the points A, E, D, B are concyolio : 
^. the ZDEB-—the 2 РАВ, in the same segment. 
2. the sum of the Z* FOA, РАО =the sum of the £*DEC, DEB 
=а rt. angle: 
^. the remaining 2 АРО =а rt. angle: Theor. 16. 
that is, CF is perp. to AB. 
Hence the three perp* AD, BE, CF meet at the point O. 
Q.E.D, 


DEFINITIONS. 


(i) The intersection of the perpendiculars drawn from the 
vertices of a triangle to the opposite sides is called its 
orthocentre. 


(ii) The triangle formed by joining the feet of the perpen- 
diculars is called the pedal or orthocentric triangle. 
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TAR acute-angled triangle the perpendiculara drawn from the 


vertices to the opposite sides bisect the angles of the pedal triangle through 
which they pass. 


In the acute-angled A ABO, let AD, BE, ^ 
CF be the perp* drawn from the vertices to 

the opposite sides, meeting at the ortho- 

centre O; and let DEF be the pedal triangle, Е, 


It is required to prove that 
AD, BE, CF bisect respectively 
the £* FDE, DEF, EFD. 
It may be shewn, as in the last theorem, é 5 is 
that the points О, D, C, E are coneyclic; ; 
е LODE=the Д ОСЕ, in the same segment, 


Similarly the points O, D, B, F are conoyolio ; 
^ the LODF =the Д ОВЕ, in the same segment. 


But the LOCE=the LOBF, each being the compt of the 2 BAC. 
. the LODE=the 2 ОРЕ. 


anion it may be shewn that the /* DEF, EFD aro bisected by 
BE and CF. 


Q.E.D. 


v Conottary. (i) Every two sides of the pedal triangle are equally 
inclined to that side of the original triangle in which they meet, 


For the 2 ЕОС = ће compt of the LODE 


=the compt of the LOCE 
=the LBAC. 


Similarly it may be shewn that the LFDB=tho L ВАС, 
*. the CEDC=the LFDB=the LA. 


In like manner it may be proved that 


the LDEC-the LFEA=the LB, 
and the LDFB=the LEFA=the LC, 


CorotLary. (ii) The triangles DEC, AEF, DBF are equiangular to 
one another and to the triangle ABC, 


Nore. If the angle BAC is obtuse, t] 


‹ hen the perpendiculars BE, ОР 
bisect externally the corresponding angl ds 


es of the pedal triangle. 
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EXERCISES. 


1. If О is the orthocentre of the triangle ABC and if the perpendicular 
AD is produced to meet the circum-circle in G, prove that OD=DG,. 


2. Inanacute-angled triangle the three sides are the external bisectors 
of the angles of the pedal triangie: and in an obtuse-angled triangle the 
sides containing the obtuse angle are the internal bisectors of the correspond- 
ing angles of the pedal triangle. 


3. If О їз the orthocentre of the triangle ABC, shew that the angles 
BOC, BAC are supplementary. 


4. If O is the orthocentre of the triangle ABC, then any one of the 
four points O, A, B, C is the orthocentre of the triangle whose vertices are 
the other three, 


B The three circles which pass through two vertices of a triangle and 
its orthocentre are each equal to the circum-circle of the triangle. 


6 О, E are taken on the circumference of a semi-circle described 
on a given straight line AB : the chords AD, BE and AE, BD intersect 
(produced if necessary) at F and G: shew that FG is perpendicular 
to AB. 


7 АВС is a triangle, О is its orthocentre, and AK a diameter of the 
circum circle: shew that BOCK is a parallelogram. 


8. The orthocentre of a triangle is joined to the middle point of the 
base, and the joining line is produced to meet the circum-circle : prove 
that it will meet it at the same point as the diameter which passes 
through the vertex. 


9. The perpendicular from the vertex of a triangle on the base, and 
the straight line joining the orthocentre to the middle point of the 
base, are produced to meet the circum-circle at P and Q: shew that 
PQ is parallel to the base. 


10. The distance of each vertex of a triangle from the orthocentre is 
double of the perpendicular drawn from the centre of the circum-circle to 
the opposite side. 


11. Three circles are described each passing through the orthocentre 
of a triangle and two of its vertices: shew that the triangle formed by 
joining their centres is equal in all respects to the origina! triangle. 


12. Construct a triangle, having given a vertex, the orthocentra, 
and the centre of the cireum-circle. 
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LOCI. 


ПІ. Given the base and vertical angle of a triangle, find the locus of 
dts orthocentre. 

Let BC be the given base, and X the 
given angle; and let BAC be any triangle 
on the base BC, having its vertical LA 
equal to the LX. 


Draw the perp' BE, CF, intersecting at 
the orthocentre O. 
It is required to find the locus of О. 
Proof. Since the Z* OFA, ОЕА are rt. 
angles, 
~<. the points О, F, A, E are conoyclio ; 
г. the Д. FOE is the supplement of the LA: 
~“. the vert. opp. 2 BOC is the supplement of the LA, 
But the ДА is constant, being always equal to the LX; 
^. its supplement is constant ; 


that is, the A BOC has a fixed base, and constant vertical angle ; 
hence the locus of its vertex O is the 


arc of a segment of which BC io 
the chord. 
IV. Given the base and vertical angle of a triangle, find the locus of 
the n-centre. 
Let BAC be an 


y triangle on the given 
base BC, having its vertical angle equal to 


the given ДХ; and let Al, ВІ, СІ be the 
bisectors of its angles. Then | is tho in- 
centre. 

It is required to find the locus of 1. 


Proof. Denote the angles of the AABC 
i A E ngles of the 


C; and let the 2 BIC be denoted 


by |. 8 i e 
Then from the A BIC, 

(i) 1+4B+40=two rt. 316. 

and from the AAB e HA DE Ta 


> 
A+B+C=two rt. angles; 
(ii) во that 4A+34B+3C=one rt. angle, 
“`, taking the differences of the equals in (i) and (ii), 
1- 43A—one rt. angle: 
or, =one rt. angle + А. 
But A is constant, being always equal to the £ X; 
1 is constant : 


-. the locus of | is the aro of a segment on the fixed chord BC. 
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EXERCISES ON LOCI. 


l. Given the base BC and the vertical anglo A of a triangle; find 
the locus of the ex-centre opposite A. 


2. Through the extremities of a given straight line AB any two 
parallel straight lines AP, BQ are drawn; find the locus of the inter- 
section of the bisectors of the angles PAB, QBA. Й 


3. Find the locus of the middle points of chords of a circle drawn 
through a fixed point. 

Distinguish between the cases when the given point is within, on, 
or without the circumference, 


4. Find the locus of the points of contact of tangents drawn from 
a fixed point to a system of concentric circles, 


5. Find the locus of the intersection of straight lines which pass 
through two fixed points on a circle and intercept on its circumference 
an arc of constant length. 


6. A and B are two fixed points on the circumference of a circle, 
and PQ is any diameter: find the locus of the intersection of PA 
and QB. 


7. BAC is any triangle described on the fixed base BC and having 
a constant vertical angle; and BA is produced to P, so that BP is 
equal to the sum of the sides containing the vertical angle: find the 
locus of Р, 


8. AB is a fixed chord of a circle, and AC is a moveable chord 
passing through A: if the parallelogram CB is completed, find the 
locus of the intersection of its diagonals. 


9 A straight rod PQ slides between two rulers placed at right 
angles to one another, and from its extremities PX, QX are drawn 
perpendicular to tho rulers: find the locus of X. 


10. Two circles intersect at A and B, and through P, any point on 
the circumference of one of them, two straight lines PA, PB are 
drawn, and produced if necessary, to cut the other circle at X and Y : 
find the locus of the intersection of AY and BX. 


11. Two circles intersect at A and В; НАК is a fixed straight line 
drawn through A and terminated by the circumferences, and PAQ is 
eny other straight line similarly drawn: find the locus of the inter- 
section of HP and QK. 
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wh SIMSON’S LINE. 


V. The feet of the perpendiculars drawn to the three sides of е 
triangle from any point on its circum-circle are collinear. 

Let P be any point on the circum-circle of E 
the ДАВС; and let PD, PE, PF be the perps. Ap 
drawn from P to the sides. VE 


It is required to prove that the points D, E, Е < 
are collinear. 


Join FE and ED :*! 


then FE and ED will be shewn to be in the 
same straight line. 


Join PA, PC. wee Лр 


Proof. Because the £' PEA, PFA aro rt. angles, 
7. the points P, E, А, Е are concyclio : 
7. the ДРЕҒ «the РАР, in the same segment 
=the suppt of the 2 РАВ 
=the PCD, 
since the points A, P, C, Bare concyclio. 


Again because the 4" РЕС, РОС are rt. angles, 
~. the points P, E, D, C are concyclio. 
“<. the L PED =the supp! of the 4 PCD 
=the supp! of the Z PEF, 
~< FE and ED are in one st. line. 


Obs. The line FED is known as the Pedal or Simson's Line of the 
triangle ABC for the point P. 


EXERCISES. 
l. From any point P-on the circum-circle of the triangle ABC, 
perpendieulars PD, PF are drawn to BC and AB: if FD, or FD 
produced, cuts AC at E, shew that PE is perpendicular to AC. 
2. Find the locus of a 


y point which moves so that if perpendioulars 
ere from it to the sides of a given triangle, their feet are 
collinear, 


3. ABC and AB'C' are two trian 
their circum-circles me 


gles with a common angle, and 
dioulars drawn from P 


et again at Р; shew that the feet of perpen- 
to the lines AB, AC, BC, B'C' are collinear. 

4. A triangle is insoribed in a circle, and any point P on the circum- 
ference is joined to the orthocentre of the triangle; shew that this 
joining lino is bisected by the pedal of the point P, 
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THE TRIANGLE AND ITS CIRCLES. 


VI. D. E, F are the points of contact of the inscribed circle of the 
triangle ABC, and D;, E,, F, the points of contact of the escribed circle, 
which touches BC and the other sides produced: a, b, o denote the length 
of the sides BC, CA, AB; в the semi-perimeter of the triangle, and г, гу 
the radii of the inscribed and escribed circles. 


Prove ine following «qualities: 
(i) AE =AF =s-a, 


(ii) AE, = 
(iii) CD,=CE,=2-6, 

BD, 2BF,-:-c. 
(iv) CD =BD,, and BD=CD, 
(y) EE,=FF,=a. 


(vi) The area of the A ABC=re 
=r,(s-a). 


(vii) Draw the above figure in the case when C is a right angle, and 


prove that к=з-с; n-i:-b. 
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VII. In the triangle ABC, | is the centre of the inscribed circle, and 
m la, Ip the centres of the escribed circles touching respectively the sides 
О, 


, CA, AB and the other sides produced. 


Prove the following properties : 


Joining the points of contact 


triangle whose vertices are the ot 


(i) The points А, 1, 1, are collinear: s0 are B, I, l3; and С, |, ly. 
(ii) The points 12, A, 1, are collinear ; го are |,, B, һ; and h, С, lgs 
(ii) The triangles ВО, CLA, Al,B are equiangular to one another. 
(iv) The triangle ‘lal, is equiangular to the triangle formed by 
of the inscribed circle. 
(v) Of the four points 1,1 


1» la, |g, each is the orthocentre of the 
her three. 


(vi) The four circles, each 


of which passes through three of the 
points |, ly, Ig, lz, are all equal. 2 iad of 
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EXERCISES. 
1. With the figure given on page 214 shew that if the circles whose- 
centres aro |, l}, l, l touch BC at D, D;, Da, Dy, then 
(i) DD,2 D,D,-b. (ii) 00,=0,0,=с. 
(iii) DD, bc. (iv) DD,=b~e. 


2. Shew that the orthocentre and vertices of a triangle are the centres 
of the inscribed and escribed circles of the pedal triangle. 


3. Given the base and vertical angle of a triangle, find the locus of the 
centre of the escribed circle which touches the base. 

4. Given the base and vertical angle of a triangle, shew that the centre 
of the circum-circle ts fixed. 

5. Given the base BC, and the vertical angle A of the triangle, find 
the locus of the centre of the escribed circle which touches AC. 

6. Given the base, the vertical angle, and tae point of contact with 
the base of the in-circle ; construct the triangle. 


7. Given tho base, the vertical angle, and the point of contact with: 
the base, or base produced, of an escribed circle ; construct the triangle. 


8. | ia the centre of the circle inscribed in a triangle, and h, lay ly the 
centres of the escribed circles; shew that My, Ily, ll, are bisected by the 
circumference of the circum-circle. 

9. ABC is a triangle, and ly, 1, the centres of the escribed circles: 
which touch AC, and АВ respectively : shew that the points B, C, lp ly, 
lie upon 2 cirele whose centre is on the circumference of the circum- 
circle of the triangle ABC. 

10. With three given points as centres describe three circles touch-- 
ing one another two by two. How many solutions will there be? 

11. Given the centres of the three escribed circles; construct the- 
triangle. 

12. Given the centre of the inscribed circle, and the centres of two 
escribed circles; construct the triangle, 


13. Given the vertical angle, perimeter, and radius of the inscribed 
circle ; construct the triangle. 

14, Given the vertical angle, the radius of the inscribed circle, and 
the length of the perpendicular from the vertex to the base ; construct 
the triangle. 

15. Ina triangle ABC, | is the centre of the inscribed circle; shew 
that the centres of the circles ciroumscribed about the trianglea BIC, 
CIA, AIB lie on the circumference of the circle circumscribed about the 
given triangle. 
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THE NINE-POINTS CIRCLE. 


VIII Та any triangle the middle points of the sides, the feet of tha 
perpendiculars from the vertices to the opposite sides, and the middle 
points of the lines joining the orthocentre to the vertices are concyclic. 


In the A ABC, let X, Y, Z be the 
middle points of the sides BC, CA, А 
АВ; let D, Е, F bo the fect of the 

erp* to these sides from A, B, С; let 
© be the orthocentre, and a, В, у the 
middle points of OA, OB, OC. 


It is required to prove that 
the nine points X, Y, Z, D, E, F, a, В, у 
are concyclic. 
Join XY, XZ, Xa, Ya, Za, 


Now from the ^ ABO 
since AZ —ZB, and Аа=аО, B x DC 
4. Zaispar'toBO. Ex, 2, p. 64. 


And from the A ABC, since BZ=ZA, and BX=XC, 
^. ZX is par! to AC. 
But BO produced makes а rt, angle with AC; 

^ the ZXZa is a rt. angle. 


Similarly, the £ XYa is a rt, angle. 

- the points X, Z, a, Y are concyolio : ; 
that is, a lies on the O* of the circle which passes through X, Y, Z} 
and Xa is a diameter of this circle, 


Similarly it may be shewn that В and у lie on the О" 
Again, since aDX is a rt. angle, 
7. the circle on Xa as diameter passes through D. 


Similarly it may be shewn that Е and F lie on the О" of this circle ; 
< the points X, Y, Z, D, E, F, a, B, y are concyclic. Q.E.D. 


of this circle. 


From this property the circle which passes through the middle 
points of the sides of a triangle is called the Nine-Points Circle; many 
of its properties may be derived from the fact of its being the circum- 
*ircle of the pedal triangle. 
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To prove that 
(i) the centre of the nine-points circle is the middle point of the 
straight line which joins the orthocentre to the circum-centre. 
(ii) the radius of the nine-points circle ts half the radius of the 
circum-circle. 
(iii) the centroid is collinear with the circum-centre, the nine-pointe 
centre, and the orthocentre. 


,In the ДАВС, let X, Y, Z be the 
middle points of the sides; D, E F 
the fect of the gomis O the ortho- 
centre; S and N the centres of the 
circumscribed and nine-points circles 
respectively. 

(i) To prove that N is the middle 
point of SO. 

It may be shewn that the perp. to 

90; 


XD from its middle point bisects 
Theor, 22. 
Similarly the perp. to EY at its 
middle point bisects SO : 
that is, these perp* intersect at the middle point of SO: 
And since XD and EY are chords of the nine-points circle, 
*. the intersection of the lines which bisect XD and EY at rt. angles ie 
its centre: Theor. 31, Cor. 1. 
. the centre М is the middle point of SO. Q.E.D. 


B x D C 


(ii) To prove that the radius of the nine-points circle is half the 
radius of the circum-circle. 
By the last Proposition, Xa is a diameter of the nine-points circle. 
^. the middle point of Xa is its centre : 


but the middle point of SO is also the centre of the nine-points circle. 
(Proved.) 


Fence Xa and SO bisect one another at №. 
Then from the A* SNX, ONa, 


d NX = Re 
ап = Na, 
Б" m the LSNX=the LONa; 
А SX=Oa 
=Аа. 
And SX is also par! to Aa, 
s SA=Xa. 


But SA is a radius of the circum-cirole ; 
and Xa is a diameter of the nine-points circle ; 
the radius of the nine-points circle is half the radius of the circum- 
cirole. [Seo also p. 207, Examples 2 and 3.] Q.E.D. 
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(iii) То prove that the centroid is collinear with points S, N, O. 


Join AX and draw ag par! to SO. 
Let AX meet SO at G. 


"Then from the A AGO, since Аа=а0, 
and ag is par! to OG, 
7 Ag=gG. Ех. 1, p. 64. 
And from the A Хад, since «М= NX, 
and NG is par! to ag, 


- gG2GX. Е 
~. ÀG-8 of AX; 
~<. Gis the centroid of the triangle ABC. 
Theor. III., Cor., p. 97. В X Dy Cc 


That is, the centroid is collinear with 
the points S, №, О. о. в.р. 


EXERCISES. 


l Given the base and vertical angle of а triangle, find the locus of the 
centre of the nine-points circle. 


2. The nine- 
О, is also the 
'COA. 


points circle of any triangle ABC, whose orthocentre is 
nine-points circle of each of the triangles АОВ, BOC, 


3. If |, h, la 1, are the centres of the inscribed and escribed circles 
of a triangle ABC, then the circle circumscribed about ABO is the 
nine-points circle of each of the four triangles formed by joining threo 
of the points 1, ly, Ia, I. 


4, All triangles which have the same orthoce: 


} ntre and the samo 
circumscribed c 


ircle, have also the same nine-points circle, 


5. Given the base and vertical angle of a triangle, shew that one 
angle and one side of the pedal triangle are constant. 


6. Given the base and vertical ang! 


the centre of the circle which 
centres, 


le of a triangle, find the locus of 
passes through the three escribed 


NoTE. For some other im ortant ties of the Nine-points 
тї dos ES М йш. portant properties оі e Nine-p 


fe 9 + 


PART IV. 


QN SQUARES AND RECTANGLES IN CONNECTION 
WITH THE SEGMENTS OF A STRAIGHT LINE. 


THE GEOMETRICAL EQUIVALENTS OF CERTAIN 
ALGEBRAICAL FORMULAS. 


DEFINITIONS. 
A B 
l. A rectangle ABCD is said to be 
contained by two adjacent sides AB, AD ; 
tor these sides fix its size and shape. 
D © 


A rectangle whose adjacent sides are АВ, AD is denoted by 
the rect. AB, AD; this is equivalent to the product АВ AD. 
Similarly a square drawn on the side AB is denoted by 
- the sq. on AB, ог AB?. 


2. П a point X is taken in a A XB 
straight line AB, or in AB produced, 
then X is said to divide AB into the Fig. 1. 


two segments AX, X8; the segments 
being in either case the distances of 


the dividing point X from the extremities ^ 8. 


of the given line AB. Fig. 2. 
In Fig. 1, AB is said to be divided internally at X. 
IniFig. 2; AB... eese divided externally at X. 


Obs. In internal division the given line АВ is the sum of 
the segments AX, XB. 


In external division the given line AB is the difference of the 
segments AX, XB. 


HS-G. 1TT—1v—6 
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THEOREM 50. [Euclid II. 1] 


If of two straight lines, one is divided into any number of parts, 
the rectangle contained by the two lines is equal to the sum of the 


rectungles contained by the undivided line and the several parts of 
the divided line, 


Let AB and K be the two given st. lines, and let AB be 
divided into any number of parts АУ, XY, YB, which contain 


respectively a, б, and c units of length; so that AB contains 
a+6+¢ units, 


Let the line К contain Ё units of length. 
Tt is required to prove that 


the rect. AB, K — rect. AX, K 
namely that 


(a+b+c)k= ak + bk + ck. 


t rect. XY, K4- rect, YB, K; 


Construction. Draw AD perp. to AB and equal to K, 
Through D draw DC par! to AB. 
Through X, v, B draw XE, YF, BC par! to AD. 


Proof. The fig. AC — the 
and of these, by construction 


fig. AC — rect, ^B, К; and contains (a+b+c)k units of area n 
{ie AE — rect. AX, К; and contains ak units of area 


fig. AE + Ше fig. XF + the fig. ҮС; 


fig. ХЕ — rect, ХҮЛК мыл А uk 
fig. YC=rect, NBM eet ae ck 
Hence 


the rect. AB, K=rect, AX, K+ rect, XY, K+-rect. YB, К ; 
or, (ab с) ok + bk + ck. 


Q.E.D. 


a 
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+ CoROLLARIES. [Euclid П. 2 and 3.] 


Two special cases of this Theorem deserve attention. 
(i) When AB is divided only at one point X, and when the 
andivided line AD is equal to AB. 
A XD; 


D E б 
'Тһеп the sq. on AB —the rect. AB, АХ + the rect. AB, XB. 
That is, 


The square on the given line is equal to the sum of the rectangles 
contained by the whole line and each of the segments. 


Or thus; 
AB? = AB. AB 


= АВ(АХ + XB) 
=АВ.АХ+АВ. XB. 


(ii) When AB is divided at one point X, and when the 
andivided line AD is equal to one segment AX. 


A X B 
D E с 
Then the rect. AB, AX = the sq. on АХ + the rect. АХ, XB. 


That is, 

The rectangle contained by the whole line amd one segment is 
equal to the square on that segment with the rectangle contained by 
the two segments. 

Or thus: 

AB. AX = (AX +XB)AX 
= AX? + AX. ХВ. 
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THEOREM 51. [Euclid II. 4.] 


If a straight line is divided internally at any point, the square 
on the given line is equal to the sum of the squares on the two seg- 
ments together with twice the reclangle contained by the seyments. 


A a X 6R 


H 
D a FO 


Let A8 be the given st. line divided internally at X ; and let 
the segments AX, XB contain a and 6 units of length respectively. 


Then AB is the sum of the segments AX, XB, and therefore 
contains a+b units. 


Ti is required to prove that 


AB? = AX? + ХВ? + 2АХ. ХВ; 
namely that 


(a+b)?= oF + or — 2a 


Construction. On AB describe a square ABCD. From AD 


cut off AE equal to AX, cra. Then ЕО=ХВ=. Through E 
and X draw EH, XF par! respectively to AB, AD and meeting 
at G. 


Proof, Then the fig. AC =the figs. AG, GC + the figs. EF, XH. 
And of these, by construction, 


fig. AC is the sq. on AB, and contains (a +b)? units of area ; 
fig. AG— sq. on AX, and contains a? 


units of arca ; 
fig.(GC=8q:0n XB, ш... I iussis Toig 
fig. EF - rect. EG, ED 
exreot. AX, XB зз... (UNE e 5 ; 
fig. XH = rect, GX, XB 
= ТЕО AX; XB „иы; ОВ E à 
Hence AB? = AX? 1 XB? -2AX . XB; 
that is, (@+Ь%= « 7 + 9а). 


Q.E.D. 
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THEOREM 52. [Euclid II. 7.] 


If a straight line ıs divided externally at any point, the square 
on the given line is equal to the sum of the squares on the two- 
segmenis diminished by twice the rectangle contained by the 
segments. 

At----a-B--X 


Oe ee eed 


He EG 


m 


Let AB be the given st. line divided externally at X ; and let. 
the segments AX, XB contain a and b units of length re- 
spectively. 

Then AB is the difference of the segments AX, XB, and: 
therefore contains a — units. 

Ii is required to prove that 

AB? = AX? + XB? – 2AX . XB; 
namely that (a-b) = а + o- 2%. 

Construction. On AX describe a square AXGE. From AE. 
cut off AD equal to AB, or a-b. Then Ер=ХВ= 0. Through 
D and B draw DF, BH par’ respectively to AX, AE, meeting 
at C. 


Proof Then the fig. AC = the figs. AG, CG - the figs. EF, ХН. 


fig. AG =sq. on AX, and contains a? units of area ; 
и " 


fig. CG=sq. on ХВ, «emm omm КОЛОК B 
fig. EF — rect. EG, ED 
— rect. AX, ХВ ........... 8b erii iomr 
fig. XH — rect. GX, XB 
EE АА; XB coner CEN RM 
Hence AB? = AX? + XB? — 2AX . XB; 
that is, (a-b) = + b - 2ab. 
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THEOREM 53. [Euclid II. 5 and 6.] 


The difference of the squares on two straight lines is equal to the 
rectangle contained by their sum and difference, 


Let the given lines AB, AC be placed in the samo st, line, 
and let them contain a and b units of length respectively, 


It is required to prove that 
АВ? — AC? = (АВ + AC) (AB — AC) ; 
namely that а – № = (a + b) (a — b). 
Construction. On AB and AC draw the Squares ABDE, 
ACFG ; and produce CF to meet ED at H. 
Then GE- CB— a - 0 units. 


Proof. Now AB? – AC?— the sq. AD – the sq. AF 
=the rect, CD -- the rect. GH 
=DB.BC TGF.GE 
=AB.CB +AC.CB 
= (AB + AC)CB 


= (AB + AC) (AB — AC). 
That is, ( X ) 


€ — P (4+5) (0-0). 
Q.E.D 
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, CoROLLARY. If a straight line is bisected, and also divided 
(internally or externally) into two unequal segments, the rectangle 
contained byjthese segments is equal to the difference of the squares on 
half the line and on the line between the points of section. 


A of ee A x ВУ, 


Fig. І. Fig. 2. 


That is, if AB is bisected at X and also divided at Y, inter- 
nally in Fig. 1, and externally in Fig. 2, then 
in Fig. 1, AY. YB=AX?— XY"; 
in Fig. 2, AY . YB= ХҮ? – АХ?. 
For in the first case, АҮ. YB = (АХ + XY)(XB – XY) 
= (AX + XY) (AX – XY) 
= АХ? – XY, 


The second case may be similarly proved. 


EXERCISES. 


1. Draw diagrams on squared paper to show that the square on & 
straight line is 
(i) four-times the square on half the line ; 
(ii) nine-times the square on one-third of tho lino. 
2. Draw diagrams on squared paper to illustrate the fo! 
algebraieal formule : 
(i) (2+7)2=21+142+49. 
(ii) (abeat Ue c 9b 2ca- 2ad. 
(iii) (a-4- b) (c d) —ac-r ad 4-bc-- bd. 
(iv) (x T)(z- 9) 22 - 162-63. 
3. In Theor. 50, Cor. (i), if AB=4 cm., and the fig, AE=9°6 sq. om.» 
find the area of the fig. XC. 
4. Та Theor. 50, Cor. (ii), if АХ=21", 
find AB. 
A [n Theor. 51, if the fig. AG=36 sq. cm., and the rect, AX, XE 
=24 sq. om., find AB. 
6. In Theorem 52, if the fig. AG 9:61 sq. in., and the fig. DGz6:5l 
aq.in., find AB. 
[For further Examples on Theorems 50-53 seo о. 230.1 


lowing: 


and the fig. XC=3°36 sq. in., 
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4 THEOREM 54. [Euclid П. 12] 


In an obtuse-angled triangle, the square on the side sublending 
the obtuse angle is equal to the sum of the squares on the sides 
containing (he obtuse angle together with twice the rectangle con- 


tained by one of those sides and the projection of the other side 
upon tt, 


B c р · 


Let ABC be a triangle obtuse-angled at С; and let AD be 
drawn perp, to BC produced, so that CD is the projection of 
tne side CA on BC, [See Def. p. 63.] 


It is required to prove that 
AB? = BC? + CA? +2BC. CD. 


Proof. Because BD is the swn of the lines BC, со, 
'. В02= BC? + CD? + 2BC . CD. Theor, 51. 
To each of these equals add ОА? 
Then BD? + DA?= Вс? + (CD? + DA?) + 2BC. CD. 
But ВО? + DA? = AB? ; 
and 004 avert for the 20 is a rt. 4. 


Hence AB? = BC? + CA? + 9BC, CD. 


Q.E.D. 


SQUARES AND RECTANGLES. 227 


TuroREM 55. [Euclid П. 13.] 


, To every triangle the square on the side subtending an acute angle 
is equal lo the sum of the squares on the sides containing that angle 
diminished by twice the rectangle contained by one of those sides 
and the projection of the other side upon it. 


Ix e 
B D с р в с 


Fig. 1. Fig. 2. 


Let ABO be а triangle in which the LC is acute; and let 
AD be drawn perp. to BC, or BC produced ; so that CD is the 
projection of the side CA on BC. 


It is required to prove that 
AB? = BC? + CA? - 2BC . CD. 


Proof, Since in both figures BD is the difference of the lines 


BC, CD, з 
+, BD? = BC? 4 CD? - 280.00. Theor. 52. 
To each of these equals add DA". 
Then BD?+ DA?= BC? + (CD? + DA?) - 2BC . CD. sene i) 
2 2— AB? Е 
But BD? + ОА= АВ \, for the L D is a rt, 2. 


and CD? + ОА = C? 
Hence AB? = BC? + CA? - 2BC . CD. 
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SUMMARY or THEOREMS 29, 54 and 55, 


A A A 
B c D B C(D B D с 
(i) If the г АСВ is obtuse, 

AB? = BC? + CA? + 2BC . CD, Theor, 54 
(ii) If the 2 ACB is a right angle, 

AB? = BC? + СА?, Theor. 29, 
(iii) If the 2 ACB is acute, 

AB? = BC? + CA? — 2BC , CD. Theor. 55. 


Observe that in (ii), when the 2 ACB is right, AD coincides 
with AC, so that CD (the projection of CA) vanishes ; 


hence, in this case, 280, CD=0. 


Thus the three results may be collected 
enunciation : 


in a single 
equal to, or 


› according as the 
angle contained by those sides is obtuse, a right angle, or acute; the 
difference in cases of inequality being twice the rectangle contained 
Фу one of the two sides and the projection on it of the other, 


EXERCISES, 
1. In а triangle ABC, a 


4 =21 cm., bx-17 cm., c=10 ст, By how 
many square centimetres does c? fall short of а2+111 Hence or other- 
wise calculate the Projection of AC on BC. 


2. ABC is an isosceles triangle in which AB=AC; and BE is drawn 
perpendicular to АС, Shew that BC?=2AC , СЕ, 
3. Inthe A ABC, shew that 
(i) if the LC—60*, then -2 


=a*+B ab; 
(ii) if the LC— 


120°, then c?=a?4. U rab. 
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THEOREM 56. 


In any triangle the sum of the squares on two sides is equal to 
twise the square on half the third side together with twice the square 
on the median which bisects the third side. 


A- 


B x D С 
Let АВО be a triangle, and АХ the median which bisects the 
base BC, 


It is required to prove that 
AB? + AC? = 2BX? + 2АХ?, 
Draw AD perp. to BC; and consider the case in which АВ 
and AC are unequal, and AD falls within the triangle. 
Then of the Z' АХВ, АХС, one is obtuse, and the other acute 
Let the 2 АХВ be obtuse. 


Then from the A AXB, 


AB? = BX? + AX? + 2BX . XD. Theor. 54. 
And from the A АХС, А 
AC? = XC? + АХ? — 2XC . XD. Theor, 55. 


Adding these results, and remembering that XC=BX, 
wo hava 

AB! + AC? = 2BX? АХ. 

Q.E.D. 


Nore.—Tho proof may easily bo adapted to the case in which the 
perpendicular AD falls outside the triangle. 


EXERCISE. 


In any triangle the difference of the aquares on two sides is equal to 
twice the rectangle contained by the base and the intercept between the 
middle point of the base and the foot of the perpendicular drawn from 
the vertical angle to the base. 
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EXERCISES ON THEOREMS 50-53. 
1. Use the Corollaries of Theorem 50 to shew that if a straight line 
АВ is divided internally at X, then 
AB?=AX?+ XB?+42AX. XB. 


2. If a straight line AB is bisected at X and produeed to Y, and if 
AY. YB=8AX?, shew that AY —2AB. 


3. The sum of the squares on two straight lines is never less than 
twice the rectangle contained by the straight lines, 

Explain this statement by reference to the diagram of Theorem 52, 

Also deduce it from the formula (a — b) -a*-- b? — 2a, 

4. In the formula (a+b)(a - b) -a*— 02, substitute а=®Е, Ь=®—У, 
and enunciate verbally the resulting theorem. 


2 
5. If a straight line is divided 


rectangle AY, YB continually diminis 
point of AB, 


Deduce this (i) from the Corollary of Theorem 53; 
a - a 
(ii) from the formula a- (525) - (53) . 
2 2 
6. If a straight line AB is bisected at X, and also di 


"ally, (ii) externally into two unequal ве, 
case 


internally at Y, show that the 
hes as Y moves from X, the mid- 


vided (i) inter- 
gmente at Y, shew that in either 
AY? + YB?=2(AX?4.Xy3), (Euclid II. 9, 10.] 
[Proof of case (i). 
AY?+ YB?-AB? -2AY . YB 

=4АХ? -2(AX + XY (AX — XY) 

—4AX? -2(AX? - XY?) 

mÀAX? 9X Y, 


Case (ii) may be derived from Theorem 52 in a similar way.] 


Theor. 51. 


Theor. 53. 


7. TE AB is divided internally at Y. 
example to tr; 
A to B. 


» use the result of tho last 
‘ace the changes in the va 
from 


lue of AY?+YB%, as Y moves 


.8 Ina right-angled triangle, if a perpendicular is drawn from the 
right angle to the hypotenuse, the quare on this perpendicular is equal to 
‘the rectangle contained by the segments of the hypotenuse. 

9. ABC is an isosceles er 


le, and AY is drawn to cut the base BC 
internally or externally at Y. Prove that 


AY?=AC?_ ВҮ.ҮС, for internal section ; 
AY?=AC?+By. ҮС, for external section, 
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EXERCISES ON THEOREMS 54-56. 


1. AB ів а straight line 8 cm. in length, and from its middle point 
О as centre with radius 5 em. а circle is drawn; if P is any point or 
the circumference, shew that 

AP? 4 BP?—82 sq. cm. 

2. Ina triangle ABC, the hase BC is bisected at X. Ifa=17em., 
b=15 cm., and c=8 cm., calculate the length of the median AX, and 
deduce the LA. 

3. The base of a triangle=10 cm., and the sum of the squares on 
the other sides=122 sq. om.; find the locus of the vertex. 


4. Prove that the sum of the squares on the sides of a parallelogram 
is equal to the sum of the squares on its diagonals. E 

'The sides of a rhombus and its shorter diagonal each measure 3; 
find the longer diagonal to within 0r". 

5. In any quadrilateral the squares on the diagonals are together 
equal to twice the sum of the squares on the straight lines joining the 
middle points of opposite sides. [Sce Ex. 7, p. 64:] 

6. ABCD із в rectangle, and О any point within 16: shew that 

OA? + OC? - OB? + OD? 

If AB=6:0", ВС 25", and OA? + OC? - 21] sq. in, find the distance 

of O from the intersection of the diagonals. 


7. The sum of the squares on the sides of a quadrilateral is greater 


than the sum of the squares on its diagonals by four times the square 
on the straight line which joins the middle points of the diagonals. 


8. In a triangle ABC, the angles at B and C are acute ; if BE, CF 
are drawn perpendicular to AC, АВ respectively, prove that 
BO*- AB. BF 4 AC. CE. 
e sum of the squares on the sides of a triangle is 
m of the squares on the mediana, 


and O the point of intersection of ita 


9. Three times th 
equal to four times the su 


10. ABC is a triangle, 
medians: shew that 
AB? 4 BC? + СА = 3(0А?+ O8*4 OC?). 
11. Ifa straight line AB is bisected at X, and also divided (inter- 
nally or externally) at Y, then 
AY? 4 YB?=2(AX? + ХҮ?). [See p. 230 Ex. 6.) 
Prove this from "Theorem 56, һу considering a triangle CAB in the 
limiting position when the vertex C falls at Y in the base AB. 


12. In a triangle ABO, if the base BC is divided at X so that 


mBX=nXC, shew that 
mAB? -nAC? 2 mBX? + nXC* + (m +n)AX3, 
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RECTANGLES IN CONNECTION WITH CIRCLES. 


Тпковкм 57. (Euclid III. 35.] 


EA If two chords of а circle cut at a point within it, the rectangles 
contained by their segments are equal. р 


In the © ABC, let AB, 
point X. 


Tt is required to prove that 
the тесі. AX, XB= the rect. CX, XD. 
Let O be the centre, and r the radius, of the given circle. 


Supposing OE drawn perp. to the chord AB, and therefore 
bisecting it. 


CD be chords cutting at the internal 


Join OA, OX. 
Proof, Тһе rect. AX, XB = (AE + EX) (EB — EX) 
= (AE + EX) (AE – EX) 
= AE? – EX? Theor. 53, 
= (AE? + OE?) - (EX? OE?) 


= п - 0X% віпсе 
the /* at E are rt, z". 


Similarly it may be shewn that 
the rect. CX, XD=7? — ox2, 
55 the rect. AX, ХВ = the rect, CX, XD. 
Q.E.D. 


COROLLARY. Each rectangle is equal to the square on half the 


chord which is bisected at the given point X. 
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d THEOREM 58. (Euclid III. 36.] 


If two chords of a circle, when produced, cut at a point outside it, 
the rectangles contained by their segments are equal. And each 
rectangle is equal to the square on the tangent from the point of 


intersection. 
T 


ANC хы ушыш X 


In the O ABO, let AB, CD be chords cutting, when produced, 
at the external point X; and let XT be a tangent drawn from 


that point. 
It is required to prove that 
the rect. AX, ХВ = ће rect. CX, XD = the sq. on XT. 


Let O bo the centre, and r the radius of the given circle. 
Suppose OE drawn perp. to the chord AB, and therefore 
bisecting it. 
Join OA, OX, OT. 


Proof. Tho rect. AX, XB = (EX + AE) (EX – EB) 
= (EX + AE) (EX — AE) 


= ЕХ? – АЕ? Theor, 53. 
= (EX? + OE?) – (АЕ? + OE?) 
= ox? - т, since 


the /* at E are rt. Z*. 
Similarly it may be shewn that 
the rect. CX, ХО = OX? - 2. 
And since the radius OT is perp. to the tangent XT, 
wt. XT2= OX? – 17, Theor. 99. 
'. the rect. AX, ХВ = ће rect. CX, XD = the sq. on XT. 
Q.E.D. 
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THEOREM 59. [Euclid III. 37.] 


17 from a point outside a. circle two straight lines are drawn, one 
of which cuts the circle, and the other meets it ; and if the rectangle 
contained by the whole line which cuts the circle and the part of it 
outside the circle is equal to the square on the line which meets the 
circle, then the line which meets the circle is a tangent to it, 


From X a point outside the OABC, let two straight lines 


XA, XC be drawn, of which XA cuts the circle at A and B, and. 
XC meets it at C ; ^ 


and let the rect. XA, XB— the sq on XC. 
It is required to prove that XC touches the circle at C. 


Proof. Suppose XC meets the circle again at D; 
then XA. XB- XC. XD. 
But by hypothesis, XA. XB — XC? ; 
s. XO. XD XC?; 
DE XD — XC. 


Hence XC cannot meet the circle a 
section coincide ; 


Theor. 58. 


gain unless the points of 


that is, XC is a tangent to the circle, 


Q.E.D. 


NOTE ox THEOREMS 57, 58. 

Remembering that the segments into which the chord AB is divided 
at X, internally in Theorem 57, and externally in Theorem 58, are 
in each case AX, : We may include both A in a single 
enunciation, 


If any number of chords of a circle are drawn through a given point 
within or without a circle, the rectangles contained by the segments of the 
chords are equal. 
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EXERCISES ON THEOREMS 57-59. 
(Numerical and Graphical.) 


1. Draw a circle of radius 5 cm., and within it take a point X 
3 om. from the centre O. Through X draw any two chords AB, CD. 

(i) Measure the segments of AB and CD ; hence find approximately 
the areas of the reotangles AX.XB and CX.XD, and compare the 
results. 

(i) Draw the chord MN which is bisected at X; and from the 
right-angled triangle OXM calculate the value of XM?. 

(iii) Find by how much per cent. your estimate of the rect. AX, XB 
differs from its true value. 


2. Draw a circle of radius 3 cm., and take an eaternal point X 
B ст. from the centreO. Through X draw any two secants ХАВ, XCD. 


(i) Measure XA, XB and XC, XD; hence find approximately the 
rectangles XA. XB and XC. XD, and compare the results. 

(ii) Draw the tangent XT ; and from the right-angled triangle XTO 
calculate the value of XT?. 

(iii) Find by how much per cent. your estimate of the rect. AX, XB 
differs from its true value. 

3. AB, CD are two straight lines intersecting at X. AX=1:8", 
Ур and CX-27". If A, О, B, D are concyclic, find the length 
о t 

Draw a circle through A, C, B, and check your result by measure- 
ment. 

4. A secant XAB and a tangent, XT are drawn to a circle from an 
external point X. 

(i) If XA=0°6", and XB—2^4", find XT. 
(ii) If XT 27:5 cm., and ХА=4:5 cm., find XB. 

5. A semi-circle is drawn on a given line AB; and from X, any 
oint in AB, a perpendicular XM is drawn to AB cutting the circum- 
erence at М: shew that 

AX .XB=MX?. 


(i) If AX=2'5", and MX=20", find XB; hence find the diameter 
of the semi-circle. 

(ii) If the radius of the semi-circle=3'7 cm., and АХ=4'9 cm., 
find MX. 4 


6. A point X moves within а circle of radius 4 cm., and PQ is any 
chord passing through X; if in all positions PX.XQ=12 sq. cm., find 
the locus of X. 

What will the locus be if X moves outside the same circle, so that 
PX .XQ=20 sq. em. ? 


H.d.S. ш—1ү—7: 
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EXERCISES ON THEOREMS 57-59. 


(Theoretical.) 
1. ABC isa triangle right-angled at C; 
CD is drawn to the hypotenuse: shew that 
AD.DB=CD?2, 
2. If two circles intersect, an 


common chord two chords AB, CD 
that 


and from C a perpendicular 


d through any point X in their 
are drawn, one in each circle, shew 
AX.XB=CX.XD. 


3. Deduce from Theorem 58 that the tangents drawn to a circle 
from any external point are equal. 


4. If two circles intersect, tangents drawn to them from any point 
dn their common chord produced are equal. 


5. If a common tangent PQ is drawn to two circles which cut at A 
and B, shew that AB produced bisects PQ. 


6. If two straight lines AB, C^ intersect at X so that AX.XB 
=: СХ. ХО, deduce from Theorem 57 (by reductio ad absurdum) that 
the points A, B, C, D are concyclic. 


7. In the triangle ABC, perpendiculars AP, BQ are drawn from A 
and B to the opposite sides, and intersect at O: shew that 


AO.OP=B0.0Q, 


8. ABC is - triangle right-angled at О, and from Ca perpendicular 
CD is drawn to the hypotenuse ; shew that 


AB.AD-AC?, 
, 9. Through A, a point of intersection of two circles, two straight 


lines CAE, DAF are drawn, each passing through a centre and ter- 
minated by the circumferences: shew that 


CA.AE=DA.AF, 


10. If from any external 
given circle whose centre is O 
of contact at Q; shew that 


point P two tangents are drawn to a 
and radius r; and if OP meets the chord 


OP.092:, 

ll. AB is a fixed diameter of a circle, and CD is perpendicular to 

AB (or AB produced); if any straight line is drawn from A to cut CD. 
at P and the circle at Q, shew that 


AP. AQ = constant, 


12. A is a fixed point, and CD a fixed straight line; AP is any 
straight line drawn from A to meet CD at P; if in AP a point Q 
is taken so that AP. AQ is constant, find the locus of Q. 
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EXERCISES ON THEOREMS 57-59. 
(Afiscellaneous.) 


1. The chord of an are of a circle=2c, the height of the aro=h, the 
radius=r. Shew by Theorem 57 that 
h(2r-h)=c?. 
Hence find the diameter of a circle in which a chord 24” long cuts off 
a segment 8" in height. 


9. The radius ot a circular arch is 25 fect, and its height is 18 feet : 
find the span of the arch. 

If the height is reduced by 8 feet, the radius remaining the same, by 
how much will the span bo reduced ? 

Check your calculated results graphically by a diagram in which 1* 
represents 10 feet. 

3. Employ the equation A(2r—A)—c? to find the height of an аго 
whose chord is 16 cm., and radius 17 cm. 

Explain the double result geometrically. 


4. If d denotes the shortest distance from an external point to a 
circle, and ¢ the length of the tangent from the same point, shew by 
Theorem 58 that d(d-2r)- 6. 


Henco find the diameter of the circle when d—1:2", and (—2:4"; and 
verify your result graphically. 


5. If the horizon visible to an observer on a cliff 330 feet above the 
sea-level is 224 miles distant, find roughly the diameter of the earth, 

Hence find the approximate distance at which в bright light raised 
66 feet above the sea is visible at the sea-level. 


6. If his the height of an are of radius r, and b the chord of half the 
arc, prove that B2=2rh. 


7. A semi-circle is described on AB as diameter, and any two chords 
AC, BD are drawn intersecting at P: shew that 


AB?-AC.AP--BD.BP. 


8. Two circles intersect at B and C, and the two direct common 
tangents AE and DF are drawn: if the common chord is produced to 
meet the tangents at G and H, shew that 


GH?=AE?+BC% 


9. If from an external point P a secant PCD is drawn to a ci С 
and PM is perpendicular to a diameter AB, shew that irole, 


PM?—PC.PD--AM.MB. 
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PROBLEMS. 


PROBLEM 32. 
To draw a square equal in area to a given rectangla 


Let ABCD be the given rectangle. 


Construction. Produce AB to E, making BE equal to BC. 


On AE draw a semi-circle; and produce CB to meet the 
circumference at F. 


Then BF is a side of the required square 
Proof. Let X be the mid-point of AE, and r the radius of 
the semi-circle. Join XF. 
Then the rect. AC=AB.BE 
= (r + XB) (r - XB) 
=??- XB? 
— FB?, from the rt. angled A FBX. 


COROLLARY. To describe a square equal in area to any given 
rectilineal figure. 


Reduce the given figure to a triangle of equal area. Prob. 18. 
Draw a rectangle equivalent to this triangle. Prob. 1T. 
Apply to the rectangle the construction given above. 
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EXERCISES. 


1. Draw a rectangle 8 om. by 2 cm., and construct a square of equal 
area. What is the length of each side? 


2. Find graphically the side of a square equal in area to a xeolangle 
y 


whose length and breadth are 3:0' and 1:5". Test your work 
measurement and calculation. 

3. Draw any rectangle whose area is 3°75 sq. in.; and construct a 
square of equal area. Find by measurement and calculation the length 
of each side. 

4. Draw an equilateral triangle on a side of 3”, and construct & 
rectangle of equal area [Problem 17]. Hence find by construction and 
measurement the side of an equal square. 

5. Draw a quadrilateral ABCD from the following data: А=65° ; 
AB-AD-9cm.; BC=CD=5 om. Reduce this figure to a triangle 
[Problem 18], and hence to a rectangle of equal area. Construct an 
‘equal square, and measure the length of its side. 


6. Divide AB, а line 9 ет, in length, internally at X, so that 
AX . ХВ = ће square on a side of 4 ст. 

Hence give a graphical solution, correct to the first decimal place, ot 
the simultaneous equations : 

2+0=9, 2у=16. 

7. Taking yy” as your unit of length, solve the following equations 
by a graphical construction, correct to one decimal figure : 

a+y=40, ay =169. 

8. The area of a rectangle is 25 sq. ст., and the length of one side 
is 7:2 cm. ; find graphically the length of the other side to the nearest 
millimetre, and test your rawing by calculation. 

9. Divide AB, a line 8 cm. in length, externally &t X, so that 
AX XB the square on a side of б cm. [See p. 245.] 

Hence find a graphical solution, correot to the first decimal place, of 
the equations : х-у=8, ху=36. 

10. Ona straight line AB draw a semi-circle, and from any point P 
‘on the circumference draw PX perpendicular to AB. Join AP, PB, and 
denote these lines by x and y. ) 

Noticing that (i) 214 y! — AB? ; (ii) ху=2ЛАРВ=АВ.РХ; devise a 
graphical solution of the equations : 

at+y2=100; ху=25. 
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PROBLEM 33. 


To divide a given straight line so that the rectangle contained. by 
the whole and one part may be equal to the square on the other part. 


Аз=-—-—-Х---Х а-х В 


Let AB be the st. line to be divided at a point X in such a 
way that AB . BX = АХ?, 
Construction. Draw BC perp. to AB, and make BC equal to 
half AB. Join AC. 
From CA cut off CD equal to CB. 
From AB cut off AX equal to AD. 
Then AB is divided as required at X. 


Proof. Let AB=a units of length, and let АХ= 2. 


Then EX=a-2; AD=z; BC=CD=5. 
Now АВ? = AC? – BC?, from the rt. angled ^ ABO; 


= (AC - BC) (AC + BO) ; 


that is, a?—z(z--a) 
=g + ar. 
From each of these equals take az; 
then а?-ах=?; 
ог, а(а—х) =?, 
that is, AB. BX=AX?, He 


x| 
EXERCISE. | a-x B 


Let AB be divided as above at X. On АВ, AX, . 
snd on ere sides of AB, draw the squares 
ABEF, АХСН ; and produce GX to meet FE at К, а 2 
In this diagram name rectangular figures equivalent 
to a’, ай, x(x+a), az, and a(a—x). Hence illus- 
trate the above proof graphically. 
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Nore. А straight line is said to be divided in Medial Section when 
the rectangle contained by the given line and one segment is equal ta 


the square on the other segment. 
This division may be internal or external ; that is to say, AB may be 


divided internally at X, and externally at X', so that 


A Xx B 


(i) AB. BX =АХ?, 
(ii) AB. BX’=AX3. 


To obtain X’, the construction of p. 240 must be modified thus : 


CD is to be cut off from AC produced ; 
reos BA produced, in the negative sense. 


ALGEDRAICAL ILLUSTRATION. 


If a st. line AB is divided at X, internally or externally, во that 
АВ.ВХ=АХ?, 


and if AB=a, АХ=х, and consequently B 
ala- 2) =, 


or, a3 ax - a2 —0, Js 
and the roots of this quadratic, namely, e and -( 2 8), Aer 
the lengths of AX and AX’. 


Х=а-2, then 


EXERCISES. ^ 


l. Divide a straight line 4” long internally in medial section. 
Measure the greater segment, and find its length algebraically. 

2. Divide AB, a line 2" long, externally in medial section at X 
Measure AX’, and obtain its length. algebraically, explaining the 
geometrical meaning of the negative sign. е 

and 


3. In the figure of Problem 33, shew that 2 [Theor. 29.\ 


2. (ii) AX'— -( 


" NB 
Hence prove (0) яАх=®%-8 e S . 


4. Yi а straight line is divided internally in medial section, and 
from the greater segment & part is taken, equal to the less, shew that 
the greater segment i8 also divided in medial section. 


H.S. G. Q 
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PROBLEM 34. 


To draw an isosceles triangle having each of the angles at the base 
double of the vertical angle. * 


A 


Construction. Take any line AB, and divide it at x, 
so that AB. ВХ = АХ?, Prob. 33. 
(This construction is shewn separately on the left.) 
With centre А, and radius AB, draw the © BCD ; 
and in it place the chord BC equal to AX. 
Join AC. 
Then ABC is the triangle required. 
Foot Join XC, and suppose a cirele drawn through A, X 
and C. 
Now, by construction, BA. BX EX 
=BC?; 
*. BC touches the ©AXC at с; Theor. 59. 
.'. the 2 BOX = the 2 ХАС, in the alt. segment, 
To each add the 2 ХСА; 
then the / ВСА = the д ХАС 4- the г XCA 
= the ext. 2 CXB. 
And the 2 BCA=the z CBA, for AB— AC. 
7. the 2 СВХ =the г CXB j 
7. CX=CB=AX, 
~. the 2 ХАС =the 2 XCA; 
*. the / ХАС + the 2 XCA = twice the LA. 
But the L АВС = ће LACB=the / ХАС + the / XCA Proved. 
=twice the ДА. 
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EXERCISES. 


ees are there in the vertical angle of an isosceles 


1. How many degr 
angle at the base is double of the vertical angle? 


triangle in which eac 
2. Shew how a right angle may be divided into fi а ү 
RANA tig g y ed into five equal parts by 


3. In the figuro of Problem 34 point out a triangle whose vertical 
angle is three times either angle at the base. 
Shew how such a triangle may be constructed. 


4. If in the triangle ABC, the LB=the LC=twice the LA, shew 


that E: 
i BC W5-1 
АВЕ SL 
5. In the figure of Problem 34, if the two circles intersect at F, 
shew that 


(i) BC=CF; 
(ii) the circle AXC=the circum-circle of the triangle ABC ; 
(iii) BC, CF are sides of a regular decagon inscribed in the 
circle BCD ; 
(iv) AX, XC, CF are sides of a regular pentago 
the circle AXC. 


n inscribed in 


centre of the circle 


6. In the figure of Problem 34, shew that the 
ddle point of the 


circumscribed about the triangle CBX is the mi 
are XC. 

7. In the figure of Problem 34, if 1 is Ње in-centre of the triangle 
АВС, and |’, S' the in-centre and circum-centre of the triangle CBX, 
shew that S'1—S'l'. 

n medial section, the rectangle con- 


В. If a straight line is divided i e 
the segments is equal to the 


tained by the sum and difference of 
rectangle contained by the segments. 
9. Ifa straight line AB is divided internally in medial section at X, 


shew that AB?+ ВХ2=3АХ?. 


Also verify this result by substituting the values given on page 241, 


H.G.8. о? 
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THE GRAPHICAL SOLUTION OF QUADRATIC EQUATIONS. 


From the following constructions, which depend on Problem 32, a 
graphical solution of easy quadratic equations may be obtained. 


І. To divide a straight line internally so that the rectangle contained 
by the segments may be equal to a given square. 


c СЕ 


А X o A В D E 
Let AB be the st. line to be divided, and DE a side of the given 
square. 
Construction. On AB draw a semicircle; and from B draw BF 
perp. to AB and equal to DE. 
From F draw FCC’ par! to AB, cutting the Or at C and С’. 
From C, C' draw CX, C'X' perp. to AB. 
Then AB is divided as required at X, and also at X’, 
Proof. AX .XB=CX? 
=BF? 
= DES 
Similarly AX’. X‘B=DE*. 


Prob. 32. 


Application. The purpose of this construction is to find two straight 


lines AX, XB, having given their sum, viz. AB, and their product, viz. 
the square on DE. 


Now to solve the equation a?-13:--36—0, we have to find two 
numbers whose sum is 13, and whose product is 36, or 6% 


To do this graphically, perform the above construction, making AB 
equal to 13 cm., and DE equal to 4/30 or 6 ст. The segments AX, XB 


represent the roots of the equation, and their values may be obtained 
by measurement. 


Nore. If the last term of the equation is not a perfect square, аа 


in 22-72+11=0, A11 must be first got by the arithmetical rule, or 
graphically by means of Problem 32. 
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IL To divide a straight line externally so that the rectangle contaaned: 
by the segments may be equal to a given square. 


X A о BX b E 


Let AB be the st. line to be divided externally, and DE the side of 


the given square. 


_ Construction. From B draw BF perp. to AB, and equal to DE. 
Bisect AB at O. 
With centre O, 
duced at X and X’. 
Then AB is divided externally as 
AX .XB=X'B. BX, since АХ= Х'В, 
=ВЕ? Prob. 32 


=DE? 


_ Application. Here ‘we find two lines AX, XB, having given their 
difference, viz. AB, and their product, viz. the square on DE. 

Now to solve the equation a2—6x—-16—0, we have to find two 
numbers whose numerical difference is 6, and whose produot is 16 
or 4?, 


and radius OF draw a semi-circle to cut AB pro- 
required at X, and also at X’. 


Proof. 


To do this graphically, perform the above construction, making AB. 
equal to 6 om., and DE equal to „Лб ог 4em. The segments AX, XB 
represent tho roots of the equation, and their values, аз before, may be 
obtained by measurement. 


EXERCISES. 


Obtain approximately the roots of the following quadratics by meane 
of graphical constructions ; and test your results algebraically. 
9, 22-14:+49=0. 3. a32-19x4-25—0. 


5. 22-72-49=0. 6. 22-10=+20=0, 


1. 22-10=+16=0. 
4. 22-52-36=0. 
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EXERCISES FOR SQUARED PAPER. 


l. A circle passing through the points (0, 4), (0, 9) touches the 
х-ахіѕ аб P. Calculate and measure the length of OP. 


2. With centre at the point (9, 6) a circle is drawn to touch the 
y-axis. Find the rectangle of the segments of any chord through O. 
Also find the rectangle of the segments of any chord through the 
point (9, 19). 

3. Draw a circle (shewing all lines of construction) through the 
points (6, 0), (24, 0), (0, 9). Find the length of the other intercept on 
the y-axis, and verify by measurement. Also find the length of a 
tangent to the circle from the origin. 


4. Draw a circle through the points (10, 0), (0, 5), (0, 20); and 
prove by Theorem 59 that it touches the x-axis, 
Find (i) the coordinates of the centre, (ii) the length of the radius, 


5. Ifa circle passes through the points (16, 0), (18, 0), (0, 12), shew 
by Theorem 58 that it also passes through (0, 24). 


Find (i) the coordinates of the centre, (ii) the length of the tangent 
from the origin. 


6. Plot the points A, B, v, D trom the coordinates (12, 0), ( - 6, 0), 
(0, 9), (0, -8); and prove by Theorem 57 that they are concyclic. 

И r denotes the radius of the circle, shew that 

OA? + OB?+ OC? + OD? — 452, 

7. Draw a circle (shewing all lines of construction) to touch the 
y-axis at the point (0, 9), and to cut the x-axis at (3, 0). 

Prove that the circle must cut the z-axis again at the point (27, 0); 
and find its radius, Verify your results by measurement, 

8. Shew that two circles of radius 13 may be drawn through the 


point (0, 8) to touch the x-axis; and by means of Theorem 58 find the 
length of their common chord. 


9. Given a circle of radius 15, the centre being at the origin, shew 


how to draw a second circle of the same radius touching the given circle 
and also touching the x-axis, 


How many circles can be so drawn? Measure the coordinates of the 
‘centre of that in the first quadrant. 


10. A, B, C, D are four points on the z-axis at distances 6, 9, 15, 25 
from the origin O. Draw two intersecting circles, one through A, B, 
and the other through C, D, and hence determine a point P in the 
z-axis such that 

PA.PB-PC.PD. 
Calculate and measure OP. 
If the distances of А, В, С, D 


ne from О are a, b, с, d respeotively, 
prove ai 


OP- (ab — са) (а + — c — d). 
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APPENDIX. 
ON THE FORM OF SOME SOLID FIGURES. 


(Rectangular Blocks.) 


| 
NI 
| | | 


The solid whose shapo уоп are probably most familiar with 
їз that represented by a brick or slab of hewn stone. This 


solid is called a rectangular block or cuboid. Let us examine 
its form more closely. 


How many faces has it? How many edges How many 
corners, or vertices 


"The faces are quadrilaterals: of what shape? 


Compare two opposite faces, Are they equal? Are they 
parallel? 


We may now sum up our observations thus: 


A. cuboid has siz faces; opposite faces being equal rectangles 
in purallel planes. It has twelve edges, which fall into three 
groups, corresponding to the length, the breadth, and the height 
of the block. The four edges in each group are equal and 
parallel, and perpendicular to the two faces which they cut. 


The length, breadth, and height of a rectangular block are 
called its three dimensions, 


Ex. 1. If two dimensions of a rectangular block are equal, say, 
the breadth AC and the height AD, two faces take a particular 
shape. Which faces? What shape? 


Ex. 2. If the length, breadth, and height of a rectangular block 
re all equal, what shapes do the faces take? 
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E G 


MB i 


, A rectangular block whose length, breadth, and heigbt are 
f all equal is called a cube. Its surface consists of six equal 


| Squares. 
We will now see how models of these solids may be 
constructed, beginning with the cube, as being the simpler 


figure. 
Supp 


oso the surface of the cube to be cut along the upright 
edges, and also along the edge HG; and suppose the faces to 
be unfolded and flattened out on the plane of the base. The 
Surface would then be represented by 2 figure consisting of six 


squares arranged as below. 


E G 


са tho net of the cubo: it is here drawn 
ube shewn in outline above. 

To make a model of a cube, draw its net on cardboard. 
Cut out the net along the outside lines, and cut partly through 
along the dotted lines. Fold the faces over till the edges come 
together ; then fix the edges in position by strips of gummed 
Paper. 

Ex. 3. Make a model of a cube each of whose edges is 6'0 cm. 


This figure is call 
on half the scale of the c 
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Ex. 4. Make a model of a rectangular block, whose length ip 
4", breadth 3", height 2". 

First draw the net which will consist of six rectangles arranged 
as below, and having the dimensions marked in the diagram, 


"Now ‘cut the net ont, fold the faces along the dotted linea, 
and secure the edges with gummed paper, as already explained. 


(Prisms.) 


Let us now consider a solid whose side-faces (as in a rect- 
angular block) are rectangles, but whose ends (ie. base and 


top) though equal and parallel, are not necessarily rectangles. 
Such a solid зв called a prism. ' / d 


The ends of a prism may be any congruent figuress 
these may be triangles, quadrilaterals, or polygons of any 
number of sides. The diagram represents two prisms, one on 
a triangular base, the other on a pentagonal base. 


Ex. Б. Draw the net of a triangular prism, whose onds are 
equilateral triangles on sides of 5 cm., and whose side-edges measure 
7 сш. 
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(Pyramids. 


The solid represented in this diagram is called a pyramid 


The base of a pyramid (as of a prism) may have any number 
of cides, but the side-faces must be triangles whose vertices are 


at the same point. 


The particular pyramid shewn in the Figure stands on a 
square base ABCD, and its side-edges SA, SB, SC, 50 are all 
equal. In this case the side faces are equal isosceles triangles ; 
and the pyramid is said to be right, for if the base is placed on 
a level table, then the vertex lies in an upright line through 


the mid-point of the base. 


ing on а square 


Ex. Ө. del of a right mid stand 
x Make a model of a right руга Foe ese 


base. Each edge of the base is to measure 3", and 
of the pyramid is to be 4”. 


To make the necessary net, draw а 
square on a side of 3”. This will form 
the base of the pyramid. Then on the 
sides of this square draw isosceles 
triangles making t) i 
triangle 4” long. 

Explain why the process of folding 
about. the dotted lines brings the four 
vertices together. 


H-S-G. III—IV—8. 
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Another important form of pyramid has as base an equi- 


lateral triangle, and all the side edges are equal to the edges 
of the base. 


Fic. 1. Fic, 2. Fia. 8. 


How many faces will such a pyramid have? How many 
edges? What sort of triangles will the side-faces bo? Fig. 3 
shews the net on a reduced scale, 

A pyramid of this kind is called 2 regular tetrahedron 
(from Greek words meaning four-faced), 

Ex. T. Construct a model of a regular tetrahedron, each edge 
of which is 3" long. 


Ex. В. What is the smallest number сото faces that will 
enclose a space? What is the smallest number of curved surfaces 

t will enclose a space ? 

| 

| 

I 

|| | 

| 


| 


| 
| 


(Cylinders.) 


| 
| 
| 


Fia. 2. 
The solid figure here Tepresentea is called a cylinder. 
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On examining the model of which the last diagram is & 
drawing, you will notice that the two ends are plane, circular, 
equal, and parallel. 

The side-surface is curved, but nob curved in every 
direction ; for it is evidently possible in one direction to rule 
straight lines on the surface: in what direction? 

Let us take a rectangle ABCD (see Fig. 2), and suppose it 
to rotate about one side AB as a fixed axis. 


"What will ВО and AD trace out, as they revolve about AB 


Observe that CD will move so as always to be parallel to 
the axis AB, and to pass round the curve traced out by D. As 
CD moves, it will generate (that is to say, trace ош) a surface. 
What sort of surface? 

We now see why in one direction, namely parallel to the 
axis AB, it is possible to rule straight lines on the curved 


surface of а cylinder. 


It is easy to find a plane surface to represent the curved 


surface of a cylinder. 


R 


5 P. 


Cut a rectangular strip of paper, making the width PQ 
equal to tho height of the cylinder. Wrap the paper round 
the cylinder, and carefully mark off the length PS that will 
make the paper 80 exactly once round. p ut of all that 
Overlaps; and then unwrap the covering strip. You have now 
a rectangle representing tho curved surface of the cylinder, 


and having the same area 
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| 
| : 


{ 
| D 


{| 


We have now to examine tho model of à cone, of which & 
drawing is given above, 


Its surface consists of two parts; first a plane circular base, 
then a curved surface which tapers from the circumference of 
the base to a point above it called the vertex. Thus the form 


of a cone suggests a pyramid standing on a circular instead of 
a rectilineal base. 


(Cones.) 


\ 
\\' 


Let us take a triangle ABC ri htangled at B (Fig. 2), and 
suppose it to rotate about one side AB as a fixed axis. What 
will BC trace out as the triangle revolves? Notico that AG 
will always pass through tho fired point A, and move round 
the curve traced out by C. As AC moves, it will generate a 
surface. What sort of surface? 


„Ме now вео that the kind of cono represented in the 
diagram 18 a solid generated by the revolution of a right- 
\ngled triangle about one side containing the right angle. 


Ех. 9. Why must the A ABC, rotating about AB, be right- 
angled at B, in order to generate a cone? Е ў BY 

„What would be generated by the revolution of an obtuse-angled 
triangle about one side forming the obtuse angle? 


Ex.10. What would be generated by an obligue parallelogram 
revolving about one side? 
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The curved surface of a cone may be represented by a plane 
бешге thus: 


А А 

. Taking the slant-height AC of tho cone аз radius, draw в 
circle, Qut it out from your paper ; call its centre A; and cut 
it along any radius AC. ТР" you now place the centre of 
the circular paper at the vertex of the cone, you will find that 
te can wrap the paper round tho cone without fold or crease. 

‘ark off from the circumference of your paper the length CD 
that will go exactly once round the base of the cone ; then cut 
through the radius AD. We have now a pens figure ACD 
(called a sector of a circle) which represents the curved surface 


of the cone, and has the same area. 


(Spheres.) 
The last solid we have to consider is the sphere, whose 
shape is that of a globe or billiard ball. 


A 
Fia. 2 


We shall realise its form more definitely, if we imagine 
& semi-circle ACB (Fig. 2) to rotate about its diameter as a 
fixed axis. Then, as the semi-ircumference revolves, it 


Eeneratos the surface of a sphere. 
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Now since all points on the semi-cireumference are in 
all positions at a constant distance from its centre O, we 
see that all points on the surface of a sphere are at a constant 
distance from a fixed point within it, namely tho centre. 
This constant distance is the radius of the sphere Thus 
all straight lines through the centre terminated both ways by 
the surface are equal: such lines are diameters, 


Ex. 11. We have seen that on the curved surfaces of a cylinder 
and cone it is possible (in certain ways only) to rule straight lines. 


Is there any direction in which we can rule a straight line on the 
surface of a sphere? 


Ex.12. Again we have cut out a plane figure that could be 
wrapped round the curved surface of a cylinder without folding, 
creasing, or stretching. The same has been done for the curve 
surface of a cone. Can a flat piece of paper be wrapped about a 
sphere во as to fit all over the surface without creasing 1 
Ех. 13. Su 


centre into two parts, in such a way that the new surfaces (made by 


cutting) are Tiene these parts would be in every way alike. The 
parts into which a sphere is divided by a as central section are 
called hemispheres. Of what shape is the line in which the plane 
surface meets the curved surface? If the section were plane but 


hot central, can you tell what the meeting line of the two surfaces 
would be? 


ppose you were to cut a sphere straight through the 


Ex. 14. Ifa cylinder were cut by a plane parallel to the base, 
of what shape would the new rim be? 


Ex.15. If a cone were cut by a plane parallel to the base, 
what would be the form of the section ? 


PART V. 
ON PROPORTION. 


DEFINITIONS AND FIRST PRINCIPLES. 


1. The ratio of one magnitude to another of the same kind 
is the relation which the first bears to the second in regard to 
quantity; this is measured by the fraction which the first is 


of the second. y 
Thus if two such magnitudes contain a and b units respectively, the 


ratio of the first to the second is expressed by the fraction H 


The ratio of a to b is generally denoted thus, a:b; and a is 
called tlie antecedent and b the consequent of the ratio. 


‘The two magnitudes compared in а ratio must be of the same kind ; 
for example, both must be lines, or both angles, or both areas. Tt is 
clearly impossible to compare the length of а straight line with в 
Magnitude of a different kind, such as the area of a triangle. Moreover. 


a ratio is an abstract fraction. Thus the ratio which a line 6 cm. long 
bears to a line 8 cm. long is $ or $, (not $em.) 

„Norte. It is not always possible to express two queue of the same 
kind in terms of a common unit. For instance, the side of a square 
is 1 inch, the diagonal is V2 inches. But since the numerical value 


of a? cannot be exactly determined (though it can be found to any 
number of decimal figures), the side and diagonal cannot be expressed 
in terms of the same unit. Two such quantities are said to be income 
mensurable. But by choosing & sufficiently small quantity as unit, two 


incommensurables, such as A/2 inches and 1 inch, may be expressed to any 
required degree of accuracy. Thus, remembering that 4/2 =1-41421 ..., 
it follows that /2 inches and 1 inch may be represented by 


1414 and 1000, roughly, taking roso 89 unit, А 
14142 and 10000, more nearly, taking тфуу" 8 unit; 


and so on. 


.9. Ifa point X is taken in à д 225 
given line AB, or in AB produced, 
the ratio in which it divides AB 1s 


the ratio of the segments of AB, 
namely АХ: XB, whether the divi- A в X 


sion is iniernal as in Fig. 1, or Fig. 
Izternal as in Fig. 2. 
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3. Four magnitudes are in proportion, when the ratio of the 
Fist to the second is equal to the ratio of the third to the fourth. 

When the ratio a to 6 is equal to that of z to y, the four 
magnitudes are called proportionals. 

This is expressed by saying “ а ts to b as x is to y": and the 
proportion is written 


z 
y 
or a:b=a:y. 
Here а and у are called the-extremes, and b and т the 
means; and y is said to be a fourth proportional to a, b, and a. 
In a proportion, terms which are both antecedents or both 
consequents of the ratios are said to be corresponding terms. 


Nore. Ina proportion such as а: 5—z: y, the magnitudes compared 
án each ratio must be of the same kind, though the magnitudes of the 
second ratio need not be of the same kind as those of the first. For 
instance, а and b may denote areas, and x and y lines; in which case 
the proportion asserts that the first area bears the same ratio to the 
second area, as the first line bears to the second line. 


4. Three magnitudes of the same kind are said to be pro- 
portionals, when the ratio of the first to the second is equal to 
that of the second to the third. 


‘Thus a, b, c are proportionals if 


or a:bzb:c. 


Here bis called a mean proportional between a and с; 
and c is called a third proportional to a and b. 


Axioms. 


(i) Ratios which are equal to the same ratio are equal to one 
another. 


For instance, if ^ a:b—z:y, and с:й=х:у, 
then evidently а:0=с:4. 
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(ii) Magnitudes which bear the same ratio to the same magnitude 
are equal to one another. 


For instance, if N a:z-b:z, 


then evidently а=. 


INTRODUCTORY THEOREMS. 


I. If four magnitudes are proportionals, they are also pro- 
portionals when taken inversely. 


That is, if a:b=a:y, 
then b:a-y:c. 
^ 1 b 
For, by hypothesis, i^y hence Vi 
or b:a-y:z. 


IL. If four magnitudes of the same kind are proportionals, they 
are also proportionals when taken alternately. 


That is, if a:b22:9, 
then a:m-—b:y. 
a = 
F Ч СЕ: 
or, by hypothesis, By 


multiplying both sides by a 


a b z b, 
we have baz yr 
that is, i 
or а: 2=6:0. 


Nore. In this theorem the Aypothesis requires that a and b ehall be 
nd y shall be of the same kind ; while the 


of the same kind, also that 7 ar i 
conclusion requires that a and z shall be of the same kind, and:ulso б 


and y of the same kind. 
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ПІ. If four numbers are proportional, the product of ths 
extremes 15 equal to the product of the means, 


That is, if a:b=c:d, 
then ad — bc. 
: ас. 
For, by hypothesis, БЫЛ? 
multiplying each side ot this equation by bd, we have 
ad — bc. 


Oomorramy. Tf a, Б, c, d denote the lengths of four straight 
lines in proportion, the above result states that the rectangle 


contained by the extremes is equal lo the rectangle contained by the 
means, 


This is illustrated by the following diagram : 


d— 
E - 
А €| (ёс) 
WwW 
ГА 


Similarly if three lines, а, Б, c are proportionals, 
that is, if a:b-b:c; 


then ac —D?, 


Or, the rectangle contained by the extremes is equal to the square 
on the mean. 


IV. If there are four magnitudes in proportion, the sum 


(or difference) of the first and second is to the second as the 
sum (or difference) of the third and fourth is to the fourth. 


That is, if a:b-z:y; 
then (i) atbib=aty:y; 
(ii) a-b: b-z-y:y. 


v2 
с 
= 
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For, by hypothesis, i= 
СТЕ a+b zy. 
zog pl Lor E ; 
that is, a4b:bezcyiy. ee HH {i} 
This inference is sometimes referred to as componendo. 


‚же 


ES 


Similarly by subtracting 1 from the equal ratios EA 
obtain А 
a-b 2-1, 


that is, a—-b:b-z-y:y ано 


This inference is sometimes referred to as dividendo. 


Conornnany. If a:b-z:y, 
then a4b:a-b-z4y:2—J. 


This is obtained by dividing the result of (i) by that of (ii). 


V. Ina series of equal ratios (the magnitudes being all of the 
same kind), as any antecedent is 10 ils consequent so is the sum of 


the antecedents to the sum of the consequents. 


That is, if a BORNE MAS 
Be wi Ц 
Е а_а+ф+о+... 
Zoey ete 
aa Б 
Let each of the equal ratios 2, v : ... be equal to Е. 
Then |o gk, b=ky, CHAZ, ...$ 


<., by addition, 
abet... lor ytrtei 


Gramm 
opty tite. z 
or сша БОЖЕ, 
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VI. A given straight line can be divided internally in a given 


ratio at one, and only one, point; and externally at one, and onlu 
one, point. 


== уру (Р} ы 


i>e- at- ->(P) 
SE Se 
Fig.r. Fig.2. 


Let AB be the given line, and m : n the given ratio, m being 
greater than n. 


Internal Division. (i) Divide AB (Fig. 1) into m+n equal 
parts [Prob. 7]; and of these parts make AX to contain m ; 
then XB must contain n. 


Hence AX: XB=m:n; 
that is, AB is divided internally at X їп the given ratio. 


(ii) Again, since AX and AB contain respectively m and 
m+n equal parts, 


"V AX: AB=m:m+n. 
Similarly, if P divides AB in the given ratio m : n, 


AP:AB=m:m+n, 


| Е. PAX, BAPE 
= '' АВ AB’ 
| "s AX — АР. 


Hence P and X coincide; that is, X is the only point which 
divides AB internally in the ratio m : n. 


External Division. (i) Divide AB 
parts ; and in AB produced 
then XB must contain n. 


(Fig. 2) into m-n equa? 
make AX to contain m such parts ; 


Hence AX: XB=m:n; 
that is AB is divided externally at X in the given ratio. 


(ii) And it may be shewn, as above, that X is the only point 
which divides AB externally in the ratio m : n. 
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EXERCISES. 


1. Insert the missing terms in the following proportions : 
G) 3:7=15:( 5 
(ii) 2:5:( )=10:32; 
(iii) ): ас —bc : bo. 


9. Correct the following statement : 
£65 : 78 ft. —£25: 30 ft. 


3. Ifa straight line, 90" in length, is divided internally in the ratio 
5:7, calculate the lengths of the segments. 

-5 cm. in length. is divided eaternally in the 
hs of the segments. 
5. АВ іза straight line, 6-4 cm. in leng th, divided internally at X 

io 5:3; calculate the lengths of the: 


and externally at Y in the ratio 5 
segments, and shew that they satisfy the formula 


«Өн le vets 
AB АХ AY 


a4 If a straight line, 4 
ratio 11 : 8, calculate the lengt 


js divided internally in the 


nches in length, а 
епїз ате respectively 


б. Ifa straight line, а i 
ratio m:n, shew that the lengths of the segm 
m 5 n : 
_=—% 8. 
mini ainches, тл a inche: 
7. Téa straight line, а units in length, is divided externally in the 
ratio m:n, shew that the lengths of the segments are respectively 


n , 
—— .a units. 


m ч 
—— .a units 
aunits, mon 


m-n 
8 Ita:b-z:y and b: c=y : z, prove that a:c=7:Z. 
9. Ifa:b-z:9y shew that a4b:a-zty:9. 
10. Ifa, b, c are three proportionals, shew that a: в=а?: 1А. 
11. If two straight lines AB, CD are divided internally in the same 
ratio at X and Y respectively» shew that 
(i) AB: xB=CD: YD; 
(ii) AB: AX=CD : CY. 
are four straight lines such that the rectangle con: 
al to that contained by b and c, prove that 
a:b=c:d. 


‚12. It a, b, c, d 
tained by а and d is equ 
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PROPORTIONAL DIVISION OF STRAIGIIT LINES. 


TuzonEw 60. [Euclid VI. 2.] 


A straight line drawn parallel to one side of a triangle culs the 
other two sides, or those sides produced, proportionally. 


^ X B 
i Fig. т. 


Fig. 2. 


In the AABO, let XY, drawn par' to the side BC, cut AB, AC 
at X and Y, internally in Fig 1, externally in Fig 2. 
Lt is required to prove in both cases that 
AX : XB — AY : ҮС. 


Proof. Suppose X divides AB in the ratio m:n; that is, 
SUDpose AX: XB=m: n; 
во that, if AX 1s divided into m equal parts, then XB may be 
divided into n such equal parts. 


Through the points of division in AX, XB let parallels be 
drawn to BC. 


Then these parallels divide the segments AY, YC into parts 
which are all equal ; Theor. 22. 
and of these equal parts AY contains m, 

and YC contains ni 
hence AY:YC-m:m. 
sS AX: XB- АҮ: YC, 
Q.E.D. 
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Conversely, if a linc cuts two sides of a triangle ü 
«t is parallel to the third side. / Ще ороноо 


D^ 
Gi 
- C С, 
paral 
4 В А B X 
Fig.1. Fig.2. 


let XY cut the sides AB, AC proportionally, so that 
АХ : XB — AY : ҮС. 

It is required to prove that XY is parallel to BC. 

! to BC, to mect AC in P. 


Conversely, 


Let XP be drawn through X par 
Then AP: PC=AX: ХВ; 
but, by hypothesis, АҮ: YO 2 AX : XB. 
Thus AC is cut, internally in Fig. 1, and externally in Fig. 2 


in the same ratio at P and Y. 
Hence P coincides with Y, and consequently XP with XY. 
Theor, VI. p. 252. 


That is, XY is par! to BC. 
Q.E.D. 


Jt XY is parallel to BC, then 
АХ: AB — AY : АС. 

ig. 1, it may be shewn that 
AX: AB-—m:m-cn; 


COROLLARY. 
For, taking Е 


by Theorem 22, that 
AY: AC=m:M+n. 
w. AX: AB= AY : AC. 
AX: AB=AY: AC, 
that XY is par' to BC. 


and hence, 


Conversely, if 
it may be proved as above 
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MZ TuronEM 61. [Euclid VI. 3 and АЛ 

Tf the vertical angle of a triangle is bisected internally or exter- 
nally, the bisector divides the base internally or externally into 
segments which have the same ratio as the other sides of the triangle. 
Conversely, if the base is divided internally or externally into 
segments proportional to the other sides of the triangle, the line 
joining the point of section to the verter bisects the vertical angle 
internally or externally. 


Fig.r. 


In the AABC, let AX bisec 
and externally in Fig. 2; 


g. 2; that is, in the latter case, let AX 
bisect the exterior 2 B/AC. 


Fig.2. 
t the 2 BAC, internally in Fig. 1, 


It is required to prove in both cases that 
BX: XC=BA: AC. 
Let CE be drawn through C 


par! to XA to meet BA (produced, 
if necessary) at E. 


In Fig. 1 let a point B' be taken in AB. 
Proof. Because XA and CE аге раг, 
г. in both Figs., the / B'AX =the int. opp. LAEC, 
Also, by hypothesis, 
the 2B’AX=the / ХАС 
=the alt. / АСЕ, 

«s. the / AEC =the / АСЕ: 

"^. AC— АЕ. 


Again, because XA is раг to CE, a side of the ABCE, 
«^, in both Figs., BX: XC=BA: AE; 
that is, BX: XC=BA: AC. 


Q.E.D. 
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Conversely, let BC be divided internally (Fig. 1) or exter- 
nally (Fig. 2) at X, so that ВХ : XC=BA: AC. 


It is required to prove that the В'АХ =the 2 ХАС. 


Proof. For, with the same construction as before, 
because XA is par! to CE, a side of the ABCE, 
.. BX: XC=BA: AE. 


But, by hypothesis, ВХ: XC=BA: AC; 
s. BA: AC=BA: AE; 
т. АС = АЕ. 
v. the 2 АЕС =the LACE 
=the alt. 2 XAC. 
And in both Figs., 
the ext. L B'AX =the int. opp. LAEC; 


s. the 2В'АХ= ће / ХАС. 
Q.E.D. 


DEFINITION. 


When a finite straight line is divided internally and exter- 
nally into segments which have the same ratio, it 15 said to be 


cut harmonically. 
Hence the following Corollary to Theor m 61. 


The base of a triangle is divided harmonically by the internal and 


external bisectors of the vertical angle : 


for in each case the segments of th 
the other sides of the triangle. 


e base are in the ratio of 


[For Theorems and Examples on Harmonic Section see p. 323.] 


H.S.G. 
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EXERCISES ON THEOREM 60. 
(Numerical and Graphical.) 

1. Ona base AB, 3 5" in length, draw any triangle CAB; and from 
АВ cut off AX 2-1” long. Through X draw XY parallel to BC to meet 
AC at Y. 

Measure AY, YO ; and hence compare the ratios 

у AX AY. 44 AB AC, ,. AB AC 
© xg: vos © АХ дү: Ü xe vc. 
9 


2. ABC is a triangle, and XY is drawn parallel to BC, cutting the 
other sides at X and Y. 


(i) If AB=3°6", AC=2-4", and AX-2-1', calculate the length 
AY. 


of 


(ii) If AB=2°0", AC=1'5", and AY —0:9*, calculate the length 
ot BX. z 


Gn If X divides AB in the ratio 8: 3, and if АС =8:8 cm., find 
C. 


З. ABC is a triangle, and XY is drawn parallel to BC, cutting the 
other sides produced at X and Y. 


(i) If AB —-4:5 cm., AC= 3:5 cm., and AX—7:2 cm., find by cal- 
culation and measurement the length of AY. 


(ii) If X divides AB externally in the ratio 11 : 4, and if AC —4:9 cm., 
find the segments of AC. 


(Theoretical.) 


4. Three parallel straight lines cut any ішо transversals proportion- 
ally. 


5. The straight line which joins the middle points of the oblique 
sides of a trapezium is parallel to the parallel sides. 


6. Two triangles ABC, DBC stand on the same side of the common 
base BC ; and from any point Е in BC lines are drawn parallel to BA, 
BD, meeting AC, DC in F and G. Shew that FG is parallel to AD. 

7. Ina triangle ABC a transversal is drawn to cut the sides BC, CA, 
AB (produced if necessary) at D, E, and F respectively, and it makes 
equal angles with AB and AC; prove that 


BD:CD-BF:CE. 


PROPORTIONAL DIVISION OF STRAIGHT LINES. 259 


EXERCISES ON THEOREM 61. 


(Numerical and Graphical.) 


1. Draw а triangle ABC, making a—l:5*, b=2-4", and c=3°6". 
Bisect the angle A, internally and externally, by lines which meet BC 
and BC produced at X and Y. 

Measure BX, XC; BY, YO ; hence evaluate and compare the ratios 


BX BY BA 
ХС’ YC’ AC” 
% Tn the triangle ABC, а=3°5 cm., b=54 cm., c=72 ст. ; and 
the internal and external bisectors of the LA meet BC at X and Y. 
Calculate the lengths of the segments into which the base is divided: 
at X and Y respectively; end verify your results graphically. 


3. Frame constructions, based upon Theorem 61, 


(i) to trisect а straight line of given length ; 


(ii) to divide a given line internally and externally in the ratio 3 : 2.. 


(Theoretical.) 
е ABC; and the angles ADB, ADC: 


4. AD is a median of the triangl 
AC at E and F respectively. Shew 


are bisected by lines which meet AB, 
that EF is parallel to BC. 


5. ABCD is a quadrilateral : shew that if the bisectors of the angles 
A and C meet in the diagonal BD, the bisectors of the angles B and D. 


will meet on AC. 
6. Employ Theorem 61 
(i) the internal bisectors of the thre 


to shew that in any triangle 
e angles are concurrent ; 


(ii) the external bisectors of two angles and the internal bisector of 


the third angle are concurrent. 
7. Jf | is the in-centre of the triangle ABO, and if Al is produced to 
meet BC at X, shew that 
Al: IX=AB+AC: BC. 


& Given the base ofa triangle and the ratio of the other sides, find the 


locus of the vertex. 
9. Construct à triangle, having given the base, the ratio of Ше 


i other sides, and the vertical angle. 
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EQUIANGULAR TRIANGLES. 


Tneorem 62. [Euclid VI. 4] 


If iwo triangles are equiangular to one another, their correspond- 
ing sides are proportional. 
A 
G D 


B Idee E 


Е 


Let the A ABC, DEF have the /* 
to the /*D and E; and consequent] 


It is required to prove that 
АВ: DE=BC : ЕЕ=СА : FD. 


А and B respectively equal 
y the £ C equal to the LF. 


Proof. Apply the ADEF to the AABC, so that E falls on 
В, and EF along BC ; 


then since the / E =the ZB, ED will fall along ВА. 
Let G and H be the points at which D and Е fall respectively ; 
80 that GBH represents the A DEF in its new position. 
Now, by hypothesis, the / D the 2A Д 
that is, the ext. 2 ВОН =the int. opp. 2ВАС; 
*. GH is par! to AC. 
Hence BA : BG=BC : BH; Theor. 60, Cor. 
‘that is, AB:DE-BC:EF. 
Similarly, by applying the A DEF to the A ABC, so that F 
falls on C, and FE, FD along CB, CA, it may be shewn that 
BC: EF=CA : FD. 


Hence finally, AB: DE=BC: EF=CA:FD. Q.E.D. 
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Tyrorem 63. [Euclid VI. 5.] 


If two triangles have their sides proportional when taken in order, 
the triangles are equiangular to one another, and those angles are 


equal which are opposite to corresponding sides. 


n D 


B eq © 
In Ње д" ABC, DEF, let 
АВ : DE=BC : EF=CA: FD. 
It is required to prove that the Av ABC, DEF are equiangular to 
one another. 
At E in FE make the 2 РЕС equal to the 4B; 
and at F in EF make the 4 EFG equal to the 2С. 
s. the remaining 2 EGF = ће remaining 4A. 
Proof. Since the Л" ABC, GEF are equiangular to one 


another, 
Ш +, AB: GE=BC: EF. Theor. 62, 


But, by hypothesis, АВ: DE=BC: EF; 
s. AB: GE=AB: DE. 
.. GE=DE. 
Similarly GF — DF. 
Then in the A' GEF, DEF, 
GE- DE, 
because { GF=DF, 
and EF is common ; 
„'. the triangles are identically equal; Theor. T. 
s. the £L DEF — the 2 GEF 
=the 2B; 
and the 2 DFE =the 2 СРЕ 
=the / С. 
Е s. the remaining 20 =the remaining 4A; 
that is, the ADEF is equiangular to the AABC. Q.E.D. 
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EXERCISES ON EQUIANGULAR TRIANGLES, 


(Numerical and Graphical. The results are to be obtained by calculation 
and checked graphically.) 


1. Ina triangle ABC, XY is drawn parallel to BC, cutting the other 
sides at X and Y: 
(i) If AB=2-5”, АС =2:0”, AX=1:5"; find AY. 
(ii) If AB=3-5", AC=241", AY=12; find AX. 
(ii) It АВ=42 cm., AX=36 cm., AY=66 cm.; find AC. 


2. .In the figure of the last example : 
(i) If AB=2-4”, ВС =36”, AX=1-4"; find XY. 
(i) f BC=77 em, XY-55em, AX=4:5em.; find AB. 


3. In the triangle ABC, a=3'0", b=3-6", c—4-2" ; and QR, drawn 
parallel to AC, measures 2:07. Find the remaining sides of the 
triangle QBR. 


4. ABO is a triangle in which a=8 cm., b=7 cm., and с=10 cm. 


In AB a point P is taken 4 cm. from A, and PQ is drawn parallel to 
BC. Find the lengths of PQ, and QC. 3 


5. 'The sides of а triangular field are 400 yards, 
300 yards respectively. In а plan of the field th 
measures 24" ; find the lengths of the other sides. 


350 yards, and 
e greatest sido 


6. XY is drawn parallel to BC, the base of the triangle ABC. If 
AX —83 ft., XY —31 ft., AY —6 ft. 2 in., and XB —41 ft. ; calculate the 
sides of the triangle ABC. 


7. The triangle ABC is right-angled at С; 
the bypotenuse, PQ, is drawn parallel to AC. 

If AC «11^, BC=3", and PQ=}"; find BQ, BP, and AP, 

8. Ina triangle ABC, AD is the perpendieular from Aon BC ; and 
through X, a point in AD, a parallel is drawn to BC, meeting the other 
sides in P, О. 

If BC-9 cm., AD=8 cm., DX =3 em. ; find PQ. 


9. Inthe triangle ABC, a 
CE are drawn from the ends 
intersect in P. 


If EP:PC=DP:PB=2:5, 
find the lengths of ED, AD, and DC. 


and from P, a point in. 


=20 cm., b=3-5 cm., c—4-5 em. BD and 
of the base to the opposite sides, and they 
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EXERCISES ON EQUIANGULAR TRIANGLES, 


(Theoretical.) 


.l. Shew that the straight line which joins the middle points of two 
sides of a triangle is 
(i) parallel to the third side; (ii) one-half the third side. 
2. Inthe trapezium ABCD, AB is parallel to DC, and the diagonale 
intersect at O : shew that 
OA:0C-0B : OD. 
It АВ =200, shew that О is a point of trisection on both diagonals. 
3. 1f three concurrent straight lines are cut by two parallel trans- 
versals in A, B, C, and P, Q, К respectively ; prove that 
AB : BC -PQ : QR. 
and from D a straight line is drawn to 
eut AB nt E, and CB produced at F. In this figure name three triangles 
which are equiangular to one another; and shew that 
DA: AE-FB : BE=FC: CD. 
nt D is taken: shew 
H respectively, thea 


4. ABCD is a parallelogram, 


5. Tn the side AC of a triangle ABC any poi 
that if AD, DC, AB, BC are bisected in E, F, G, 
EG is equal to HF. 

llel straight lines; Е is the middle point 


6. AB and CD are two рага 
of CD; AC and BE meet at F, and AE and BD meet at G: shew that 


FG is parallel to AB. 


7. AB is a diameter of a circle, 
drawn to cut the circumference in C and the tang 


(i) the A*CAB, BAD are equiangular to one another ; 
(ii) AC, AB, AD are three proportionals ; 
(iii) the rect. AC, AD is constant for all positions of AD. 
8. If through any point X within a circle two chords AB, CD are 


drawn, and AC, BD joined ; shew that 
(i) the Л” AXC, DXB are equiangular to one another ; 
(i) AX: DX=XC : ХВ. 
Hence obtain an alternative proof of Theorem 57. 
9. If from an externa] point X a tangent XT and a secant XAB are 
drawn to a circle, and AT, TB joined ; shew that 
(i) the A^ AXT, TXB are equiangular to one another; 
(ii) ХА: XT=XT : ХВ. 
Hence obtain an alternative proof of Theorem 58. 


and through A any straight line is 
ent at Bin D : shew that 
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DEFINITIONS. 


l. Two rectilineal figures are said to be equiangular to 
one another when the angles of the first, taken in order, are 
equal respectively to those of the second, taken in order. 


2. Rectilinea] figures are said to be similar when they are 


equiangular to one another, and also have their corresponding 
sides proportional. 


"Thus the two quadrilaterals ABCD, B 
ЕРОН are similar if the angles at 
A, B, C, D are respectively equal to 


those at E, F, G, H, and if the follow- ^ га 
ing proportions hold : E 

AB BC CD.DA 

EF FG ОН HE’ D Ca 


3. Similar figures are said to be similarly described with 
regard to two sides, when these sides correspond. 


NOTE ON SIMILAR FIGURES. 


Similar figures may be described as those which have the same shape. 
For this, two conditions are necessary : 


(i) the figures must have their angles equal each lo each, taken in order 5 
(ii) their corresponding sides must be proportional. 


In the case of triangles we have learned that these conditions are not 
independent, for each follows from the other: thus 


(i) if the triangles are equiangular to one another, Theorem 62 
proves that their corresponding sides are proportional ; 


(iü) if the triangles havo their sides proportional, Theorem 63 proves 
that they are cquiangular to one another. 


This, however, is not necessarily the case with 
rectilineal figures of more than three sides. For 
example, the first diagram in the margin shews 
two figures which are equiangular to one another, 
but which clearly have not their sides propor- 
tional; while the figures in the second diagram А 
have their sides proportional, but are not equi- SPS 
angular to one another. 
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TnuzonEM 64. [Euclid VI. 6.] 


If two triangles have one angle of the one equal to one angle of 
the other, and the sides about the equal angles proportionals, the 


triangles are similar. 
A 


G H 


B с Е Е 


In the A* ABO, DEF, let the 2 A=the + D, 
АВ: DE— AC : DF. 


quired to prove that the а^ ABC, DEF are similar. 


and let 
It is те 


Proof. Apply the A DEF to the A ABC, so that D falls on A, 
and DE along AB; 
then because the / EDF =the г BAC, DF must fall along AC. 


Let G and H be the points at which E and F fall respectively ; 
80 that AGH represents the A DEF in its new position. 


Now, by hypothesis, AB : DE=AC:DF; 
that is, AB: AG=AC: AH; 
hence GH is раг to BC. Theor. 60, Cor. 
=the int. opp. 2 АВС; 


s. the ext. 2 AGH, namely ће 2 E, 
=the int. opp. 4 ACB. 


and the ext. 2 AHG, namely the LF, 
Hence the A* ABC, DEF are equiangular to one another, 
во that their corresponding sides are proportional; Theor. 62. 


| that is, the at ABC, DEF are similar. 
Q.E.D. 
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*Tueorem 65. [Euclid VI. 7.j 


Tf two triangles have one angle of the one equal to one angle of 
the other and the sides about another angle in one proportional to tite 
corresponding sides of the other, then the third angles are either 


equal or supplementary ; and in the former case the triangles are 
similar. 


A 
D б 
в с Е Б Е F' Р 
Fig.r. Fig.2. Fig.3. 


In the A* ABC, DEF, let the : B-the LE; and let the sides 
about the 7^ A and D be proportional, 


namely AB:DE-AC:DF. 
It is required to prove that 
either the LC =the LF, [as in Figs. 1 and 2]; 
or the LC = Пе supplement of the LF. „105. 1 and 3.] 
Proof. (i) Ifthe г A—the 2D, [Figs. 1 and 2], 
then the 2 C —the zF; Theor. 16. 
and the A" are equiangular, and therefore similar. 
(ii) But if the / A is not equal to the 2 EDF [Figs. 1 and 3] 
let the 2 EDF’ =the / A. 
Then the Л” ABC, DEF’ are equiangular to опе another; 
"^. AB: DE- AC : DF’, 
But by hypothesis, AB: DE — AC: DF; 
4 AC: DF’=AC: DF. Р 


л. DF'« DF. 
2. the 2 DFF’ =the х DF'F. 
But the 2C =the / DFE Proved.. 


=the supplement of the 2 DF'F 
=the supplement of the 2 DFE.. 
Q.E.D. 
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EXERCISES ON SIMILAR TRIANGLES. 
(Theoretical.) 


1. Тп а triangle ABC, prove that any straight line parallel to tha 
base BC and intercepted by the other two sides is bisected by the 
median drawn from the vertex A. 

2. Two triangles ABC, A'B'C' are equiangular to one another : 

if p, p’ denote the perpendiculars from A, A’ to the opp. sides, 
cireum-radii ; 
in-radii ; 


prove that each of the ratios Me B M is equal to the ratio of any pair 


of corresponding sides. 


dius of the circle which passes through the 


3. Prove that the ra 
f a triangle is half the circum-radius. 


mid-points of the sides o 
4. If two straight lines AB, CD intersect at X, so that 
XA: ХС= ХО: XB; 
64 that the Ле АХО, CXB are similar 3 


(i) shew by Theorem 
D, B, C concyelic. 


(ii) hence prove the points A, 


5. A.B, C are three collinear points, and from B and C two parallel 

lines BP, CQ are drawn in the same sense, so that 
РВ: QC=AB: AC; 

shew by Theorem 64 that the points, A, P, Q are collinear. 

6. If in two triangles ABC, A’ B’C’, the 2 B=the 2 BY, and Sap: 
what conclusion may be drawn ? 

Show by diagrams how this conclusion is affected, if it is also given 
that (i) cis less than b, 
(ii) c is equal to b, 
(iii) c is greater than 6. 


“7. ABCD is a parallelogram ; P and Q are points in a straight line 
parallel to AB ; PA and QB meet at R, and PD and QC meet at 5; 


shew that RS is parallel to AD. 

е bisector of the vertical angle A meets the 
erence of the circum-circle at E; if EC is 
gles BAD, EAC are similar; and hence 


8. Ina triangle ABC th 
base at D and the circumfe 
joined, shew that the trian; 


thi 
nee | AB. AC=AE. AD. 
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TuronEM 66. [Euclid VI. 8.] 


NJ. In a right-angled triangle, if a perpendicular is drawn from the 
right angle to the hypotenuse, the triangles on each side of it are 
similar to the whole triangle and to one another. 


Let BAC be a triangle right-angled at A, and let AD be 
drawn perp. to BC. 


It is required to prove that the ^* BDA, ADC are similar to the 
ABAC and to one another. 
In the A* BDA, BAC, 
the ¿BDA = ће / BAC, being rt. angles, 
and the 2 B is common to both; 
7. the remaining / BAD =the remaining / ВСА; Theor. 16. 
hence the A BDA is equiangular to the A ВАС; 
~. their corresponding sides are proportional ; 
2. the A* BDA, BAC are similar. 


In the same way it may be proved that the ле ADC, BAC 
arc similar. 


Hence the A' BDA, ADC, having their angles severally equal 
to those of the A BAC, are equiangular to one another ; 
^. they are similar. 
Q.E.D. 
Conottary. (i) Because the A*DBA, DAC are similar, 
7. DB:DA-DA:DC; 
DA is a mean proportional between DB and DC; 
DA?=DB. DC. 
(ii) Because the A*BCA, BAD are similar, 
. BC:BA=BA: BD; 
hence BA?=BC . BD. 
(iii) Because the A" СВА, CAD are similar, P 
2. CB:CA-CA:CD; = 
bence CA?=CB.CD f 


that is, 
and 
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EXERCISES. 


(Miscellaneous Examples on Theorems 62-66.) 


m ABC п 2 equilateral triangle of which each side=a. In 
‚ produce oth ways, two points P and Q are taken, h th: 
BP - CQ =a, and AP, AQ are joined. Shew that p" ee 
(i) PQ: PA=PA: PB. 
(ii) РА? =3а2. 


2. ABC is a triangle right-angled at A, and AD is drawn perpen- 
dicular to BC : if AB, AC measure respectively 4” and 3”, shew that the 
segments of the hypotenuse are 3:2” and 1-8". 


ht-angled at A. and a perpendicular AD is 


3. ABC is a triangle righ 
; shew (i) by Theorem 25, (ii) by Theorem 


drawn to the hypotenuse BC 
66, that 
BC. AD=AB. AC. 


4. ABC is a triangle right-angled at A, and AC’ is drawn perpen- 
dicular to the hypotenuse, also C'A’ is drawn parallel to CA. 
АС =15сш., and AB=20cm., shew that АС’ = 12 cm., and C/A‘ 29:6 cm. 


5. At the extremities of & diameter of a circle, whose centre is C 
and radius 7, tangents are drawn: these are cut in Q and R by any 
third tangent, whose point of contact is P. Shew that 


(i) QR subtends a right angle at C ; 


(ii) PQ . PR =r, 
6. Two circles of radii r and 7^ respectively have external contact 
at A, and a common tangent touches them at P and Q. Shew that 
(i) PQ subtends a right angle at А; [Ex. 9. p. 187] 


(i) PQ3—4rr. 
[Produce PA. QA to meet the circumferences at X and Y, and prove 
the triangles PAY, XAQ right-angled and similar.] 
mally at A, and a common 


7. Two circles touch one another exte 
f centres at S. Shew that, 


tangent PQ is produced to meet the line o 
if PA, AQ are joined, 
(i) the triangles SAP; SQA are similar ; 
(i) SA* - SP. SQ. 


and B; and at A tangents are drawn, 


8. Two circles intersect at A 
umferences at C and D: shew that if 


one to each girde, to meet the circ 
BC, В joined, 
jg BC : BA-BA: BD. 
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THE TRIGONOMETRICAL RATIOS, 


Pa 
1. Let PAQ be any acute angle ; in AP, one of B 
the arms of the angle, take a point B, and draw 
BC perp. to AQ. 
Then with reference to the ZA in the right- 
angled A BAC, the following definitions are used. 
A с *Q 


The ratio ВСЯ ог oryante mite! is called the sine of the LA. 
AB hypotenuse 


« AC adjacent side 
The ratio AB Rypotenuse ' "te cosine of the ZA. 


, BC opposite side 
The ratio AG 9 adjacent side’ "t7. tangent of the Z A. 


The reciprocals of these ratios are know 
the secant, and the cotangent of A. 


These six ratios are called the trigonometrical ratios of the £ A, and 
are usually expressed in the following shorter form, 


"n respectively as the cosecant, 


д. ВС _ АС BC 
sin Aa! совА= 5, tan A 


AB А 
cosec А=вс, вес 2,8, cot A — ^C. 


Norte. The squares of these 


ratios, namely (si 2 3, ... nre 
usually written in the form sin?A, cost, ens (anA 


2. In the adjoining figure, let BC, DE 
be perps. to AQ, from Points in AP, and let 
FG be perp. to AP from a point F in AQ. 


A С E FQ 
Then the A*BAC, DAE, FAG are similar, so that 
BC DE _FG 
^B AD AF’ 


But these ratios express the у; i i i i 

from the A BAC, the ^ DAE, or the A FAQ ng аз it is determined 
Thus sin A is unalter 

himilar proof holds for 

they depend only on the size of the an; 

its arms. 
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EXERCISES. 


Y. Tn a triangle ABC, right-angled at C, a=8, b=15; 
write down the values of sin A, cos A, and tan A. s focios end 


9. In a right-angled triangle, the sides containing the right angle 
are 35 and 12: find the hypotenuse, and write down all the trigono- 
metrical ratios of the smallest angle. 

3. If A is any acute angle, shew that Theorem 29 may be made to 
assume either of the forms : 

(i) sin?A  cos*A =1 ; (ii) sec*A =1 + (ап?А. 
4. ABCD is a MI in which the diagonal AC is at right 
t 


angles to cach of the sides AB, CD. If АВ=1:5 cm., АС -3:6 com., 
AD =8:5 cm., draw the figure, and find sin ABC, tan ACB, cos CDA, 


tan DAC. 
5. If Ais any acute angle, shew that 
(i) sin (90° — A) =cos A; (ii) tan (00° – A) =cot A. 


whose sine is 0:6. [See Prob. 10, p. 83.] 


6. Construct an acute angle 
tractor and give its value to the nearest 


Measure the angle with your pro! 
degree. 


7. Construct an acute angle A from each of the following data: 
(i) tan A=0°7; (її) cos A=0°9; (iii) sin A=071. 
In each case measure the angle to the nearest degree. 


ch that tan A—1:6. Measure the 


8. Construct an acute angle А su! 
it and by calculation the value of 


angle A, and ascertain by measuremen 
cos A. 


9. Prove the following results 


(i) їп45° =сов45°= 79: (0) sin 60" cos30* =$. 


[See Ex. 11, p- 123, and Ex. 14, p. 124.] 


10. Construct a triangle ABC, right-angled at C, having the hypo- 
tenuse 10 cm. in length, and tan A=0'81. Measure AC and the angle Аў 


and find the values of sin A and cos A. 


11. Drawa right-angled triangle ABC from the following data : 
ton A=0-7, £C=90°, 5—2:8 cm. 


Measure c and the ŻA., 
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3. The definitions on page 270 may 
be extended to obtuse angles as follows : 


Let XOX’ be a straight line, and let 
OY be perp. to it. 


Let the angle A be traced by the re- 
volution about O of the line OP which 
starts from the position OX. 


Draw PM perp. to X'OX, thus form- 
ing a right-angled triangle POM. "Then 
whatever the position of OP, the trigono- 
metrical ratios of the angle A through 
which OP has turned are thus defined : 


г РМ _OM РМ 

віп A=op> cos А=бр, tan A=one 
with the understanding that OM is to be considered positive when it is to 
the right of OY, and negative when to the left of OY. [Compare p. 133.] 


For example, in the above figure, 


EXAMPLE. То express trigonometrically 
(i) the perpendicular from the vertez of a triangle on the base ; 
(ii) the projection of one side on another. 
(i) In both Figs., x =sin О, 
the sine of C being positive in each case. 
Г. p-bsinC. 


(ii) In Fig. 1, CD cos C. 
In Fig. 2, cD also represents cos C, 


if CD is considered negative. 

4. numerically 
CD = +b cos С in Fig. 1. 
CD = -b cos C in Fig. 2. 
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SOME GEOMETRICAL RESULTS EXPRESSED IN 
TRIGONOMETRICAL FORM. 


[The diagrams referred to are those of the preceding example.] 


1. In both Figs., p=bsinC. 
Similarly it may be proved that p=c sin B. 
b с 
sinB sin 

b c 


Hence b sin C=csinB; 
Similar] — =.=; 
егу sin А sinB sinC’ 
pont is, the sides of a triangle are proportional to the sines of the opposite 
angles. 


2. From this property of a triangle deduce Theorem 62. 


8. In both Figs. 
area of AABC=}BC. AD =}ap ; 
p-bsinC; ~. A=}ab sin C. 


and 
A=}besin A=}ca sin B =jab sin C. 


Similarly 


4, Express in trigonometrical form the area of 


(i) a parallelogram, given two adjacent sides and the included angle. 


(ii) a rhombus, given one side and one angle. 


5. Shew that the circum-radius of a triangle is given by the. 


formula a eis 
R-gsnA- 40° = 


6. In Fig. 1, we have 
AB?=BC?+CA?-2BC . CD. Theor. 55.. 


In Fig 2, we have 
AB?=BC?+CA?+2BC . CD. Theor. 54.. 
Now in Fig. 1, ср = +b cos С; 
CD = -b cos С. 


and in Fig. 2, 
Hence in both cases we have, on substitution, 
c? —a? +b? – 2ab cos C. 
ewn that 
at=b? +0 – 20с cos А. 
02 = +a? - 2са cos В. 


Similarly it may be shi 


H.8.G. s 
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PROBLEMS, 


PROBLEM 35, "T 
; i тез. 
To find the fourth Proportional to three given straight lin 


K 
Let A, B, C be the three given ü Е 
St. lines, to which the fourth pro- 
portional is required, — 
ACB р pee 
Construction Draw two St. lines DL, DK of ir 
ength, Containing any angle 
From DL cut 0 


DG equal to ^, and GE equal to В; 
and from Dk Cut off DH equal to C. 

Join GH, 
Through draw EF рам to СН. 


: C. 
Then HE is the fourth Proportional to A, B, 
Proof, Because GH is 


F; 

Par! to EF, a side of the ADEF 3 

=. DG: GE=DH: HF. : 

But DG- A, GE=B, and DH=C; 
 A:B=C:HF: (er 

HF is the fourth Proportional to A, B, 


that is, 


Pnonygy 36. 


а ines. 
ortiona] (о two given straight 10 
Let A, B be the two lines to E 
Which the ir Proportional is 

"tequireg. 


G ЕЩ 
АВ р 
Construction. SAW two st. lines DL, DK. B; 
Tom DL out off equal to A, and GE equal to B s 
and from Dk Cut off DH also equal to B. 
Join GH, 
Throug E draw ЕЕ par! to GH. B. 
Then HF jg she thirg Proportional to A, 
Proof, As above, in Problem 35. 
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PROBLEM 37. 


‚„ То divide a given straight line internally and externally in a 
given ratio. 


Let AB be the st. line to be divided internally and externally 
in the ratio M:N. 
Construction. From A draw a st. line AH at any angle with 
AB. 
From AH cut off AP equal to M. 
From PH and PA cut off PC and PC’, each equal to N. 
Join BC, BC’. 
Through P draw PX par! to BC, and PY par! to BC'. 
Then AB is divided internally at X, and externally at Y in 
the ratio M:N. 
Proof. (i) Because PX is par' to BC, a side of the AABC, 
.. AX: XB=AP: PC 
=M:N. 
(ii) Because PY is par! to BO’, a side of the ДАВС’, 
з AY: YB=AP: PC’ 


=M:N. 
sri b 
Conornrany. Ву a similar process a а R 
st. line AB may be divided internally P 
into segments proportional to three lines 
L, M, N. я 
А X-Y B8 


Construction. Draw AH, and from it 
cut off AP, PQ, GR equal respectively to L 
L, M, N. Join RB; and through P and M—- 
Q draw РХ, QY раг to ER. Nom. 
Then evidently AX:L=XY:M=YB:N. 
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PROBLEM 38. 
To find the mean proportional between two given straight lines. 
ыз 
B A C 


Let AB, AC be the two given st. lines between which the 
mean proportional is to be found. 


Construction. Place AB, AC in a straight line, and in 
‘opposite senses ; and on BC describe the semi-circle BDC. 
From A draw AD at rt. angles to BC, to cut the O” at D. 
Then AD is the-mean proportional between AB and AC. 
Proof. Join BD, DC. 
Now the 2 BDC, being in a semi-circle, is a rt. angle. 


And because in the right-angled ABDC, DA is drawn from 
the rt. angle perp. to the hypotenuse, 
2. the A ABD, ADC are similar; Theor. 66. 
4 AB: AD=AD: АС; 


that is, AD is the mean proportional between AB and AC. 


Nore. If the given lines AB, AC are placed in 
‘the same sense, the mean proportional between 


them may be cut off from AB by the following 
useful construction. 


A схв 


circle; and from C draw CD perp. to AB to cut 
“at D. From AB cut off AX equal to AD. 


On AB draw a semi- 
the O 


Then AX is the mean proportional between AB and AC. 
For the A* ABD, ADC are similar, Theor. 66- 
. AB: AD=AD: AC; à 
that is, AB: AX=AX: AC. 
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GRAPHICAL EVALUATION OF A QUADRATIC SURD, 


ExawrLE. Find the approximate value of (i) V5, (ii) /21. 
(i) /5=VJ5x1. Hence take AB, AC respectively to represent 5 and 
1 in terms of any convenient unit, and find AD the mean proportional 
between them. 
Then since AB: AD=AD: AC, 
Г. AD?=AB. AC 
=5х1=5. 
s AD=N5. 
Thus by measuring AD, the value of /5 is roughly found to be 2:24. 


(ii) /21—4/7x3. Here take AB, AC equal to 7 cm. and 3 cm. 
respectively, and proceed as before. 


Nore. Factors should be chosen so as to give convenient lengths for 


AB, AC. 
eg. V23=N23x10; VIL=N22 x6. 


DEFINITION. 


A straight line is said to be divided in extreme and mean 
ratio, when the whole is to the greater segment as the greater 
segment is to the less. 

Ain aa Kit В 
Thus AB is divided at X in extreme and mean ratio, 


cites AB: AX=AX: ХВ; 


from which it follows that 
AB . BX=AX?; 
or, the rectangle contained by the whole line and one part is equal to the 
square on the other part. 
Hence a straight line 
ratio by Problem 33. 
240. 


may be divided in extreme and mean 
For Construction and Proof see page 
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EXERCISES. 
1. Find graphically, testing your results by arithmetio ; 
(i) The 4% proportional to 2:4”, 1:57, 1:6”. 
(ii) The З" proportional to 2-5" and 1:5". 
(iii) The mean proportional between 7-2 om. and 5:0 cm, 
2. Divide a line, 2:0" in length, internally and externally in the 


ratio 7:3; and in each case find the segments by measurement and 
calculation. 


3. Obtain graphically the unknown term in the following statements 
of proportion ; and check your result by arithmetic : 


(i) 125:2 —1:0:1:0. [Take 1” as the unit of length.] 
(i)  2:42—42:63. [Take 1 em. as the unit of length.] 
(ш) 2:16 = 25:2. [Let 1* represent 10.] 


4. Divide a line, 7-2 cm. in length, into three parts proportional to 


the numbers 2, 3, 4. Test Your construction by measurement and 
calculation. 


5. Divide a line, 3:9" in length, into three parts, so that the second 
= $ of tho first, and the third =+ of the second. 


6. On a side of 1:5” draw а re 
a sido of 2". Measure the other sid 


ctangle equal in area to a Square on 
e of the rectangle, 
7. Find graphically the approximate values of 
643; (ii) VIO; (ш) Vi, 
8. Determine by geometrical constry 


of the following expressions, in each 
erithmetically : 


ictions the approximate values 
case verifying your drawing 


Ü 95x24 wo, 0:84 sa 271x1:96 
O-z ~ GRIS (ш) PH 


9. Draw a triangle ABC fi 


h of the f i 
РРА nh тот each o е following sets of data, 


te and measure the lengths of the sides : 
(i) The perimeter —4-8^ ; and сар: c 
(ii) The perimeter —11:] cm. ; and 


(iii) The perimeter =11-8 cm, 3 and = = 
(iv) a—40*, A=90°; and b:c—b:3. 
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EXERCISES. 


(Proportion applied to the calculation of Heights and Distances.) 


1. A field is represented in a plan by a triangle ABC, i i 
a=8 cm., 25:6 cm., c—674 em. Tf the greatest Side of the аа 3500 
metres, find the lengths of the other sides. 

A fence, run across the field, is represented in the lan by a line P! 
parallel to BC drawn from a point P in AB distant 40 s кош A 
Find the length of the fence. 

9. А? speed is to B's in the ratio.8:7; find graphically by how 
much A would beat B in a 100 yards' race, supposing each man to run 
throughout at a uniform rate. 


3. Ona mapin which 17 represents 25 miles, three places, A. B, and 
C are marked. Of these, B appears N.W. of A at a distance 0'8”; and 
C appears N.E. of A at a distance 1:5”. Find the actual distance between 


B and C. 


4. A man, whose height is 6 fect, standing 32 feet from a lamp-post, 
observes that his shadow cast by the light is 8 feet in length: how 
high is the light above the ground, and how long would be the shadow 
of a boy 5 feet in height standing 20 feet from the post ? 


5. A man 6 feet in height, standing 15 feet from a lamp-post, observes 
that his shadow cast by the light is 5 feet in length: how high is the 
light, and how long would his shadow be if he were to approach 8 feet 


nearer to the post ? 


6. To find the width of a canal a rod is fixed 
80 as to shew 41 feet of its length. The observer, whose eye is 5 ft. 8 in. 


above the ground retires at right angles nal t 
top of the rod in a line with the further bank. Jf his distance from the 
nearer bank is now 20 feet, what is the width of the canal ? 


7. A man, wishing to ascertain the height of a tower, fixes a staff 
vertically in the ground at в distance of 27 ft. from the tower. ‘Then, 
retiring 3 ft. farther from the tower, he sees the top of the staff in line 
with the top of the tower. Tf the observer's eye and the top of the staff 
are respectively 5 ft. 4 in. and 12 ft. above the ground, find the height 
of the tower. : 

8. A person due S. of a lighthouse observes that his shadow cast 
by the light at the top is 24 feet long. On walking 100 yards due E. 
30 feet long. Supposing him to be 6 feet 


he finds his shadow to be 2 
high, find the height of the light from the ground, 
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SIMILAR FIGURES. 


THEOREM 67. 


Similar polygons can be divided into the same number of similar 


triangles; and the lines joining corresponding vertices in each figure 
are proportional. 


D 


H 


A B Е G 
Let ABCDE, FGHKL be similar polygons, the vertex A 
corresponding to the vertex F, B to G, and soon. Let AC, AD 
be joined, and also FH, FK. 
It is required to prove that 


(i) the A' ABC, FGH are similar; as also the г ACD, ЕНК, 
and the A ADE, FKL. 
(ii) AB: F@=AC : ЕН = А” : ЕК. 


Proof. (i) Since the polygons are similar, 
the ¿ABC =the / РОН, 
and AB: FG=BC:GH; 


7. the A^ ABC, FGH are similar. Theor. 64. 
-. the 2ВСА= ће г ОНЕ; 
but because the polygons are similar, 1 


the LBCD =the 2 GHK ; 
.. the L АС” =the г ЕНК. 
Also AC: FH =ВС : GH, for the ^' ABC, FGH are similar, 
—CD:HK, for the polygons are similar. 


That is, the sides about the equal 2" ACD, ЕНК are pro- 
portional, 


2. the A*ACD, ЕНК are similar. Theor. 64. 
In the same way the д* АРЕ, FKL are similar. 2 
(ü) And AB: FG= AC : FH, from the similar A^ ABO, FGH ; 
= AD : FK, from the similar A CAD, HFK. 
Q.E.D. 
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Nore. In the last Theorem the polygons 

have been divided into similar triangles by D 

lines drawn from a pair of corresponding vertices. 

Eut this restriction is not necessary. E c 
For take any point O in the polygon ABCDE, 

and join it to each of the vertices. 


In the polygon FGHKL, make Ше 2 СРО” А B 
equal to the 2. BAO, 

and make the 4 FGO’ equal to the £ ABO. K 
Join O’ to each vertex of the polygon ЕСН KL. L H 


We leave as an exercise to the student the 
proof that the two polygons are thus divided 
into the same number of similar triangles. 


Prosiem 39. [First Method.] 


On a side of given length to draw a figure sim 
rectilineal figure. 


ilar to a given 


D 


unt 
A B B L 


Let ABCDE be the given figure, and LM the length of the 
given side ; and suppose that this side is to correspond to AB. 


Construction. From AB cut off AB’ equal to LM. 
Join AC, AD. 

From В’ draw B'C' par! to BC, to cut AC at C’. 
From C’ draw C'D' par! to CD, to cut AD at D'. 
From D' draw D'E' par! to, DE, to cut EA at E". 

"hen AB'C'D'E' is the required figure. 


(i) By construction the figure AB'C'D'E 


M 


Outline of Proof. 
is equiangular to the figure ABCDE. 
(ii) From the three pairs of similar triangles it may be shewn 
AB’ B'C! C'D' D'E' E'A, 
thet "BT BO’ CD DENERI 


that is, corresponding sides of the polygons are proportional. 
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THEOREM 68. 


Any lwo similar rectilineal figures may be so placed that the lines 
joining corresponding vertices are concurrent. 


Fig. 1. Fig. 2. 
Let ABCD, A'B'C'D' be similar figures. 
Then since the 2 В’ = е 


thatA'B', B'C' are respectively par' to AB, BC. 16 follows, since 


the figures are equiangular to one another, that C'D' is par! to 
CD, and D'A' par! to DA. 


ZB, the figures can be so placed 


It is required to prove that when corresponding sides of the given 
figures are parallel, then AA’, BB’, CC’, DD’ are concurrent. 
Join AA’, and divide it externally at S in the ratio АВ: A'B’. 


Join SB and SB': it will be shewn that SB ànd SB' are in 
one straight line. 


Proof. In the A"SA8, SA'B', since AB and A'B' are par!, 
2. the ¿SAB — the г SA'B' j 
and, by construction, SA: SA'— AB : A'B’ à 
s. the A^ ВАВ, SA'B' are equiangular to one another; Theor. 64, 
4. the LASB=the L A'SB'. 
Hence SB, SB' are in the same st. line ; 
that is, BB’ passes through the fixed point S. 
Similarly CC’ and DD’ ma 
That is, AA’, BB’, 


y be shewn to pass through S. 
CC’, DD’ are concurrent. Q.E.D. 
Nore. Observe that th 


N the joining lines AA’, BB’, CC’, DD’ are alf 
divided externally at S in the ratio of any pair of corresponding sides 
of the given figures. 
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Note. In placing the given figures so that A’B’, B'C' i 
parallel to AB, BC, two cases arise : s spo respectively 

(i) A'B’ and AB may have the same sense, as in Figs. 1 and 2; 

(ii) A'B' and АВ............. opposite senses, as in the Fig. below. 


B 


(e D 
In the latter case it follows also that C’D’ is par! to CD, and D'A’ 
раг to DA, and it may be ›гоуей as before that AA’, BB’, CC’, DD‘ are 
concurrent; but here S divides AA’ internally in the ratio of corre- 
eponding sides, and the position of the figures is transverse. 
S is called a centre of similarity, or homothetio 


In each case the point i 
centre ; and similar figures so placed are said to be homothetic. 


PnosLEM 39. [Second Method.] 


On a given side to draw a figure similar to a given figure. 


Let ABOD be the given figure, and A'B' the given side; 


and let A'B’ correspond to AB. 
Construction. Place A'B' par to АВ; and join AA', BB' by 


lines meeting at S. А 
Join SC, SD. 


Through B' draw B'C' par! to BC, to meet SC at С”; 
through C' draw C'D' par! to CD, to meet SD at D’, 
Join A'D'. 

rng .. Then A'B'C'D' is the required figure. » - 

"The student should prove (i) that A'B'C'D' is equiangular to 
ABCD, (ii) that corresponding sides of these figures are pro- 
portional. The proof is the converse of Theorem 68. 
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EXERCISES ON SIMILAR FIGURES. 


(Numerical and Graphical.) 
1. On а base AB, 6:5 cm. in length, draw a quadrilateral ABCD 
from the following data : 
LA-80, LB=70°, AD-44 cm., BC=3:2 cm. 
Taking any convenient point as centre of similarity, make 
(i) A reduced copy of ABCD, such that the ratio of each side to the 
corresponding side of ABCD is 3: 4. 


Gi) An enlarged copy of ABCD, such that the ratio of each side to 
the corresponding side of ABCD ig 5: 4. 


2. Draw a semi-circle on a given diameter AB, and inscribe a square 
in it, so that two vertices may be on the are, and the other two on AB. 


If AB=2r, and the side of the inscribed square=a, shew that 
ба? =4r2, 
3. Draw a sector of а circle of radius 244^, the central angle being 
60° ; and inscribe a square in it. 
Tf the radius of the sector=r, and the side of the Square =a, calculate 
from measurements the ratio a : r. 


4. In a sector of which the radius =5 cm., and the central angle =45°, 
inscribe a rectangle having its adjacent sides in the ratio 2:1, 


Prove that two such rectangles can be drawn, 


7 x and compare by 
measurement their greater sides, 


5. Draw a triangle ABC, making а =8 cm., b—7 cm., and c=6 cm. 
Working from the vertex A as centre of similarity, inscribe a square 
in the triangle, so that two of its angular points may be in the base BC, 


and the other two in AB, AC. 
6. Draw a triangle ABC, making a=2-6", B=110°, C =35°, 
In the triangle ABC inscribe an equilateral triangle, having 
(i) one side parallel to BC; 
(ii) one side parallel to any given straight line. 
T. Ina given triangle ABC inscribe a triangle similar to & given 
triangle DEF. 
In how many ways may this be done ? 


8. Draw a regular bexagon ABCDEF оп a side of 1:27, and in it 


inscribe а square having two sides parallel to AB and DE, and ite i 


vertices on the remaining sides of the hexagon. 
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Turorem 69. [Euclid VI. 33.] 


In equal circles, angles, whether at the cent 7 
s, ат res or circumferen 
have the same ratio as the arcs on which they stand. үе 


Е 


Let АВЕ, СОЕ be equal circles ; and let the Z^ AGB, CHD at 
the centres, and the 2" АЕВ, CFD at the О“, stand on the ares 
AB, CD. 

It is required to prove that 

(i) the LAGB : the L CHD 

(ii) the LAEB : the L CFD 
arc AB: the arc CD=m:n; 
is divided into m equal par 
d into n such equal parts. 
be drawn to the points of division of 


=the arc AB: the arc CD; 
=the arc AB : the arc CD. 


Proof. Suppose the 
so that, if the arc AB 
are CD may be divide 

In each circle let radii 


the arcs AB, CD. 
Then the 2"AGB, CHD, in equal circles, are divided into 


angles which stand on equal arcs, and are therefore all equal. 
‘And of these equal angles the г AGB contains эл, 
and the 2 CHD contains 2 ; 


s. the 2 AGB : the LCHD2m:m. 
the 2 AGB : the г снр =the arc AB: the arc CD. 
EB —one half of the 2 АСВ; Theor. 38. 
half of the ¿CHD ; 
=the arc AB : the arc CD. 
Q.E.D. 


ts, then the 


Hence 
And since the ZA 
and the ¿CFD = опе 


s. the LAEB: the ¿CFD 


ComornLARY. Since in equal circles, sectors which have equal 
angles are equal [Theor. 42, Cor.], it may be proved as above 
that the sector AGB : the sector CHD =the arc AB : the arc CD. 


286 GEOMETRY. 


PROPORTION APPLIED TO AREAS. 


Tnuronrw 70. [Euclid VI. 1j] 
The areas of triangles of equal altitude are to one another as their 
bases. 
A D 


B с Е F 


Let ABC, DEF be two triangles of equal altitude, standing 
on the bases BC, EF. 
It is required to prove that 
the ДАВС : the A DEF - BC : EF, 


Proof. Let the triangles be placed so that the bases BC, 


EF are in the same st. line, and the triangles on the same side 
of the line. 


Join AD ; then AD is par! to BF. Def. 2. р. 99. 
Suppose the base BC : the base EF=m:n; 
so that, if BC is divided into m equal parts, then EF may be 
divided into such equal parts. 
In each triangle let st. lines be drawn from the vertex to 
the points of division in the bases BC, EF. 
Then the д” ABC, DEF are divided into triangles which 


stand on equal bases, and have the same altitude, and are 
therefore all equal. 


And of these equal A’, the A ABC contains m; 


and the A DEF contains л. 
4 the AABC : the ADEF=m :m. 
Hence the ДАВС : the ADEF —BC : EF. 


Q.E.D. 
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Cororrary. The areas of parallelograms of equal altitude are 
to one another as their bases. А 


For let DB, EG be par™ of the same 
altitude, standing on the bases AB, EF. 


Join AC, HF. 


D СЕНС 


Then 
since the рат" DB-twice the л САВ ; 


and the раг" EG =twice the AHEF ; 
s. the раг" DB : the par? EG=the ACAB : the AHEF 
= AB S NER: 


A B EE Р 


ALTERNATIVE PROOF or THEOREM 70. 


e altitude of each of the д" ABC, DEF. 


Let p represent th 
Then the area of the A ABC ={ . base x altitude-3 . BC xp; 
=4. EF xp. 


and the area of the A DEF = ES 


EXERCISES. 


(Numerical.) 


ual altitude stand on bases of 6:3” and 5:4” 


1. Two triangles of eq 
f the first triangle is 12} square inches, find 


respectively ; if the area o 
the area of the second. 

2, The areas of two triangles of eq 
24:17; if the base of the first is 4:2 cm., find tli 


the nearest millimetre. 


ual altitude have the ratio 
ne base of the second to 


3. Two triangles lying between the same parallels have bases of 
16:20 metres and 20:70 metres ; find to the nearest square centimetre 
the area of the second triangle, if that of the first is 50°1204 sq. metres. 
4, Two parallelograms whose areas are in the ratio 21:35 lie 
between the same parallels. If the base of the first is 66" in length, 
find the base of the second. 

+5, Two triangular fields lie on opposite sides of a common base; 
th respect to it are 4-20 chains and 3:71 chaina. 


and their altitudes wi! 
Tf the first field contains 18 acres, find the acreage of the whole quadri- 


lateral. 
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gs THEOREM 71. 
I 


[f two triangles have one angle of the one equal to one angle of 
the other, their areas are proportional to the rectangles contained by 
the sides about the equal angles. 


A 
PA 27 X 
B M (СЩ) Е н F 


In the A' ABC, DEF, let the ^at B and E be equal. 
It is required to prove that 
the A ABC : the A DEF — AB. BC : DE. EF. 
Let AG and DH be drawn perp. to BC, EF respectively, and 
denote the lengths of these perp’ by p and р’. 


Proof. The AABC=4BC.p; and the ADEF=1EF.p’ 
. AABC BC.p 
T ADEF EF gU UU 
But since the LB=the 7 E, and the оће H, 


+. the A* ABG, DEH are equiangular to опе another; Theor. 16. 


(№) Theor. 62. 


Substituting for 2 in (i), 


AABC BC.AB, 
ADEF EF.DE’ 
or — theAABC:the ADEF = AB. BC : DE. EF. 
Q.E.D. 
Corottary. Similarly it may be shewn that parallelograms 
having one angle of the one equal to one angle of the other are pro- 


portional to the rectangles contained by the sides about the equal 
angles. 


i) 
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EXERCISES ON AREAS. 
(On. Theorem 70.) 


de Assuming the area of a triangle =} basex ollitude, prove that 
triangles on equal bases are proportional to their altitudes. 
‘Also deduce this result geometrically from ‘Theorem 70. 


2, XY is drawn parallel to BC, the base of the triangle ABC, cutting. 
the sides AB, AC in X and Y. 
Join BY and CX, and prove, by Theorem 70, that 
(i) AX: XB=AY: YC. 
di) AB: AX=AC: AY. 
3. Shew that every quadrilateral is divided by its diagonals into: 
four triangles whose areas are proportionals. 
4. If two triangles are on equal bases and between the same 
parallels, any straight line parallel to their bases will cut off equal areas 
from the two triangles. 


(On Theorem 71.) 


5. In two triangles ABC, DEF, the LB-the LE. If AB, BC are 
2:7" and 35” respectively, and DE, EF are 2:1” and 1-8”, shew that 


A ABC: ADEF=5: 2. 
6. The A*ABC, DEF are equal in area, and the LB=the LE. 


If AB=5'6 cm., BC =6'3 cm., DE =7:2 cm., find EF. 
EFGH, the LB-the ЁР, 


7. In two parallelograms ABCD, 
If AB=48 cm., BC-13:5 сы, 


and the areas have the ratio 3:4. 


EF =10'8 cm, find FG. 
If p and p’ denote the perpendiculars drawn from A and E to BC 


and FG respectively; shew that р: p'-4:9. 
8. Prove the formula 
area of A =F ab sinC 5 
and deduce Theorem 71. 
9. The ^ ABC =the A DEF in area; and AB: DE =EF:BC; shew 
that the 2" В and E are equal or supplementary. 
10. The sides AB, AC of the triangle ABC are cut by any straight 


line at P. and Q respectively. By joining PC, and twice applying: 


Theorem 70, shew that 
КАРО : A ABC=AP - AQ: АВ. AC. 


Hence obtain an alternative proof of Theorem 71. 
H.S.G. T 
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THEOREM 72. [Euclid VI. 19] 


The arcas of similar triangles are proportional to the squares on 
corresponding sides. 


A 
D 


B G [*] E HASE 


Let ABC, DEF be similar triangles, in which BC and EF are 
corresponding sides. 


It is required to prove that 
the A ABC : the A DEF ВО? : EF?, 


Let AG and DH be drawn perp. to BC, EF respectively ; and 
denote these perp* by p and р. 


Proof. Тһе AABC—1BC.p; and the ADEF — EF p. 


. AABC BC.p z 
T ADEF ЕЕ р! Төө...) 


But since the 2В = ће / E, from the similar 2 ABC, DEF, 
and the 2G=the 2H, being right angles ; 


4". the A" ABG, DEH are equiangular to one another ; Theor. 16, 
DE Theor. 62. 
BC Te 
Ете, from the similar A^ ABC, DEF. 
Bubstituting for f in (i), 
AABC BC.BC воз, 
ADEF EF.EF EF?’ 
of, the A ABC : the ADEF=BC?: EF®, 


Q.E.D. 
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EXERCISES ON THE AREAS OF SIMILAR TRIANGLES. 
(Numerical and Graphical.) 
1. In any triangle ABC, the sides AB, AC are cut by a Jine XY 


drawn parallel to BC. If AX is one-third of AB, what i 
triangle AXY of the triangle ABC ? uox uv 


2. Two corresponding sides of similar triangles are 3 ft. 6 in. and 


2 ft. 4 in. respectively. If the area of the greater triangle is 45 sq. ft. 
find that of the smaller. 4 iras 

3. Tho area of the triangle ABC is 95:6 sq. cm., and XY, drawn 
porel to BC, cuts AB in the ratio 5 : 3. Find the area of the triangle 

y. 

4. Two similar triangles have areas of 392 sq. cm. and 200 sq. cm 
respectively ; find the ratio of any pair of corresponding sides. 

5. ABC and XYZ are two similar triangles whose areas are re- 
spectively 32 5q. in. and 60:5 sq. in. If XY 7:7", find the length of 
the corresponding side AB. 

6. Shew how to draw à straight line XY parallel to BC the base of 
& triangle ABC, so that the area of the triangle AXY may be nine- 
sixtcenths of that of the triangle ABC. 2 


(Theoretical.) 
7. АВС is a triangle, right-angled at A, and AD is drawn per- 
pendicular to BC, shew that 
ABAD: AACD =ВА?: AC*. 

8. A trapezium ABCD has its sides AB, CD parallel, and its 
diagonals intersect at О. 1 AB is double of CD, find the ratio of the 
triangle AOB to the triangle COD. 

9. XY is drawn parallel to BC the base of the triangle ABC, if 
A AXY : fig; XBCY=4: 5, 

AX: XB=2:1. 


similar triangles have the same ratio as 


shew that 


10. Prove that the areas of 


the squares 0) 
1 / (i) corresponding altitudes ; 


(ii) corresponding medians ; 
(iii) the radii of their in-circles ; 
(iv) the radii of their cireum-circlea. 
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THEOREM 73. [Euclid VI. 26.] 


The areas of similar 


polygons are proportional to the squares on 
corresponding sides, 


D 


H 
A B F G. 


Let ABCDE, FGHKL be simil 
"corresponding sides. 


ar polygons, and let AB, FG be 
It is required to prove that 
the polygon ABCDE : the polygon FGHKL = AB? : FG?, 
Join AC, AD, FH, FK. 
Proof Then the A* ABC, FGH are similar ; 
also the A* ACD, FHK are similar ; 
and the A* ADE, FKL are similar, 
“. the AABC: the AFGH= Ac? FH? Theor, 72. 


=the AACD : the AFHK. 


Theor. 01. 


Similarly, 
the AACD : the A FHK= AD? : FK? 
=the ЛАРЕ : the A FKL, 
Henco AABC ..4ACD ЛАРЕ 


AFGH AFHK AFKL' 


And in this series of equal ratios, the sum of the ante- 
‘cedents is to the sum of the consequents as each antecedent 
4s to its consequent ; Theor. V. p. 251. 


-. the fig. ABCDE : the fig. FGHKL =the AABC : the A FGH 
- АВ? Ж FG? 
Q.E.D. 
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CononLARY 1. Let a, b, c repres i i 
ET. , present three lines in pro- 


Cad 
age on consequently 5? =ас. 
Es 


= "M 
Now suppose similar figures P and Q to be drawn on a and 


b as corresponding sides, 


then ie 


ight lines are proportionals, and any similar 
first and second as corresponding sides, then 


he second =the first : the third. 


Hence if three stra 
figures are drawn on the 


the fig. on the first : the fig. on t 


K 
Cororrary 2. Let CIFA 4 
A в “с D 


AB:CD-EF:GH; 
and let similar figures KAB, LCD 


be similarly described on AB, CD, 
and also let similar figures MF, N 
NH be similarly described on VEN 


EF, GH. 
E E G H 
z AB EF AB? EF? 
Then since Ср GH 3 «cpi 0н? 
But the fig. КАВ : the fig. LCD = AB? : CD?; Theor. 73. 
NH —EF? : GH?. 


and the fig. МЕ: the fig. 


v. the fig. КАВ : the fig. LCD =the fig. MF : the fig. NH. 

Hence if four straight lines are proportional, and a pair of 
similar rectilineal figures are similarly described on the first and 
second, and also a pair on the third and fourth, these figures are 


proportional. 
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EXERCISES ON THE AREAS OF SIMILAR FIGURES. 
(Numerical and Graphical.) 


1. Shew how to draw a straight line XY parallel to the base BC ot 
8 triangle ABC, so that the area of the triangle AXY may be four-ninth3 
of the triangle ABC. 


2. The sides of a triangle are 2-0", 9-5", 3-2"; find the sides of a 
similar triangle of three times the area. 


[The results are to be given to the nearest hundredth of an inch.] 


3. Two similar triangles have areas in the ratio 13-69: 16:81, and 


an altitude of the greater is 10 ft. 3 in. Find the corresponding 
altitude of the other. 


4. ABC is a triangle whose area is 16 sq. ст.; and XY is drawn 
parallel to BC, dividing AB in the ratio 3 : 5; if BY is joined, find the 
area of the triangle BXY. 


5. One-fifth of the area of the triangle ABC is cut off by a line XY 
drawn parallel to ВО. If BC —10 cm., find XY to the nearest millimetre. 


6. Тһе area of a regular pentagon on a side of 2- 


5” is approximately 
10} вд. in. ; find the area of a similar figure on a sid 


e of 3:0". 

7. The length of a rectangular area is 10:8 metres, and the ratio of 
the length to the breadth is 12:5. Find the length and breadth of à 
similar rectangle containing one-ninth of the arca. 


8. In the plan of a certain field, 17 represents бб yards; if the area 
of the plan is found to be 100 sq. in., find the area of the field in acres. 


Explain why in this example the shape of the field is immaterial. 


9. An estate is represented on a plan by a quadrilateral ABCD 
drawn to the scale of 25” to th 


e mile. If AC=20" and the offsets from 
А9 о В and D measure 24” and 26” respectively, find the acreage of the 
estate. 


10. A field of 1-89 hectares is represented on a plan by a triangle 


whose sides measure 13 cm., 14 cm., and 15 em. Оп what scale is the 
plan drawn ? 
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EXERCISES ON THE AREAS OF SIMILAR FIGURES. 
(Theoretical.) 


diain to BO, n а AD right-angled at A, and AD is drawn perpen 
(i) BC?*:BA*-BC:BD;  [Theor. 73, Сог. 1.] 
(ii) ВС: CA -BC: CD. 
Hence deduce BC?=BA?+AC* 


2. A triangle ABC is bisected by a straight line XY drawn parallel 
to the base BC. Determine the ratio AX : AB. 

Hence shew how to bisect a triangle by a straight line drawn parallel 
to the base. Ё 


3. Two circles have external contact at A, and a common tangent, 
touching them at B and C, meets the line of centres at S. If AB, AC 
are joined, shew that 

A SBA: A SAC=SB: SC. 


4. Two circles intersect at A and B, and at A tangents are drawn, 
one to each circle, meeting the circumferences at C and D. If AB, CB 
and BD are joined, shew that 

ЛОВА: A ABD -CB : BD. 


6. DEF is the pedal triangle [see р. 207] of the triangle ABC ; prove 
that A ABC : A DBF — AB? : BD*. 


Hence shew that 
fig. AFDC: А DBF = AD? : BD*. 


ABC a second triangle is inscribed by joining 
the middle points of the sides. In this inscribed triangle a third is 
inscribed in like manner, and so on. What fraction is the fourth 


triangle of the triangle ABC ? 


7, A regular hexagon is drawn on a side of a centimetres, and a 
second hexagon is inscribed in it by joining the middle points of the 
sides in order. In like manner a third hexagon is inscribed in the 


second, and so on. Find the ratio of the first hexagon to the fifth, 


6. In a given triangle 


8. Shew that the areas of two similar cyclic figures are proporti 
the squares of he diameters of their circum-circles. [Euclid Xu ud a 
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Turorem 74. [Euclid VI. 31.] 


In a right-angled triangle, any rectilineal figure described on ne 
hypotenuse is equal to the sum of the two similar and similarly 
described figures on the sides containing the right angle. 


Let ABC be a right-angled triangle of which BC is „the 
hypotenuse ; and let P, Q, R be similar and similarly described 
figures on BC, CA, AB respectively. 

It is required to prove that 

the fig. R + the fig. Q=the fig. P. 


Proof. Since AB and BC are corresponding sides of the 
similar figs: R und P, 


b ВЕ. АВ а...) Theor. 13: 
g- 
:9 йд. @ AC? А 
In like manner, fig, P Bore (ii) 


Adding the equal ratios on each side in (i) and (ii) 
fig. R+fig.Q АВ?-- AC? 


fig. P BC* 
But АВ? + AC? — BC? ; Theor. 29. 


2. the fig: В - the fig. Q—the fig. P. Q.E.D. 


Сокол.Авү. The area of a circle drawn on the hypotenuse of 
a right-angled triangle as diameter is equal to the sum of the circles 
similarly drawn on the other sides. 


For the areas of circles are proportional to the squares 0D 
their diameters. [Page 203.] 
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EXERCISES. 
(Miscellaneous.) 

1. Ina triangle ABC, right-angled at A, AD is di dicul: 
to the БОЛУЫМ: Shew that E^ "dp cu Es 
(i BA*-BC.BD; (й) CA?-CB.CD. 

Hence deduce Theorem 29, namely, 
BC*—-BA? + AC*. 
2. In the diagram of Theorem 74, draw AD perpendicular to BC; 
hence prove that, if the fig. P=the A ABC, then 
(i) the fig. Q—the AADC; (ii) the fig. R=the А ADB. 


3. In the diagram of Theorem 74, if AB: AC=8:5, and if the 
fig. P=8-9 sq. cm., find the areas of the figs. Q and R. 


4. BY and CZ are medians of the triangle ABC, and YZ is joined. 
Find the ratio of the triangle BOC to the triangle YOZ. [See р. 97.] 


5. ABC is an isosceles triangle, the equal sides AB, AC each 
measuring 310". From a point D in AB, a straight line DE is drawn 
cuttmg AC produced at E, and making the triangle ADE equal in area 
to the triangle ABC.” If AD =1°8", find AE. j 


6. АВ is a diameter of a circle, and two chords AP, AQ are produced 
to meet the tangent at B in X and Y. 


Shew that (i) the As APQ, AYX are similar ; 
(ii) the four points P, Q, Y, X are concyclic. 


7. In the triangle ABC, the angle A is externally bisected by a line 
which meets the base produced at D and the cireum-circleat E : shew that 


AB. AC=AE. AD. 


8. When is a straight line said to be divided in extreme and mean 
ratio? , 

1i а line 10 em. in length is so divided, find the approximate lengths 
of tbe segments, and check your work graphically. 


9, Draw an isosceles triangle equal in area to a triangle ABC, 
and having its vertical angle equal to the angle A. 
10. On a given base draw an isosceles triangle equal in area to a 


given triangle ABC. = 
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PROBLEM 40. 


To draw a figure similar to a given rectilineal figure, and equal 
to a given fraction of it in area. Y 


Let ABCDE be the given figure, to which a similar figure is 


to be drawn, having its area a given fraction (say three-fourths) 
of that of the fig. ABCDE. 


Construction. Make AF three-fourths of AB. Prob. 1. 


From AB cut off AB’ the mean proportional between AF 
and AB. Prob. 38 Note- 
On AB' draw the fig. AB'C'D'E' similar to the fig. ABCDE. 

Prob. 39- 
Then the fig. AB'C'D'E' =} of the fig. ABCDE, 
Proof. By construction, АВ’? AF. AB. 


Now the figs. ABCDE, AB'C'D'E' are similar, and AB, AB’ ar? 
corresponding sides ; 


fig. AB'C'D'E' AB? 
Hip LI ы ‚11. 
4 fig. ABCDE ^ АВ? ше 
_ АЕ.АВ 
АВ? 
АЕ 3 


CAO 
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EXERCISES. 


1. Divide a triangle ABC inté two parts of equal area by а line XY 
drawn parallel to the base BC and cutting the other sides at X and Y. 


Find (i) by calculation, (ii) by measurement, the ratio AX : AB. 


2.. Divide a triangle ABC into three parts of equal area by lines PQ, 


XY drawn parallel to the base BC. If P and X lie on AB, prove that 
APR. AX AB 
SANE 
Hence shew how a triangle may be divided into n equal parts by 
lines drawn parallel to one side. 


3. Draw a rectangle of length 8 cm., and breadth 5 cm. Then\draw 
a similar rectangle of one-third the area. Н 

Measure its length to the nearest millimetre, and verify your result 
by calculation. 


4. Draw a quadrilateral ABCD from the following data : 

А the 2А=90°; АВ=ВС=8 сә.; AD-DC-6em., 
^ Draw а similar quadrilateral to contain an area of 36 sq. cm., and 
find to the nearest millimetre the length of the side corresponding to 
AB. i \ 


5. Divide a circle of radius 3” into three equal parts by means of 
two concentric circles. 

6. Draw а rectilineal figure equal in area to a given figure E, and 
eimilar to a given figure S. [Euclid vr. 25.] 


[First replace the given figures E and S by equivalent: squares 
(see Problems 19 and 32) Let the sides of these squares be a and b 
respectively, and let s be one of the sides of S. 

Find р, a fourth proportional, to 6, a, s, so that b:a—5:7p. 

a figure P similar to the figure S, so that p and s are 


On p draw il 1 
corresponding sides. Then P is the figure required ; 
à Рр е E 
for soa eS 


д. the fig. P=the fig. E.] 
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RECTANGLES IN CONNECTION WITH CIRCLES. 


Nore. We here give a simple proof of Theorems 57 and 58 brought 
under a single enunciation. [Sce Nore p. 234.] 


THEOREM 75. [Euclid III. 35 and 36.] 


“If any two chords of a circle cut one another internally 0t 
externally, the rectangle contained by the segments of one is eg 
to the rectangle contained by the segments of the other. 


C 


f 
Fig. т. Fig. 2. 
, In the O ABC, let the chords AB, CD cut one another at X, 
internally in Fig. 1, and externally in Fig. 2. ` 
It is required to prove in both cases that 
the rect. XA, XB=the rect. XC, XD, 


Join AD, BC. 


Proof. In the ^" АХО, CXB, 
the LAXD = ће 4 СХВ, being opp. vert. z* in Fig. 1, and the 
same angle in Fig. 2 ; 
and the 2A=the 4C, being /* at the O“, standing on the 
ваше arc ВО; 
_ +. the remaining angles are equal; Theor. 16. 
hence the A*AXD, CXB are equiangular, 
IXA XD. 
XC XB] 
4CXA.XB-— XC. XD :. 
that is, the rect. XA, XB —the rect. XC, XD. 
Q.E.D. 
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Corottary. Jf from an external point a secant and a tangent 
are drawn toa circle, the rectangle contained by the whole secant and 
the part of it outside the circle is equal to the square on the tangent. 


C 


Let XBA be a secant, and XT a tangent drawn to the 
© ABC from the point X. 

It is required to.prove that ХА. ХВ =XT?. 

Let XDC be a second secant ; 
then XA. XB=XC. XD, Theor. 75. Fig. 2. 
and this is true for all positions of the line XDC. 


Now let XDC turn about X away from the centre, so that 
the points C and D continually approach one another and 
ultimately coincide at T ; 

then XDC becomes the tangent XT, 
and ХС. XD becomes ХТ. XT, or ХТЗ) 
ultimately, XA. ХВ = ХТ?, 


EXERCISES FOR SQUARED PAPER. 


1. From the point (177, 0) as centre, & circle is drawn to touch OY 
at О, and cutting OX at A. If any line is drawn from A to cut OY at Q 
and the circle at P, shew that AP. AQ is constant, and find its value 
when 1” is taken as the unit of length, 

2, A circle of radius 10 is drawn from centre C (5, 6) If TT’ is 
the chord of contact of tangents from P (29, 16), and if PC meets TT’ in 
Q find the value of 1 

(i) CQ. CP ; (ii) PQ. CP; and (iii) the length of TT’. 

3, From centres (3, 0) (2, 0) circles of radii 2:0 and 2:5 respectively 
are drawn. Find the coordinates of their common points, and the 
length of their common chord. Also find the length of a tangent to 
e ‘circle from the point (1:3, 374). Verify your results by measure- 


ment. 
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* THEOREM 76. 


If the vertical angle of a triangle is bisected by а straight line 
which cuts the base, the rectangle contained by the sides of the 
triangle is equal to the rectangle contained by the segments of the 


base, together with the square on the straight line which bisects 
the angle. 


A 


en 


E 
Let ABC be a triangle, having the / BAC bisected by AD. 
It is required to prove that 


the rect. AB, AC=the rect. BD, DC + the sq. on AD. 


Suppose a circle circumscribed about the ААВС; and let AD 
be produced to meet the O° at E. 


Join EC. 


Proof. Then in the A* BAD, EAC, 
because the 2 BAD =the 7. EAC, 
and the / ABD —the 2 AEC in the same segment ; 
~<. the remaining 2 BDA =the remaining 2 ECA ; 
that is, the Д" ВАР, EAC are equiangular to one another; 


г MET AD. Theor. 62. 
Hence AB. AC=AE.AD 
= (АО +DE)AD 
=А0? + АЮ . DE. A 
But AD.DE=BD.DC; Theor. 15. 
2. the rect. AB, AC — the rect, BD, DC + the sq. on AD. 
Q.E.D. 
EXERCISE. 


If the vertical angle BAC is bisected externally by AD, shew that 
AB. AC -BD.DC- AD? 
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* THEOREM 77. 


_ If from the vertical angle of a triangle a straight line ts drawn 
perpendicular to the base, the rectangle contained by the sides of the 
triangle is equal to the rectangle contained by the perpendicular and 
the diameter of the circum-circle. 


\ Е 

In the A ABC, let AD be the perp. from А to the base ВС; 
and let AE be a diameter of the circum-circle. 

It is required to prove that 

the rect. AB, AC =the rect. AE, AD. 
Join EC. 

Proof. Then in the ABAD, EAC, 

the rt. angle BDA —the rt. angle, ECA, in the semicircle ECA, 
and the / ABD =the 2 АЕС, in the same segment ; 
7. the remaining д BAD =the remaining д ЕАС; 
that is, the A" BAD, EAC are equiangular to one another. 


on АВ АР, Theor. 62. 
Hence AB.AC—AE.AD; 
or the rect. AB, AC=the rect. AE, AD. 
Q.E.D. 


Nore. Let a, b, c denote the sides of the AABC, R its circum- 


radius, and p the perp. AD. 
Then since AE. AD=AB. AC, 


2R.p=cb; 
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id ‘4 THEOREM 78. [Ptolemy’s Theorem.] 
à de The rectangle contained by the diagonals of a quadrilateral in- 
scribed in a circle is equal to the sum of the two rectangles contained 
by its opposite sides. . 


Let ABCD be a quadrilateral inscribed in a circle, and let 
AC, BD be its diagonals. 


It is required to prove that 
the rect. AC, BD =the rect. AB, CD + the rect. BC, DA. 
Make the 2 DAE equal to the / ВАС; 
to each add the ZEAC, 
then the 2 DAC =the 2 EAB. 

Proof. Then in the A" EAB, DAC, 

the L EAB =the 2 DAC, 
and the 2 АВЕ = the 2 ACD in the same segment ; 
4. the A' EAB, DAC are equiangular to one another; Theor. 16. 


BA BE 
** GA СБ? Theor. 62. 
hence ABECD AC BE series erre +s esol) 


Again in the A* DAE, CAB, 
the L ОАЕ =the 2 САВ, 
and the / АРЕ =the z ACB, in the same segment ; 
7. the A' DAE, САВ are equiangular to one another ; 
DANDES 
СА CB’ 29 
hence ВСАА = AC. DE. ......e ence ronsteee eer? (Ш) 
Adding the equal rectangles on each side in (i) and (ii) 
AB.CD+BC.DA=AC.BE+AC.DE 
=AC (BE + DE) 
=AC.BD. 
Q.E.D. 


EXERCISES ON THEOREMS 76-T5. 30Р 


EXERCISES. 


1. ABC із ап isosceles triangle, and on the base, or base produced, 
any point X is taken: shew that the circumscribed circles of the 


р 
triangles ABX, ACX are equal. 


9. From the extremities B, C of the base of an isosceles bangle 
» 


ABC, straight lines are drawn perpendicular to AB, AC respective! 
and intersecting at D : shew that 
BC. AD=2AB . DB. 


3. If the diagonals of а quadrilateral inscribed in a circle are st 
right angles, the sum of the rectangles contained by the opposite sides 


ia double the area of the figure. 


4. ABCD is-a quadrilateral inscribed in в circle, and the diagonal 


BD bisects АС: shew that 
AD.AB-DC.CB. 


5. If the vertex A of a triangle ABC is joined to any point in the 
base, it will divide the triangle into two triangles such that their 
circumscribed circles have radii in the ratio of AB to AC. 


6. Construct a triangle, having given the base, the vertical angle, 
and the rectangle contained by the sides. 


7. Two triangles of equal area are inscribed in the same circle: shew 
that the rectangle contained by any two sides of the one is to the rect- 
engle contained by any two sides of the other as the base of the second 


is to the base of the first. 

8. Р is a point on the arc BC of the ciroum-circle of an equilateral 

triangle ABC. If P is joined to A, B, and C, shew that 
PB+PC=PA. 

9. ABCD is a quadrilateral inscribed in a circle, and BD bisects the 
angle ABC : if the points A and C are fixed on the circumference of the 
circle, and B is variable in position, shew that 

АВ +ВС: BD is a constant ratio. 


10, From the formula R— 2€ (see Nore, р. 308) find the value of R 


he sides of the triangle are as follows: 
(i) 217,20", 13”; (ii) 30 ft., 25 ft., 11 ft. 
nvenient scale and oheck your work by 


when t 


Draw the triangles to а со 
measurement. , 


н.5.9. v 
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MISCELLANEOUS THEORETICAL EXAMPLES 
ON PARTS I.-V. 


1, Two circles whose centres are C and D intersect at А and Bi 
and a straight line PAQ is drawn through A and terminated by the 
vircumferences : prove that 


(i) the LPBQ =the / САР; 
(ii) the BPC =the 2В9р. 


2. AB is a given diameter of a circle, and CD is any chord parallel to 
AB; if any point X in AB is joined to the extremities of CD, shew 
that 


XC? + XD? = ХА? + XB, 


3. The opposite sides of a cyclic quadrilateral are produced to 
meet: shew that the bisectors of the two angles so formed are per- 
pendicular to one another, 


4. Given the vertical angle, one of tho sides containing it, and the 


length of the perpendicular from the vertex on the base: construct the 
triangle. 


5. ^ B, C are three points in order in a straight line: find a point 
Б ра окш line во that РВ may be а mean proportional between 
and PC. 1 y e 


‚ 9. "Through D, any point in the ba: 
lines DE, DF are drawn parallel to the 
sides at E, F: shew that the triangl 
between the triangles FBD, EDC. 


Зе of a triangle ABC, straight 
sides AB, AC, and meeting the 
е AEF is a mean proportional 


————.. 


7. PQ is a fixed chord in a circle, and PX, 


chords through P and Q; shew that XY tou 
circle. 


» QY any two parallel 
ches a fixed concentric 


her at C, and Straight lines are drawn 
gles to one another, meeting the circles at P, P 
i ine which joins the centres ів 
es at A and A' shew that 

P'P*-EQ'Q1— А” Аз, 


9. AE bisects the vertical angle of the triangle ABC and meets the 
base in E. If d, d' are the dia f the circum-circles of the 
triangles ABE, ACE, shew that Pase ee с, 


d:d'-BE:EC. 
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10. AB, AC are chords of а circle; a line parallel to the tangent at 

|A cuta AB, AC in D and E respectively: shew that 
AB. AD=AC. AE. 

, M. If a straight line is divided at two given points, determine a 
'third point such that its distances from the extremities may be propor- 
tional to its distances from the given points. 

12. Given the feet of the perpendiculars drawn from the vertices on. 
the opposite sides : construct the triangle. 


13. If a quadrilateral can have one circle inscribed in it, and another 
circumscribed about it, shew that the straight lines joining the opposite- 
points of contact of the inscribed circle are perpendicular to one another. 


14, Two equal circles move between two straight lines placed at. 
right angles, so that each line is touched by one circle, and the two. 
circles touch one another: find the locus of the point of contact. 


15. AB is a diameter of a given circle; and AC, BD, two chords on. 
the same side of AB intersect at E: shew that the circle which passes. 
through D, E, C cuts the given circle orthogonally. [See Def. p. 330.] 


16. If four circles are described to touch every three sides of a. 
quadrilateral, shew that their centres are concyclic, 
17. AB is a straight line divided at C and D so that 
AB: AC=AC: AD; 
from A a line AE is drawn in any direction and equal to AC; shew that 
BC and CD subtend equal angles at E. 


18. Given the vertical angle, the ratio of the sides containing it, 
and the diameter of the circumscribing circle, construct the triangle. 


> is a fixed point, and OP is any line drawn to meet a fixed 
straight Tine in P; if on OP a point Q is taken so that OQ to OP is a 
constant ratio, find the locus of Q. 

. is а fixed point, and OP is any line drawn to meet the 
о, ofa zd аө inP; ifon OP a point Q is taken so thab 
OQ to OP is a constant ratio, find the locus of Q. 

and В; -and from C, any point 


91. Two equal circles intersect at A i о 
оп {һе оной of one of them, a род is drawn to AB, 
meeting the other circle at O and oO’ ; shew that:either О or O'.is the 
orthocentre of the triangle ABC. Distinguish between the two cases. 
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, 22. Three equal circles pass through the.;same point A, and their 
other points of intersection are B, C, D :. shew that of the four points 
A, B, C, D, each is the orthocentre of the triangle formed by joining 
the other three. . U 


23. From.a given point: without a circle draw a straight line to the 
concave circumference so as to be bisected by the convex circumference. 
When is this problem impossible ? 


24. Given the base, the altitude, and the radius of the circum- 
circle: construct the triangle. 


25. Given the base of a triangle and the sum of the remaining sides: 
find the locus of the foot of the perpendicular from one extremity of 
the base on the bisector of the exterior vertical angle. 


26. Construct a triangle having given either the three ex-centres, or 
the in-centre and two ex-centres. n 

27. 10 is the orthocentre of a triangle ABC, shew that 

AO? --BC* 2 BO? + CA? « CO? + AB? =d, 

where d is the diameter of the circum-circle. 

28. It C is the middle point of an arc of a circle whose chord is AB, 
and D is any point in the conjugate are ; shew that 

AD +DB:DC=AB: AC. 


29. Disa point in the side AC of the triangle ABC, and E is a point 
in AB. If BD, CE divide each other into parts in the ratio 4: 1, then 
D, E divide CA, BA in the ratio 3: 1. 


30. If the perpendiculars from two fixed points on a straight line 
passing between them are in a given ratio, the straight line must pass 
through a third fixed point. 


Sl. From the vertex A of any triangle ABC draw a line meeting BC 


produced in D so that AD may be a mean proportional between the 
segments of the base. X 


_ 92. Two circles touch internally at O; АВ а chord of the larger 
‘circle touches the smaller in C which is cut by the lines OA, OB in the 
points P, Q: shew that OP: OQ=AC: CB. 


33. АВ is ‘any: chord of a'ciréle; AC, ВС are drain to any point С 
in the circumference and meet: ће diameter perpendicular to AB at 


D, E: if O is the centre, shew that the rect. OD, OE is equal to the 
square on the radius, \ : 


° 
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34. YD is a tangent to-a circle drawn from a point Y in the diameter 
AB produced; from D a perpendicular DX is drawn to the diameter ; 
shew that the points X, Y divide AB internally and externally in the 
same ratio. Е i 

35. Determine a point in the circumference of a circle, from which 
lines drawn to two other given points shall have a given ratio. 


36. Given the base, and the position of the bisector of the vertical 
angle : construct the triangle. 1 


37. EA, EA’ are diameters of two circles touching each other 
externally at E; a chord AB of the former circle, when produced, 
touches the latter at C/, while a chord A'B' of the latter touches the 


former at C : prove that 
AB. A'B'—4BC' . B'C. 


38. From a given external point draw a straight line to cut off a 
quadrant from a given circle. 


39. Shew that the straight lines joining the circum-centre of a 
triangle to its vortices are perpendicular to the corresponding sides of 
the pedal triangle. 


40. P is any point on the circum-circle of a triangle ABC; and 
perpendiculars PD, PE are drawn to the sides BC, CA. Find the locus 
of the circum-centre of the triangle PDE. 


on the circum-circle of a triangle ABC: shew 


that the angle between Simson's Line for the point P and the side BC 
is equal to the angle between AP and that diameter of the cireum-circle 


which passes through A. 


42.. Given the base, the vertical angle, and the difference of the 
angles at the base : construct the triangle. 


4l. P is any point 


Ld 


43. Shew that the circles circumscribed about the four triangles 
formed by two pairs of intersecting straight lines meet in a point. 


44. Shew that the orthocentres of the four triangles formed by two 
pairs of intersecting straight lines are collinear. 


45, Of all polygons of a given number of sides, which can be 
inscribed in a given circle, 


that which is regular has the maximum 
erea and the maximum perimeter. 
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46. Ona straight line PAB, two points A and B are marked and the 
line PAB is made to revolve round the fixed extremity P. С is a fixed 
point in the plane in which PAB revolves; prove that if CA and CB are 


pa and the parallelogram CADB is completed, the lecus of D will 
a circle. 


47. Describe an equilateral triangle equal to a given isosceles 
triangle. 


48. Given the vertical angle of a triangle in position and magnitude, 
and the sum of the sides containing it: find the locus of the circum- 
centre, 


C RS 


49. ABC is any triangle, and on its sides equilateral triangles are 
described externally: if X 


» Y, Z are the centres of their in-circles 
shew that the triangle XYZ is equilateral, 


50. Ina given circle inscribe a triangle so that two sides may pass 
through two given points and the thi 


third side be parallel to a given 
straight line. 

51. In a given circle inscribe a triangle so that the sides may pass 
through three given points. 


54. IFS, |, 1,, are the circum-centre, in-centre, and an ex-centre of 
a triangle, and R, r, 7, the radii of the corresponding circles, and 
if N is the centre of the nine-points circle, prove that 
(i) SP=R?~oRr; (ii) SI,?=R?+2Rr,; 
^ (iii) NI=}R-r; (iv) NL =3R +r. 
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MISCELLANEOUS THEOREMS AND EXAMPLES. 


I. SOME CONSTRUCTIONS OF CIRCLES. 


EXAMPLE l. Draw a circle to touch a given circle (C), and also te 

touch a given straight line PQ at a given point A. 
D 

Construction. At A draw AF perp. 
to PQ: 

then the centre of the required © 
must lie in AF. 

Take C the centre of the given O, 
and draw the diam. BD perp. to PQ. 


_ Join A to опе extremity D, of the 
diameter, cutting the О“ at E. B lz 
Join CE, and produce it to cut AF 


at Е, B ^ à 


Then Е is the centre, and FA the radius of the required circle. 


[Supply the proof; and shew that a second solution is obtained by 
joining AB, end producing it to meet the O°.) 


Examrte 2, Draw a circle to pass through two given points А and B, 
and to touch a given straight line CD. 


Construction. Join BA, and produco So 


it to meet CD at P. 


Find PX the mean proportional be- 
tween PA and PB. Prob. 38, Note. 


From PD (or PC) cut off PQ equal 
to PX. 
СР Q D 


Qo the circle drawn through A, B, and Q [Prob. 25] will touch CD 
at Q. 


[Supply the proof; and shew that there are in general two solutions. 
odify the construction to meet the case when AB is parallel to CD.] 
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EXAMPLE 3. Draw a circle 


to pass. through two given points A and B, 
"and to touch a given circle (C). 


Construction. Through A 
snd B draw any circle to cut 
the given circle at P and Q. 

Join AB, PQ and produce 
them to meet at D. 

From D draw a tangent DE 
to the given circle. 


Then the circle drawn through A, B, E will touch the given circle at E. 


[Supply the proof from Theorems 58 and 59; and shew that there 
are in general two solutions. 


Modity the construction to meet the case when the straight line 
bisecting AB at right angles passes through C.] 


EXAMPLE 4. Draw a circle to pass through a given point P, and te 
touch two given straight lines AB, AC. 


Construction. Draw AX bi- 
secting the CBAC. Then all [e] 
circles touching AB, AC have 
their centres in AX. 


From any point d in AX 
draw de perp. to AB; hence 
with d as centre, draw a circle 
touching AB and AC. 

Join AP, cutting the © (d) 
at p, р. 

Join pd; and through P 


draw PD par! to cutting A Ё Е 
AXatD. Р E y 


e pi the centre, and DP the radius of the required circle touching 


[Draw DE perp. to AB. The proof is obtained by shewing that 
DE=Dp, by means of the similar As ADE, Ade, and the similar 
A ADP, Афр, 


Shew that a second soluti i joini ^, ani 
proceeding а abro ution may be obtained by joining dp’, and 

Modify the Construction to meet the case when the given lines are 
parallel.] 
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EXERCISES FOR SQUARED PAPER. 


l. Given a circle of radius 10 having its centre at the origin, draw 
| sO Oe to touch the given circle and also touch the z-axis at the point 
20, 0). 
Shew that two equal circles can be so drawn. Calculate the radius 
of that in the first quadrant and the coordinates of its point of contact 
with the given circle. 


2. Given a circle of radius 10 having its centre at the origin, draw 
a circle to touch the given circle at the point (6, 8), and also to touch 
the y-axis. 

Shew that two such circles can be drawn. Find their radii and 
points of contact with the y-axis. 


_ 9. Draw a quadrant of a circle of radius 2*, and inscribe a circle in 
it. Shew that the radius of the inscribed circle is the positive root of 
Е the equation 72 4-4r – 4 —0. 

Obtain the radius by calculation and by measurement. 


4. Shew that two circles can be drawn to touch both axes of 
coordinates and to pass through the point (2^, 2"); and prove that their 
radii are given by the quadratic r° +472 - 8—0. 

Draw the smaller of these circles and obtain ite radius by measure- 


ment, 


5. Join the points (2”, 0) and (0, 3”); also join the points (3%, 0) and 
(0, 2^); then draw a circle to touch the joining lines and to pass through 
the origin, 


ngle on a side of 3:0^ draw three equal 


! | 6. Within an equilateral tria е 
and the other two circles. 


circles each to touch two sides of the triangle 
If r is the radius of one of these circles, shew that 


r(tan 60° +1)=3. 
Hence find r to the nearest hundredth of an inch. 


7. Within a circle of radius 2-0” draw three equal circles each to 
touch the other two and the given circle. 
If r is the radius of one of these equal circles shew that 


r(1 +cosec 60°) =2. 
~ Hence find 7 to the nearest hundredth of an inch. 
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П. MAXIMA AND MINIMA. 


When a line, angle, or figure varying under specified conditions, 
gradually changes its position and magnitude, we may be required to 
note if any situations exist in which, after increasing, it begins to 
decrease: ‘or, after decreasing, to increase. In such situations the 
magnitude is said to have reached a maximum or minimum value. ‚Мо 
propose here to deal with problems in which the variable magnitudo 
admits of only one transition from an increasing to a decreasing state— 
and vice versi: so that for our present purpose the maximum is 


actually the greatest, and the minimum actually the least value that 
the variable magnitude can take, 


gnitude assumes a symmetrical form or 
position ; and this is usually found to be the case, 


ExawrLE l. Divide a straight line AB internally 80 that the rectangle 
contained by the two segments may be a maximum. 


Bisect AB at С, and on AB draw а semi. 


-circle, D 
Take any point X in AB ; and draw XP perp, P 
to AB to cut the Or at P, 
Then AX . XB =PxX3, Prob. 32. 
Now PX is greatest when it coincides with Г 
the radius СО; A e х ж 


7. AX. XB isa maximum, when X is the mid-point of AB. 
Observe that in this c 


1 ts case the maximum is ге 
e symmetrical position 


^ h ached when PX occupies 
in which it bisects AB 


at right angles, 
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Tt has been pointed out that if under certain conditions existing 
among ihe data, two solutions ot a problem are possible, and under 
other conditions, no solution exists, there will always be some inter- 
mediate condition under which the two solutions combine in a single 
solution. [See page 94.] 

In these circumstances this single solution will be found to correspond 
to the maximum or minimum value of the magnitude to be constructed. 


. ExawrLE 2. To find at what point in CD, a given straight line of 

indefinite length, the angle subtended by а finite line AB is a maximum. 
First find at what point in CD a given angle is subtended by AB. 
This is done as follows : 

_ On AB draw a segment of a circle containing an angle equal to the 

given angle. Problem 24. 
If the are of this segment intersects CD, two points in CD are found 

at which AB subtends the given angle: but if the arc does not mect CD, 

no solution is given. 


In accordance with the principles explained above, we expect that 
the maximum angle is determined when the are touches CD, that is, 


meets it at two coincident points. This we shall prove to be the case. 
A 


Draw a circle through A and B to touch 
CD ; and let P be the point of contact. 
Ex. 2. p. 311. 


Then the LAPB is greater than any other 
angle subtended by AB at a point in CD on the i 
tame side of AB as P. / 
? ca B D 

Proof. For take any other point Q in CD on the same side of AB aa 
Р; and join AQ, QB. 

Let BQ meet the circle at К. Join AK. 

Then the 2 АКВ —the 2 APB, in the same segment. 
But the ext. 2 АКВ is greater than the int. opp. LAQB; 
^. the LAPB is greater than the 2 АОВ. 


Hence the LAPB is а maximum. 


Nore. Two circles may be described to pass through A and В, and 
to touch CD, the points of contact being on opposite sides of AB; hence 
two points in CD may be found such that the angle subtended by AB at 
cach of them is greater than the angle subtended at any other point in 
CD on the same side of AB. А е 
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ЕхАМРІЕ 3. In CD, a straight line of indefinite length, finda point P 
such that the sum of its distances from two points A, B on the same side of 
CD їз a minimum. 


Draw AF perp. to CD; and produce 
AF to E, making FE equal to AF. 


Join EB, cutting CD at P. Join AP. 
Then AP +PB is a minimum. 


Proof. Take any other point Q in 
CD, and join AQ, BQ, EQ. ^ 
Now the A* AFP, EFP™are соп. C 


gruent, 
s АР=ЕР. 
Similarly AQ=EQ. E 


And in the ^ EQB, EQ +QB is greater than EB; 
hence AQ+QB is greater than EB, 
that is, greater than AP +PB, 
Thus AP +PB is à minimum. 


Nore. It follows that the LAPF =the 2 ЕРЕ Theor, 4. 
=the 2 BPD. Theor. 3 


Thus AP +BP is a minimum, when AP, PB are equally inclined to CD. 


EXAMPLE 4. Given two intersecting straight lines AB, AC, and a point 
P between them; shew that of ай straight lines which pass through Р an2 
are terminated by AB, AC, that which is bisected at Р cuts off the triangle 
of minimum area, 

Let EF be that st. line, terminated by 
AB, AC, which is bisected at P, 

Then the A FAE is of minimum area, 


Proof. Wor let HK be any other st. line 
Passing through p, 


Through E draw 


Then the A« HPF, MPE are evidently 
congruent, Theor, 17, 


and are therefore equal in area, 


EM par! to AC. 


*. the A HPF is less than the A КРЕ, 

To each add the fig. AHPE ; 
then the ДЕДЕ is lesa 
That is, the A FAE is a mi 
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EXERCISES ON MAXIMA AND MINIMA. 


l. Two sides of а trian, i i 
P. gle are given in length ; how must they be 
plac ed in order that the area of the triangle may be a maximum ? У 
caid the area of the greatest triangle in which a=6°8 cm., and 
—45 cm. 
2 Of all triangles of given base ond arca, shew that that which is 
sceles has the least perimeter. [See Ex. 3, p. 316.] 
n Calculate the minimum perimeter of a triangle of which the bas 
nd the area —3-12 sq. in. 
im Construct a triangle of maximum area on в base of 10 cm., and 
ing a vertical angle of 60°. Calculate its area. 
4. _ With the origin as centre draw a circle of radius 1-5*, and draw 
Hs Joining the points (3^, 0), (0, 3^). Find a point in AB such that the 
Tess drawn from it to the circle contain the maximum angle. 
easure the angle, and account for the result. 
aa 3 A straight rod slides between two straight rule 
Бүз to one another; in what position is the trian 
etween the rulers and rod a maximum ? 
th 6. Divide a given straight line into two parts, 
* squares on the segments 
(i) may be equal to a given square ; 
(ii) may be a minimum. 
TRE Through a point of intersection of two circles draw 
е terminated by the circumferences, 
(i) so that it may be of given length ; 
(ii) so that it may be a maximum. 


eu SD a circle to touch the axes of z and y at two points 
У istant from the origin. 
(5 ү ud a point on the major arc AB such th: 
aximum. 
GER find a point on the minor are AB such that the sum of its 
‘dinates is a minimum. 
In each case calculate the sum, 


e= 2:0", 


rs placed at right 
ngle intercepted 


so that the sum of 
a straight 


A and B, 


at the sum of its coordinates 


and test by measurement. 
Ha Straight lines are drawn from two given points to meet one 
EE other on the convex circumference of а given circle: prove that their 
10 is а minimum when they make equal angles with the tangent at 
* point of intersection. 
A Shew that of all triangles having a given vertical angle and 
itude, that which is isosceles has the least area. 
MEUS jam ; 
anglat is the least area а triangle can Кате if its vertical angle=60°, 
altitude=6 cm. ? Find its perimeter. 
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ll. Given two intersecting tangents to a circle, draw а tangent to 


the convex arc so that the triangle formed by it and the given tangents 
may be of maximum area. 


12. Find graphically (to the nearest degree) the greatest vertical 
angle which a triangle may have, when its base=1-6’, and its area 
=1+2 sq. in. 

13. A and B are tw 


o points both within, or both without, a given 
circle. Find a point on the circumference at which AB subtends the 
greatest angle. [See Ex. 2, p. 315.] 


14. A and B are two points on the z-axis distant 0:8” and 1:8” from 
the origin O. Find graphically, a point P on the y-axis, such that the 
angle APB is a maximum. 


Calculate the length of OP, and measure the maximum angle. 


15, A bridge consists of three arches, whose spans are 49 ft., 


32 16. and 49 ft. respectively: how far from the bridge is the point on 


either bank of the river at which the middle arch subtends the greatest 
angle ? 


16. From a given point P without a circle whose centre is C, draw 
straight line to cut the cireumference at A and B, so that the triangle 
ACB may be of maximum area. 

Find the area of the greatest triangle that can be so drawn, when 
the radius=6 cm., and shew that the area is independent of the 
position of P. 


17. Find the area of the greatest rectangle which can be inscribed 
in a circle of radius 5:5 cm. 


18. A and B are two fixed points without a circle: find a point P 
on the circumference, such that AP? + РВ2 may be a minimum. 
[See Theor. 56.] 
19. A segment of a circle is described on the chord AB: find a 
point C on its are so that the sum of AC, BC may be a maximum. 
20. Of all tri 


angles that can be inscribed in a circle that which has 
the greatest perimeter is equilateral, 


21. Of all triangles that can be inscribed in a given circle that which 
has the greatest area is equilateral, 


22. Of all triangles that can be inscribed in а given triangle (һай 
which has the least perimeter {з the pedal triangle. 


Penn all rectangles of given area, the Square has the least 


24, Deseribe the triangle of maximum area, having its angles equal 
to those of a given triangle, and its sides pass 
points. 


ing through three given 


GRAPHS. 319 


II. GRAPHS. APPLICATION TO MAXIMA AND MINIMA. 


Problems dealing with the maximum or minimum values of some 
variable magnitude may often be conveniently treated by exhibiting its 
gradual changes by means of a graph. For details of graphical work 
the student may consult Hall's Introduction to Graphical Algebra. 14 
will be sufficient here to explain the following general method of pro- 
cedure. The variable magnitude whose values we have to examine 
may be denoted by y, and the quantity, in terms of which it is 
expressed, by x. By plotting a series of corresponding values of z and 
y on the coordinate axes OX, OY, а series of points is determined. If 
à continuous curve is drawn through them, the ordinate of each point 
denotes the value of the magnitude in question corresponding to a given 
value of the quantity x. 

The advantage of this method is that it exhibits a visual picture of 
continuous change, so that the graph enables us to read off the value of 
9 corresponding to any given value of т; and in particular the positions 
of maximum and minimum values are seen at a glance. 


In this figure the continuous curve ABCDEF represents the graph of 
a variable quantity Q. As z increases gradually, the ordinate y travels 
parallel to OY, and its value at any point gives the value of Q for tle 
Corresponding value of 2. At P, the value of y is greater than that 
at B or C on either side, and here Q is а maximum. Similaily at P, tle 
value of y is less than that at D or Е, and here Q is a minimum. 

It will now be evident that maximum and minimum values occur at 
the turning points where the ordinates are algebraically greatest and 
least respectively in the immediate vicinity of such points. 

The following points should also be noticed : 

(i) In any continuous curve maximum and minimum values occur 
alternately. 

(ii) There will always be а maximum or a minimum value between 
any two equal values of the ordinate. 

(iii) The slope of the curve at any point indicates the rate of change 
at that point of the quantity under discussion, and at each 
point of maximum or minimum value the tangent to the 
curve is parallel to the axis of x 


320 GEOMETRY. 


ExawPLE 1. OACB is a parallelogram in which OA=8 cm. and 
OB=6 cm. Jf OB rotates about O, trace the changes in the value of OC 
as the angle АОВ increases from 0° to 180°. Illustrate the changes by 
means of a graph. Read off the value of OC for an angle of 72°, and find: 
the value of the angle when OC —5:6 cm. 

B с 

By drawing a series of figures, increas- 
ing the angle AOB by increments of 30°, 6 
we shall find by measurement the corre- 
sponding values of OC and the / АОВ to 


be as in the following table. ó a X 


30° | 60° | 90° | 120°) 150° | 180° 


LAOB | 0° 


ос | 14-0 | 1355 | 123 | 10-0 


T2 |a | °0 


Denoting the angle by =, let its successive values be plotted on the 
z-axis, and let the corresponding values of OC be taken as ordinates. 
If each division on OX is taken to represent 6 ', and each division on OY 
to represent 1 cm. we obtain the adjoining graph. 


M I I ШЫ 
TURNER Bin 


5 LITTLE 
DIERPIUHHHRUIG 
H шиш | 


[v] 30° 60° 72° 90° 120° 135° 150° 180^ X 
m this we see that when 2—72*, y 211-6 cm., and when y —5:6 cm. 


The student should plot the graph for himself on a much larger scale 


than is possible on this page. He should al: i 

у во conti th e 
for a few angles greater than 180°. He will then ‘find that, A ME 
point has been reached when the angle АОВ is 180°. Also it should be 


evident that at 360° the value of s ДА hould I 
maximum value. of OC is again equal to 14, which is ite 
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ExawrPLE 2. АВС isa triangle in which BC, BA have constant lengths 
6 cm. and 5 om. Zf BC is fized, and BA revolves about B, trace the- 
zhanges in the area of the triangle as the angle B increases from 0° to 180°. 
Illustrate these changes by a graph, and determine for what values of the 
angle B the arca is 10 sq. cm. Also find for what value of B the area is» 
a maximum. 


A 
Proceeding as in Ex. 5, p. 110, the corre- 5 
*ponding values of the area and the angle will 
be as in the following table : 


B 6 с 
Anglo 0° | 30°| 60° | 90° | 120° | 150° | 180° 
Area in sq. em. | 0 | 7:5 |130 15:0 130| 75| 0 


Plot the values of the angle on the z-axis, and let the successive 
values of the area be taken as corresponding ordinates. Then with the- 
same units as in the last example we obtain the, adjoining graph. 


Y yema 
TE E HE ERE 
^ ЕРЕЕН 
| 1 і | 
10 
EH if Е 
(а= at 1 
LL. 
1 ЕН H H N F 
Hl BEER 
o 30° 60° 90° 120° 150° 180° X 


It is easily seen that the maximum value of the ordinate is 15,. 


torresponding to an angle of 90°. 
Thus the arca of the triangle is a maximum when the angle included: 


by the given sides is a right angle. 
Also the curve is symmetrical with regard to its maximum ordinate, 


80 that there are two values of the angle which furnish a given area, 
other than the maximum. When the area is 10 sq. cm. the two values» 


of the angle are 42° and 138°. 


Nore. The area of AABC =4 5. 6 sin B=15 sinB. Hence the graph. 
may be plotted from a Table of sines. [See Graphical Algebra, p. 29.] 


н.8.9. х 
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EXERCISES ON GRAPHS. 


1. PQ їз a perpendicular, 8 cm. in length, to a straight line XY, 
-and PR is an oblique making "an angle a with PQ. By giving to a the 
values 15°, 30°, 45°, 60°, 75°, find by measurement the corresponding 
values of PR, and tabulate the results. Illustrate the changes in PR b: 


means of a graph, and find from it (i) the length of PR when 2635, 
(ii) the value of а when PR =8°8 cm. 


2. In a triangle a=4 cm. b=5 cm. Plot a graph to shew the 
changes in the area of the triangle for different values of C. Find from 
the graph (i) the area of the triangle when C —63?; (ii) the values of 


C when the area із 9:5 sq. cm. ; (iii) how the sides must be placed when 
the area is a maximum, 


3. A straight rod AB of length 5 cm. slides between two straight 
rulers CD, CE placed at right angles to each other. Draw a graph to 
‘shew the variations of the area of the triangle BCA for different values 
of the length CA. 


Point out the position of AB when the area is a maximum. 


4. AB is а straight line 10 cm. in length divided internally at P. 
As P moves from A to B illustrate graphically the variations of 


(i) AP.PB; (ii) AP?+PB% 
In each case determine from the graph the position of P which gives 
^ maximum or minimum value. 


5. In a triangle c=6 cm. and A=60°. Trace the changes of a 
„graphically for different values of b. Find from the graph the minimum 
value of a. Draw the triangle for this value, and hence check your 
result. 


6. Through A, the extremity of the diameter AB of a semi-circle, a 
line AP is drawn to the circumference. "Trace graphically the variations 
of the area of the triangle BAP for different values of ‘the angle PAB. 
Find the value of this angle when the area is greatest, 
7. В; 


y means of Theorem 73, shew that the graph of the equation 
qma, Where. m is constant, exhibits the changes in area of any series 
of similar rectilineal figures similarly placed on sides of varying length. 
Draw a graph to shew the changes in the area of a square as its side 
varies, and from tl 


he graph find xi i 
whose area is 11-8 sq. a ph And approximately the side of a square 


8. Draw the graphs of the curves represented by 
() y=22-F5 (il) y-5-4z -a 
Find the maximum value of 5 — 4z — a2, 
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IV. HARMONIC SECTION. 


DEFINITIONS. 


l. Three quantities are said to be in Arithmetical Progression when 
the difference between the last pair is equal to that between the first- 
pair. 

Thus, a, b, c are in A.P. when 

c-b=b-a, 
and b is said to be an Arithmetic Mean between a and б, 


9. "Three quantities are said to be in Geometrical Progression when 
the ratio of the third to the second is the same as that of the second to 
the first. 
Thus a, 6, c are in G.P. when 
LH 
ba 
and P is said to be a Geometric Mean between a and c. 


3. Three quantities are said to be in Harmonical Progression when. 
the first bears to the third the same ratio as the difference between the 
rst and second bears to the dillerence between the second and third. 


Thus a, b, c aro in H.P. when 
a a-b 
v b-c 
and b is said to be a Harmonic Mean between a and e. 


Nore. Since, by definition, 


it follows that 


4. the reciprocals І, "n are in A.P., а result which is often useful. 
a Uc 


4. If A, Q, H denote the arithmetic, geometrie, and harmonic 
Means respectively between two given quantities а and 5, it easily 
follows from the above definitions that 


a+b „з _ 2а5_ 
Gab, HELD 
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Dermirioy. A finite straight line is said to be cut har- 
‘monically when it is divided internally and externally into 
segments which have the same ratio. 


A Р B Q 
Thus AB is divided harmonically at P and Q, if 
AP : PB=AQ: QB. 
P and Q are said to be harmonic conjugates of A and B. 
Now by taking the above proportion alternately, 
we have > PA: AQ=PB:BQ; 


from which it is seen that if P and Q divide AB internally and ex- 
ternally in the same ratio, then A and B divide PQ externally and 


internally in the same ratio ; hence A and B are harmonic conjugates 
of P and Q. 


In other words: if AB is divided harmonically at P and Q, then PQ 
és divided harmonically at A and В. 


ExamrLe 1. If AB is divided internally at P and externally at Q in 
the same ratio, then AB is the harmonic mean between AQ and AP. 


A Р БОШО, 
For, by hypothesis, AQ:QB-—AP:PB; 
2, alternately, AQ: AP 2QB : PB, 
"that is, AQ: AP —AQ, - AB: AB- АР; 


Г. AQ, AB, AP are in Harmonic Progression. 


ExaMPLE2. Jf AB is divided harmonically at P and Q, i. 
middle point of AB; с гесине 
then ОР. OQ 2OA*. 


— —_ ==, 
ЖО Р XB À 


For since AB is divided harmonically at P and Q, 
4 AP:PB=AQ: QB; 
7. АР -PB: AP+PB=AQ -QB : AQ+QB, 
әт, 20Р : 20A =20А: 20Q; 
7. OP . OQ =0A?. 
Conversely, if 


sit may be shewn that ово 


j AP:PB-AQ:QB; 
that ie, that AB is divided harmonically at P and Q. 
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EXAMPLE 3. The Arithmeli i 
"XAMPLE 3. E elic, Geometric, and He T 
Straight lines may be thus represcnted graphically. s T me. 


ЕТЕ АР, AQ, be the given lines, whose 
d ithmetic, Geometrie, and Harmonie 
eans are to be found. 
TES PQ, as diameter draw a circle; 
d from A draw the tangents AH, AK. А Q 
Draw the chord of contact HK, cut- d 
K 


ting AQ at B. 

Join OH. 
А Then (i) AO is the Arithmetic mean between AP and AQ: 
oncelearly AO =4 (AP + AQ). 


(ii) AH is the Geometric mean between AP and AQ: 
for AH?=AP. AQ. 
onic mean between AP and AQ: 
AOH, HOB, 
Theor. 66, Cor. 


Theor. 58. 


(iii) AB is the Harm 
for, from the similar rt.-angled A* 


OA.OB=OH? 
=OP*. 
<. PQ is cut harmonically at A andB; Ex. 2. p. 324 
5% B is cut harmonically at P and О. 
That із, AB is the Harmonie mean between AP «па AQ. 


And from the similar rt.-angled triangles OAH, HAB, 
AO. AB=AH?*; 


TOUR Geometric mean between two straight lines ts th 
ween their Arithmetic and Harmonic means. 


*. also A 


Theor. 66, Cor. 
e mean proportional 


.ExawprnE 4, Given the base of а triangle and the ratio of the other 


es, to find the locus of the vertex. 


Let BC be the given base, and let A 
it, be any triangle standing upon 
» such that BA : AC =the given ratio. 
It is required to find the locus of А. 
B Р С Q 


Bisect tk Я T а 
®xternally in AP, A, шарир 
Then BC is divide 
во that BP: PO =BQ : @C= 
<. P and Q are fixed points. 
AQ bisect the LBAC internally and externally, 


„. the LPAQ ва rt. angle ; 
<. the locus of A is the circle described on PQ as diameter. 


d internally at P, and externally at Q, 
the given ratio ; 


And since AP, 
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EXERCISES ON HARMONIC SECTION. 


1. If AB is divided harmonically at X and Y, shew that 


2. Xand Y are harmonic conjugates of A and B ; 
(i) if AB=2-4", and AX=1-5’, find AY; 
(ii) if XY 21-5 cm., and AY=2cm., find BY. 


3. Any straight line is cut harmonically by the arms of en angle 
and its internal and external bisectors. 


4. Given three points B, P, C in a straight line: find the locus of 
points at which BP and PC subtend equal angles. 


5. If through the middle point of the base of a triangle any linc 
is drawn intersecting one side of the triangle, the other produced, 


and the line drawn parallel to the base from the vertex, it is divided 
harmonically. 


6. If from either base angle of a triangle a line is drawn intersect- 
ing the median from the vertex, the opposite side, and the line drawn 
parallel to the base from the vertex, it is divided harmonically. 


7. Р, Q are harmonie conjugates of A and B, and C is an externat 
point; if the angle PCQ is a right angle, shew that CP, CQ are the 
internal and external bisectors of the angle ACB. 

8. AB is a given straight line, bisected at O, and divided harmoni- 
cally at X and Y. 


Trace the change of position of Y as X moves from O to B. 
Taking AB equal to 20 cm. draw a graph to illustrate the variations 
of OY as OX changes. 


9. Justity the following construction for finding the harmonio 
mean between two straight lines of given length. . 

Let AB and CD be the given lines, and let them be placed so as ta 
be paraliel. Join their ends towards the same parts by AC and BD, 
&nd towards opposite parts by AD and BC, cutting at О. Then if 
POQ is drawn parallel to the gi 


a ven lines and terminated by AC and 
BD, PQ is the required harmonic mean. i ai 
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DEFINITIONS. 


1. A series of points in a straight line is called a range. 
If the range consists of four points, of which one pair are 
harmonic conjugates with respect to the other pair, it is said 
to be a harmonic range. 


2. A series of straight lines drawn through a point is 
called a pencil. 

The point of concurrence is called the vertex of the pencil, 
and each of the straight lines is called a ray. 

A pencil of four rays drawn from any point to a harmonic 
range is said to be a harmonic pencil. 

3. A straight line drawn to cut a system of lines is called 
а transversal. 

4. А system of four straight lines, no three of which are 
concurrent, is called a complete quadrilateral. 

These straight lines will intersect two and two in six 
points, called the vertices of the quadrilateral; and each of 
the three straight lines which join the opposite vertices is 
called a diagonal. 


THEOREMS ON HARMONIC SECTION. 


1. If а transversal is drawn parallel to one ray of a harmonic pencil, 
the other three rays intercept equal parts upon it: and conversely. 

2. Any transversal is cut harmonically by the rays of а harmonia 
pencil. 

3. In a harmonic pencil, if one ray bisect the angle between the other 
pair of rays, it is perpendicular to its conjugate ray. Conversely, if one 
Pair of rays form a right angle, then they bisect internally and externally 
the angle between the other pair. 

4. If A, P, B, Q and a, p. b, q are harmonic ranges, one on each of 
two RU straight lines, and tf Aa, Рр, Bb, the straight lines which join 
three pairs of corresponding points, meet at S; then will Qq also pass 
through S. 

5. If two straight lines intersect at A, and if A, P, B, О and A, 
b, b, q are two harmonic ranges one on each straight line (the points 
Corresponding as indicated by the letters), then Pp, Bb, Qa will be con- 
current: also Pa, Bb, Qp will be concurrent. 

6. Use the last result to prove that in a complete quadrilateral each 
diagonal is cut harmoniesily by the other two. 
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V. CENTRES OF SIMILITUDE. 


ExawPLE 1. In two circles if any two parallel radii are drawn (one in 
each circle), the straight line joining their extremities cuts the line of centres 
$n one or other of two fixed points. 


Fig. 2. 


Take two circles whose centres are C and C', and radii r and r^ 
respectively ; and let CP, C’P’ be any two par! radii drawn in the same 
sense in Fig. 1, and in opposite senses in Fig. 2. Let PP’ cut CC’ at S. 


. 1t is required to prove that (whatever be the direction of CP, CP’) S is 
$n one or other of two fixed, posilions. 


Proof. In both Figs. the As SCP, SC/P' are equiangular ; 
2 SC: SC'2CP : C/P 
arin, 


Hence S divides СО” (ает im iE 1) in the fixed ratio r: rfe 
А 


~<. in each Fig., S is a fixed point for all directions of CP, C’P’. 
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Coronary. Let TT’ be а common tangent to the two circles, 
direct in Fig. 1, and transverse in Fig. 2. 
Then in both cases the radii CT, C’T’ are par! ; 
у. TT’ cuts the line of centres at S. 


Юкетхтттох. In the figure given below the points S and 5” 
which divide the line of centres of two circles externally and 
internally in the ratio of their radii are called Centres of 
Similitude, the former being the centre of direct and the 
latter of transverse similitude. 


r 


Cono Si UNE = SU 
LLARY. ince sc’ r ези 


the centres of the circles and the centres of similitude form an harmonio 
Tange, 

Hence the transverse and direct common tangents intersect on the line 
9f centres at points which divide that line harmonically, 


EXERCISES. 

1. From centres C and C’, 5'5 ст. apart, draw two circles of radii 
932 em, and 1-2 em. respectively, and determine (i) graphically (ii) by 
Calculation the distances of their centres of similitude from C. 

2. Two circles whose oentres are C and С” respectively have radii 
1-8" and 1:0’, and their direct centre of similitude is 2-7" distant 
from О. Find the distance (i) between their centres (ii) between their 
Centres of similitude. 

3. In Fig. 1 of the preceding page, if SP cuts the circles (C) and 
(c^) again at Q, and Q/ respectively, shew that 

SQ.SP/-SP.SQ'-ST.ST*. 
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EXERCISES. 


(On Centres of Similitude. Continued.) 


4. In the triangle ABC, | is the in-centre, and |, the ex-centre 
opposite to A. If Al, cuts BC at Y, shew that A and Y are the centres 
of similitude of the two circles. 


5. Shew that the orthocentre and centroid of a triangle are respec- 


tively the external and internal centres of similitude of the circumscribed 
and nine-points circle. 


6. If a variable circle touches two fixed circles, the line joining the 


joints of contact passes through a centre of similitude. Distinguish 
шен the different cases. 


7. Describe a circle whit 


ch shall touch two given circles and pass 
through a given point, 


i 
8. Describe a circle which shall touch three given circles, | 


à 
9. C, C. C, are the centres of three given circl 
internal and external. centres of similitude of the pair of circles whose 


centres are Cs, Cy, and S'a, Sa, S'a, Sq, have similar meanings wilh regard 
to the other two pairs of circles: shew that et 


es; S', S, are the 


(i) S‘\C,, 8%С©С„ S^C, are concurrent 7 
(ii) the six points S,, S, 


Sa Si’, S^, S'a, lie three aud th 
straight lines, [See Theore 


ree on four 
шз IX. апа X., pp. 344, 345] + 
ORTHOGONAL CIRCLES. 
DEFINITION. 
two tangents at 
are said to be ог 


Circles which intersect at a point, so that the 
that point are at right angles to one another, 
thogonal, or to cut one another orthogonally. 


‚1. 1f two circles cut one another orthogonally, the tangent to each 
е at а Point of intersection will pass through the centre of tho 
other circle, 


_2. 1f two circles eut one a 
distance between their centres 


nother orthogonally, 
their radii, 


3 the square on the 
із equal to the sum 


of the squares on 


3. Find the locus of the centres of ll ci i i 
circle orthogonally at a given point, VADE шур 

4. Describe a circle to pass through i i i 
circle orthogonally at a given point, 5 3 MELIUS QUERN Mv 
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VI. POLE AND POLAR, 


DEFINITIONS. 


1. If in any straight line drawn from the centre of a circle 
two points are taken such that the rectangle contained by 
their distances from the centre is equal to the square on the 
radius, each point is said to be the inverse of the other. : 


Thus in the figure given below, if O is the centre of the circle, and if 
OP .OQ=(radius)*, then each of the points Р and Q is the inverse 
of the other. 

It is clear that if one of these points is within the circle the other 
must be without it. 


. 9. The polar of a given point with respect to a given circle 
is the straight line drawn through the inverse of tho given 
point at right angles to the line which joins the given point to 
the centre: and with reference to the polar the given point is 
called the pole. 


Thus in the adjoining figure, if OP. OQ = (radius), and if through 
P and Q, LM and HK are drawn TR to OP; then HK is the polar of 
the point P, and P is the pole of the st. line HK with respect to the 
Given circle: also LM is the polar of the point Q, and Q the pole of LM. 


It is clear that the polar of an external point must intersect the circle, 
апа that tho polar of an interno! point must fall without it: also that 
he polar of a point on the circumference із the tangent at that point, ` 
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ExawrrE 1. 


The polar of an external point with reference to a circle 
ts the chord of co 


тас! of tangents drawn from the given point to the circle. 


From the external point P let two tangents 
PH, PK be drawn to a circle of which O is the 


rentre, P 
Join HK. 
we is required to prove that HK is the polar H 
of P. 
Now OP evidently ents the chord of contact 
HK at right angles at Са. 
Join OH. 
Then from the similar rt.-angled A* POH, K 
HOQ, 
OP :OH=OH :0Q; 
> OP. OQ =(radius)? ; 
nence HK is the polar of P. 
Q.E.D. 
EXAMPLE 2. If A and P are ang two points, and if the polar of A with 
ташаа ^ any circle passes through P, then the polar of P must pass 
through A. 


Let BC be the polar of the point A with re: 
centre is O, and let BC pass through P, 


It ts required to prove that the polar of 
P passes through A. 


Join OP ; and from A draw AQ, perp. 
to OP. We shall shew that AQ is the 
polar of P. 

Now since BC is the polar of A, 
7. the 2 ABP is a rt. angle ; 


Def. 2, page 331, 
and the 2 AQP is a rt. angle : Constr. 


+. the four points A, B, P, О, аге concyclic ; 
2 OQ.OP-OA.OB 


spect to a circle whose 


Theor. 58, 
=(radius)*, for CB is the polar of A. 
And since AQ is perp. to OP, 
~ AQ is the polar of P. 
That is, the polar of P passes through A. 


Q.E.D. 
Nore. A similar proof applies to the case when the Biven point 
A is without the circle, and the polar BC cuts it. 


The above Theorem is known as the Reciprocal Property of Pole and 
Polar. 
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EXAMPLE 3. The locus of the intersection of tangents drawn to a circle 
at the extremities of all chords which pass through a given point within 
the circle is the polar of that point. 

_ Let A be the given point within the 
circle. Let HK be any chord passing 
through A; and let the tangents at H and 
K intersect at P. 

It is required to prove that the locus of Р is 
the polar of the point A. 

(а) To shew that P lies on the polar 
of A. 

Since HK is the ohord of contact of 
tangents drawn from P, 

<. HK is the polar of Р. Ex. 1, p. 332. 

But HK, the polar of P, passes through A ; 

*. the polar of A passes through Р: Ex. 2, p. 332. 
that is, the point P lies on the polar of A. 


(8) To shew that any point on the polar of A satisfies the given 
conditions. 

Let BC be the polar of A, and let P be any point on it. 

Draw tangents PH, PK, and let HK be the chord of contact. 

Now from Ex. 1, p. 332, we know that the chord of contact HK is 
the polar of P, 
and we also know that the polar of P must pass through A; for P is on 
BC, the polar of A: Ex. 2, p. 332. 


that is, HK passes through A. 

у. P is the point of intersection of tangents drawn at the extremities 
of a chord passing through A. 

From (a) and (8) we sez that the required locus is the polar of A. 


Norr. If A is outside the circle the theorem (a) still holds good ; 
but the converse theorem (8) is not true for all points in BC. For if A 
is without the circle, the polar BC will intersect it ; and no point on 
that part of the polar which is within the circle can be a point of 


intersection of tangents. 


We now sce that 
(i) The Polar of an external point with respect to a circle is the 
chord of contact of tangents drawn from it. 
(ii) The Polar of an internal point is the locus of the intersec- 
tions of tangents drawn at the extremities of all chords which pass 


through it. 
(iii) Lhe Polar of a point on the circumference is the tangent 


at that point. 
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EXAMPLE 4. Any chord of a circle through a fixed point Р is divided 
harmonically by P and the polar of P. 


= 


Fig. r. Fig. 2, 
Let O be the centre of the given circle, and let QR be a chord passing 
through the given point P. 
(i) When P is an external point (Fig. 1). 


Draw a tangent PT, and let the polar of P cut PO in L, and QR 
in S. 


16 18 required to prove that QR is divided harmonically at P and S. 
Draw OM perp. to QR, and join OT. 
‘Then PQ .PR=PT? 
=PL. PO, since PTO is a rt. 5. 
=PM . PS, since S, L, О, M are concyolio. 
^ 2PQ.PR=2PM.PS 
=(PQ+PR)PS; Ex. 9, p. 68. 
.9PQ.PR, 
PS= ро ҮРЕ? 
7 PQ, PS, PR are in Harmonical Progression ; 
that is, PS is divided harmonically at Q and R, 
-. also QR is divided harmonically at P and S. 
(ii) When P is an internal point (Fig. 2). 
Let SL be the polar of P, 


Then since the polar of P. passes through S, the polar of S passes 
through P. 


- by *he former case QR is divided hármonically at S and P. 


js ee above theorem is known as the Harmonic Property of Pole and 
olar. 


DEFINITION. 


A triangle so related to a circle that each side is the polar 


of the opposite vertex is said to be self-conjugate with respect 
to the circle. 
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EXERCISES ON POLE AND POLAR. 


. lL The straight line which joins any two points ts the polar with 
тезресі lo a given circle of the point of intersection of their polars. 


2. The point of intersection of any two straight lines is the pole of the 
etraight line which joins their poles. 


3. Find the locus of the poles of all straight lines which pass through 
а given point. 


4. Find the locus of the poles, with respect to a given circle, of tangents 
drawn to a concentric circle. 


5. If two circles cut one another orthogonally and PQ be any diameter 
OF one of them ; shew that the polar of P with regard to the other circle 
Passes through Q. 


. 6. If two circles cut one another orthogonally, the centre of each circle 
ўз the pole of their common chord with respect to the other circle. 


7. Amy two points subtend at the centre of a circle an angle equal to 
one of the angles formed by the polars of the given points. 


8. O is the centre of a given circle, and AB a fixed straight line. 
P is any point in AB; find the locus of the point inverse to Р with 
‘respect to the circle. 


9. Given a circle, and a fixed point О on йз circumference’: Р is any 
Point on the circle: find the locus of the point inverse to Р with respect to 
"ату circle whose centre is О. 


10. Given two points A and B, and a circle whose centre is О; shew 
that the rectangle contained by OA and the perpendicular from B on the 
polar of A is equal to the rectangle contained by OB and the perpendicular 


from А on the polar of B. 


ll. Four points A, B, C, D are taken in order on the circumference of 
а circle ; DA, CB intersect at P, AC, BD at Q, and BA, CD in R: shew 
that the triangle PQR is self-conjugate with respect to the circle. 


_12. Give a linear construction for finding the polar of а given point 
‘with respect to a given circle. Hence find a linear construction for 
awing a tangent to a circle from an external point. 


13. If a triangle is self-conjugate with respect to a circle, the centre of 
€ circle ts at the orthocentre of the triangle. 


14. The polars, with respect to a given circle, of the four points o, 
‘harmonic range form a harmonic pencil : and conversely. 2 Js 
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VII. THE RADICAL AXIS. 


ЕхАмРІЕ 1. То find the locus of points from which the tangents drawn 
to two given circles are equal. 


Fig. 1. Fig. 2. 
Let A and B be the centres of the given circles, whose radii are @ 
and}; and let P be any point such that the tangent PQ drawn to the 


circle (A) is equal to the tangent PR drawn to the circle (B). 
It is required to find the locus of P. 


Join PA, PB, AQ, BR, AB; 
from P draw PS perp. to AB. 


Then because PQ=PR, ~. PQ?—PR*. 
But РО? -PA* - AQ? ; and PR -PB? - BR? : 
^ РА: - AQ? -PB? -BR 
that is, PS? + AS? - a? PS? -- SB? - 0°; Theor. 29. 
or, AS? – a°=SB? – 2, 
Hence АВ is divided at S, so that AS? -SB? =a? – bà: 
^. S is a fixed point. 

Hence all points from which equal tangents can be drawn to the two 
circles lie on the straight line which cuts AB at rt. angles, so that the 
difference of the squares on the segments of AB is equal to the difference 
of the squares on the radii. 

_ Again, by simply retracing these steps, it may be shewn that in 
Fig. 1 every point in SP, and in Fig. 2 every point in SP exterior to 
the ше is such that tangents drawn from it to the two circles are 
equal. 


Theor, 29. 


Hence we conclude that in Fig. 1 the whole line SP is the required 
locus, and in Fig. 2 that part of SP which is without the circles. 


In either case SP is said to be the Radical Axis of the two circles, 
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COROLLARY, Jf the circles cut one another as in 1+:. 9, # ù 
that the Radical Axis is identical with the straight s eoa esed 
through the points of intersection of the circles ; for it follows readily 
from Theorem 58 that tangents drawn to two intersecting circles from 
any point in the common chord produced are equal. 


ExawrPLE 2. Т, Radical Axcs of three circles taken in pairs are 
concurrent, 


Let there be three circles whose centres are A, B, C. 
Let OZ be the radical axis of the © (A) and (B; ; 
and OY the Radical Axis of Ше О» (А) and (C), О being the ponit of 
their intersection. 
It is required to prove that the radical axis of the ©» (B) and (C) 
passes through O. 
Tt will be found that the point O is either without or within all the 
circles, 


I. When О is without the circles. 
From О draw OP, OQ, OR tangents to the ©з (A), (В), (C). 
Then because O is a point on the radical axis of (A) and (В): 
л OP =09. 
And because О is а point оп the radical axis of (A) and (С), 
л OP OR; 
~ OQ=OR; 
^. О is a point on the radical axis of (B) and (C) ; 
that is, the radical axis of (B) and (C) passes through O. 
IL If the circles intersect in such a way that О is within them all ;. 
the radical axes are then the common chords of the three circles taken 
two and two; and it is required to prove that these common chords. 


ere concurrent. This may be shewn indirectly by Theorem 57. 


Derinition. The point of intersection of the radical axes. 
of three circles taken in pairs is called the radical centre. 


H.G.S. Y 
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EXawPLE3. Те draw the radical axis of two given circles, 


Let A and B be the centres of the given circles. 
It is required to draw their radical axis. 
(a) If the given circles intersect, then the st. line drawn through thelr 
points of intersection will be the radical axis. 
(8) But if the given circles do not intersect, 
escribe any circle so as to cut them in E, F and G, Н. 


Join EF and HG, and produce them to meet in P. 
Join AB ; and from P draw PS perp. to AB. 


Then PS is the radical axis of the ©" (A), (B). 


Proof. From the O EFGH, PE.PF=PH.PG. 
Now the sq. on the tangent from P to the © (A) -PE. PF; 
and the sq. on the tangent from P to the © (B)=PH . PG. 
Hence the tangents from P to the ©* (A) and (B) are equal ; 
^. P is a point on the radical axis. 
And since PS is perp. to the line of centres, 
*. PS is the radical axis, wd. 1, p. 336. 


Derision. If each pair of circles in a given system have 
"the same radical axis, the circles are said to be co-axal. 


THE, RADICAL AXIS. 839: 


EXERCISES ON THE RADICAL AXIS, 


1. Shew that the radical axis of two circles bisects any one й 
of t 

common tangents. il n 

2. If tangents are drawn to two circles from any point on their 


radical axis ; shew that a circle described with this point as centre and 
any one of the tangents as radius, cuts both the given circles orthogonally. 


[See Def. p. 330.] 
. 9. O is the radical centre of three circles, and from O a tangent OT 
ќе drawn to any one of them: shew that a circle whose centre is О and? 
radius OT cuts all the given circles orthogonally. 
4. If three circles touch one another, taken two and two, shew that 
their common tangents at the points of contact are concurrent. 
5. If circles are described on the three sides of a triangle as diameter, 
their radical centre is the orthocentre of the triangle. 
6. АП circles which pass through a fixed point and cut a given circle 
orthogonally, pass through а second fixed point. 
.7. Find the locus of the centres of all circles which pass through a 
given point and cut a given circle orthogonally. 
. 8. Describe a circle to pass through two given points and eut a given. 
circle orthogonally. d us 
‚9. Find the locus of the centres of all circles which eut two given 
Circles orthogonally. 
. 10. Describe a circle to pass through a given point and eut two given 
Circles orthogonally. 
ll. The difference of the squares on the tangents drawn from any 


Point to two circles is equal to twice the rectangle contained by the straight 
line joining their centres and the perpendicular from the given point on 
their radical axis. 

19. Ina system of co-axal circles which do not intersect, any point is 
taken on the uda d ; shew that a circle described from this point as 
Centre, with radius equal to the tangent drawn from it to any one of the 


Circles, will meet the line of centres in two fixed points. 
[These fixed points are called the Limiting Points of the system.] 
axal circles the two limiting points and the 


13. In a system of co- А 
le of the system cuts the line of centres form ж 


Points in which any one circ 
'armonic range. 
14. In a system of со-ахаї circles a limiting point has the вате polar 
with regard to ail the circles of the system. 
15. If two circles are orthogonal any diameter of one is cut harmont 
Cally by the other. 
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VIII. INVERSION. 


DEFINITIONS. 


1. If from any fixed point О a straight 
line OP is drawn, and a point P' is taken on 
‘OP, or OP produced, such that OP . OP’ = X?, 
where k is constant, then each of the 
points P and P' is said to be the inverse of 
the other with respect to the circle whose 
centre is О and radius Ё. 


2. The point S is called the origin of inversion, and Ё is 
called the radius of inversion. Also A? is sometimes referred 
to as the constant of inversion. 


3. ІР traces out a locus, to every position of P there is a 


corresponding position of Р”. The locus of Р” is called the 
inverse of the locus of P. 


From Definition 1 it is clear 


tion | that any straight line passing 
through the origin is its own inverse. 


EXAMPLE 1. To find the inverse of a straight line not passing through 
the origin of inversion. 

Let P be any point on the given st. line AB, О 
the origin, and Е the radius of inversion. 
Draw O 


. to the gi i ke Р” 
and 109 регр е given line. Take P' 


A 
a P 
inverses of P and Q. [Р 
ae (eA 


A а 
-0Q.0Q. N 
< the pts. P, P", Q, Q are coneyclic; 
^ the 2 OP'Q/ =the LOQP 
=a rt. 4. B 


Hence the locus of P’ is a circle hich 
the diameter OQ’ is perp. to the piven lle. УЕ ои 
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EXAMPLE 2. То find the inverse of а circl it; Ü 
Pd of a circle with respect to a point 
. Let OQ be the diameter of the given 
circle which passes through the origin O. p 
Take any point P on this circle ; and with 
as radius of inversion, let Q/ and P' be the 
Ínveraes of Q and P. о 
Join PQ, P’Q’. g 
Then  OP.OP'—; 
=0Q.0Q’. 
л the pts. P, P’, Q, Q’ are concyclic ; 
. the ZOQ/P'—the > OPQ 
=а rt. 2. 


=. P'Q/ is perp. to OQ’. 
, Hence the locus of P’ is a st. line perp. to the diameter through the 
origin. 
EXAMPLE 3. То find the inverse of а circle with respect to а point 
not on the circumference. 


^ 


р 


Let О be the origin and Р any point on the given circle whose centre 

Let P’ be the inverse of P, so that OP . OP’=k. 

Let OP meet the given circle again in Q. Join QC. 

Draw OT a tangent to the circle, and let OT =t. 

Then OP. OP’=k*, and OP. OQ =”. 
a 


Draw P’C’ par! to QC to meet OC produced in С”, 
Then OC':0C Eo oQ 

Л C' is a fixed point. 
Also. CrP’: Ca IOS 


М C'P' is constant, and the locus of P’ is a circle whose centre is C". 
ConorrAny, The origin is a centre of similitude of the circle and ita 
Verse, 
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EXAMPLE 4. Any line through the origin of inversion cuts two inverse 
loci at the same angle on opposite sides of the line. 


Fig. 2. 


Let P and Q be two points on a locus, and let Р”, Q’ be their inverses 
with respect to O. 


Then OP. OP’=i2 
=0Q OQ. 
*. the pts. P, P^, Q, Q’ are concyclic ; 
7 LOQP=the LOP’Q’. 
Now let Q move up to P, so that the st. line QP ultimately becomee 


the tangent at P to the locus of P. Then at the same time the st. line 
Q'P' becomes the tangent at P" to the locus of Р’. 


Hence in Fig. 2, if PR and P’R’ are the tangents at P and P^, 


the LOPR =the 2 OP’R’, 


that is, OPP’ cuts the loci of P and P’ at the same angle on opposite 
eides of OPP’. 


COROLLARY. At any point of intersection two curves cut at the same 
angle as their inverses at the inverse point. 


jle . 1 Also if two curves touch et P 
their inverses touch at the inverse point Р’. 


ЕхлмріБ 5. То express the distance between two points in terms of 
He distance between their inverses and the distances of these points from 
€ origin. 


ИР”, Q’ are the inverses of P, Q, [Fiz. 1 of Example 4] 


OP . OP’=?=0Q .0Q’; 
and from the similar triangles OPQ, QP, 
Pq’ OP OP.OP'. gg 
PQ OQ OP:OQ"OP. olny 
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EXERCISES ON INVERSION. 


1. XO, P, Q, R are collinear points and Р”, Q’, R’ the inverses of 
P, Q, R with respect to O, prove that y i: 
(i) if OP, OQ, OR are in Arithmetical Progression, then OP’, OQ’, 
OR’ are in Harmonical Progression. 
(ii) if OP, OQ, OR are in Geometrical Progression, then OP’, OQ, 
OR’ are also in Geometrical Progression. 
9. Find the inverse of the circum-circle of an isosceles triangle with 
respect to the vertex of the triangle as origin. 


3. Shew that a circle can bo inverted into itself with respect to any 

Point O as origin. 
[Take k equal to the length of the tangent from O.] 

4. Shew that a circle inverts into itself with respect to the centre 
of any orthogonal circle. 

5. АВ is a chord of a circle bisected at О. Shew that, with © as 
origin, and OA as radius of inversion, the circle inverts into itself. 

6. Shew that any two circles can be inverted into themselves. 

[See Ex. 1. p. 336. Take the origin O on SP, and take k equal to 
the length of the tangent from O.] 


7. Shew that any three circles can be inverted into themselves, 


[See Ex. 2. р. 337.) 

8. Shew that if a straight line cuts a circle, each may be inverted 
into the other by suitable selection of the origin and constant of 
Inversion. 

9. Shew that any three circles may be inverted into three circles. 
Whoso centres are collinear. 

4 [Se Ex. 3, p. 339, and take the origin of inversion on the orthogonak 
ire e.] 


10. Shew that the diameters of a circle may be inverted into & 
teres of co-axal circles orthogonal to the inverse of the given circle. 


1. P, Q, R are three points taken in order on a straight li 
Find the inverse of the statement ight line. 
PQ+QR=PR. 
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IX. CEVA'S THEOREM. 


If three concurrent straight lines are drawn from the angular points of 
44 triangle to meet the opposite sides, then the product of three alternate 
segments taken in order їз equal to the product of the other three segments. 


Р 


B D c B С D 

Let AD, BE, CF be drawn from the vertices of the A ABC to 
‘intersect at O, and cut the opposite sides at D, E, F. | 

It is required to prove that | 
BD.CE.AF-DC.EA.FB. 


AOB, AOC have a common base AO; ani it may be | 
by drawing perpendiculars from B and C to AD, that 


BD : DC =the alt. of A АОВ : the alt. of А АО; 
BD A АОВ 


^ Бб” A АОС? 
DER CE ABOC, 
‘similarly, EA ABOA? 1 
i 
AF ACOA 
em | ЕВ” А COB’ 1 
‚ Multiplying these ratios, we have 

BD CE AF ,, | 

ОС`ЕЁА`ЕВ 
BD.CE.AF-DC.EA.FB. 


Now the A* 
shewn, 


or, 


NorE. The conv 


erse of this th i in- 
directly, is voy n Is theorem, which may be proved in. 


ortant; it may be enunciated thus 4 
` Jf three straight lines dr verti i 
ioa ашт from the vertices of a triangle cut the 


L 8 so that the product of three alternate segments taken in 
order is equal to Be product of the other three, then the three straight 


dines are concurrent 
That is, if BD. CE. AF-DC. EA.FB, 
then AD, BE, CF are concurrent, 
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X. MENELAUS’ THEOREM. 


If.a transversal ts-drawn to cut the sides, or the sides produced, 4 a 
friangle, the product of three alternate segments taken in order ts equal to 
the product of the other three segments. 


Fig. 2. 


Let ABC be a triangle, and let a transversal meet the sides BC, CA, 
AB, or these sides produced, at D, E, F. 
It is required to prove that 
ВО. СЕ. AF=DC.EA. FB. 
Draw AH par! to BC, mecting the transversal at H. 
Then from the similar A* DFB, HAF, 
AF АН 
FB" BD! 
and from the similar A* DCE, HAE, 


CD 
4. , by multiplication, сЕ 5 eae BD? 
" BD.CE.AF 
that is, ; DC.EA.FB^l 


or, BD.CE.AF-DC.EA.FB. 


Norg. In this theorem the transversal must either meet two sides 
and the third side produced, as in Fig. 1; or all three sides produced, 
ва in Fig. 2. 

The converse of this theorem may be proved indirectly : 

If three points are taken in two sides of a triangle and the third side 
produced, or in all three sides produced, so that the product of three 
alternate segments taken in order ts equal to the product of the other three 
segments, the three points are collinear. 
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DEFINITIONS, 


1. Tf two triangles are such that the three straight lines 
joining corresponding vertices are concurrent, they are said 
to be co-polar. 


2. If two triangles are such that the three points of inter- 
section of corresponding sides are collinear, they are said to 
be co-axial. 


EXERCISES. 


l. By means of Ceva's Theorem prove the following properties of a 
triangle. 


(i) The perpendiculars to the sides from their middle pointa are 
concurrent. 
(ii) The bisectors of the angles are concurrent. 
(ii) The medians are concurrent. 
2. D, E, F are the points of contact of the in-circle of а triancle 


with the sides BC, CA, AB respectively. If EF, FD, DE meet theso 
sides respectively in P, Q, R, shew that P, Q, R are collinear. 


3. With the same notation as in E: 


xample 2, shew that thi inte 
B, D, C, P form a harmonic range. ES SPP 


4, If the tangenta at A, B, C of the circum-circle of the triangle 
ABC meet the opposite sides in D, E, F respectively, shew that 


BD : CD=BA?: AC? 
Hence prove that D, E, F are collinear. 


5. The straight lines which join the vertices of a triangle to the points ` 
of one, of the inscribed circle (or any of the three escribed circles) are 
concurrent, 


6. The middle points o; the diagonals , 
collinear. [See Def. 4 4, p. Ax ‘agonals of a complete quadrilateral are 


T. Shen that each diagonal of a complete lateral is divi 
harmonically by the other ie E MA ia т 


8. Co-polar triangles are also co-axial ; -AXi i- 
engl Bre alas e. and conversely co-axial tri 


9. The siz centres of 
Sour straight lines, 


PART VI. 
SOLID GEOMETRY. 
LINES AND PLANES. 
DEFINITIONS AND First PRINCIPLES. 


d From the Definitions of Part I. it will be remembered 
a 
(i) A point has no magnitude; that is to say neither length, 
breadth, nor thickness. 
. Gi) A line has length, without breadth or thickness. 
(iii) A surface has length and breadth, without thickness. 
(iv) A solid has length, breadth, and thickness. 


Thus a point is said to be of no dimension; 
. of one dimension ; 


a line 
a surface „... of two dimensions ; 
a solid а.е of three dimensions. 


9. Solids, surfaces, lines, and points are thus related to 
one another : 
(i) Solids are bounded by surfaces. 
(ii) Surfaces are bounded by lines; and surtaces meet in 


lines. 
(iii) Lines are bounded by points; and lines meet in points. 


It must also be noticed that a line which intersects a surface cuts it 


in one or more points. 
3. A plane is a surface such, that if any two points are 
taken in it, the straight line joining them lies wholly in the 


surface. 


Unless the contrary is stated, the straight lines treated in this Section 
are supposed to be ‘of infinite length, and the planes of infinite extent. 


348 GEOMETRY. 


4. Lines which are drawn on a plane, or through which a 
plane may be made to pass, are said to be co-planar. 


5. Lines through which a plane cannot be made to pass aro 
said to be skew. 


6. Planes are said to be parallel when they do not meet 
though indefinitely extended. 


7. A straight line and a plane are said to be parallel when 
they do net meet though both are indefinitely extended. 


8. A straight line is perpen- 
dicular to a plane when it is 
perpendicular to every straight 
line which meets it in that plane. 
Such a straight line is said to be 
normal to the plane. 


Axioms, 


„1. A straight line drawn through two points on u piune must; 
tf indefinitely produced, lie wholly in that plane. ey Н 


2. Through а given straight line, or through two airon mainis, 
an infinite number of planes may pass; for we may suppose a 
plane to turn about any straight line that lies in it, and thue 
to pass in succession through an infinite number of positions. 


3. Ifa plane of unlimited extent turns about a straight line that 


lies in it, it may be made to Pass through any point in space outside 
the given line, 
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Trom these principles it follows that a straight line m: 
related to a plane in three ways: g и 

_(i) It may be parallel to the plane, in which case it has no 
point in common with the plane. 

(ii) It may cut the plane, in which case it has one (and only 
one) point in common with the plane. 

(iii) It may lie in the plane, in which case it has an indefinite 
number of points in common with the planc- x" 

Again, two straight lines may be related to one another 1n 
three ways: 

If the lines are co-planar, they may 

(i) intersect one another, 

or (№) be parallel. А 

If the lines are not co-planar, that is, if they are skew, 


(iii) they neither intersect nor are parallel. 


For example, in the solid figure 
represented in the margin, (i) the 
edges AB, BC, in the plane ABCD, 
intersect; (ii) the edges AB, DC in 
e parallel ; (iii) the 
edges AB, A'D', through which no 
be made to pass, are skew, 
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THEOREM 79. [Euclid XI. 2.] 


One, and only one, plane may be made to pass through any two 
intersecting straight lines. 


Let the two given st. lines AB, CD intersect at E. 


It is required to prove that one, and only one, plane may be made 
lo pass through AB, CD. 


Proof. Take any plane XY passing through AEB, and let 
this plane turn about AB until it passes through C, taking the 
position X'Y'. The position of the ге 


And since E and C are points in this plane, the whole 
st. line CED lies in it E 


<. one, and only one, plane can pass through AB and CD. 


Q.E.D. 


Conorranv. Any three stra 


ight lines, of which each pair cut 
one another, must be co-planar. 


INFERENCES. 


Hence the position of a Plane is fixea, 
(i) if it passes throuch a iven straight li i 
point outside that ee cog Sd s given 
(ii) if it passes through two inte 
(iti) if it passes through three po 
(iv) if it passes through two par: 


tsecting straight lines ; 
ints not collinear ; 
allel straight lines, 
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Tarorem 80. [Euclid XI. 3.] 


Two intersecting planes cut one another in a. straight line, and in 
no point outside at. 


It is required to prove that the two intersecting planes PQ, XY cut 
in а straight line, and in no point outside it. 


Proof. Let A and B be points in both the planes PQ, XY; 
then the straight line joining A and B lies wholly in both 
planes; that is, the planes intersect along the st. line AB. 


And since the planes pass through the st. line AB, they can 
have no point in common outside AB; for otherwise they 


would coincide. Q.E.D. 


Norr. It will now be seen that (i) if three or more concurrent 
straight lines cut a given straight line, they are co-planar ; 
(ii) if three or more parallel straight lines cut a given straight line, 


they are co-planar. 


The generation of a plane. Thus a plane may be generated by 
(i) а straight line turning about a fixed point and sliding over a 
fixed straight line ; 
(ii) æ straight line slidin, 
or two fixed parallel lines ; 
(iii) а straight line moving parallel to itself and sliding over a fixed 


straight line. 


g over two fixed intersecting straight lines, 


Triangles and Quadrilaterals in space. The sides of every triangle 
must lie in one plane (Theor. 79); but the sides of a quadrilateral need 
not lie in one plane, as may be seen by folding a plane quadrilateral 
about either diagonal. A quadrilateral so formed is called skew or 
gauche, two adjacent sides lying in one plane and the other two in 
another plane. 


2 
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THEOREM 81. [Euclid XI. 4.) 


If а straight line is perpendicular to each of two intersecting 
straight lines at their point of intersection, it is also perpendicular 
4o the plane in which they lie. 


; F 
Let AD be perp. to each of the st. lines AB, AC. 


It is required to prove that AD is 


erp. to the plane XY which 
Passes through АВ, AC. 


In the plane XY draw any line AE through A; and in the 
‘same plane draw BC to cut AB, AE, AC at the points B, E, С. 


Produce DA to F, making AF equal to AD, 
Join DB, DE, DC ; and FB, FE, FC, 


Proof. In the A* BAD, BAF, 
because BA bisects DF at rt. angles, 
7. BD=BF, Theor. 12. Cor. 9, 


Similarly Ср —cr, 


LINES PERPENDICULAR TO А. 
3 E: 353: 
Hence in the A*DAE, FAE, 
since DA, AE, ED —FA, AE, EF respectively, 
<. the LDAE —the / FAE ; з 


2. DA is perp. to any line AE which meets it in the plane ХҮ; 
that is, DA is perp. to the planes of AB, AC. 
Q.E.D. 


QUESTIONS AND EXERCISES. 


1. "Straight lines are parallel when they do mot meet though 
indefinitely produced.” Supply what is wanting to this definition, 
justifying your answer by an illustration. 


2. Give instances from the walls and edges of a room of 


(i) parallel planes ; 

(ii) lines parallel to a plane ; 
(iii) lines perpendicular to a plane ; 
(iv) pairs of skew lines. 


3. “Surfaces cut in lines." Need these lines be straight? Give 
instances to the contrary from any surfaces known to you. 


4. How many straight lines may be perpendicular to a given straight 
line at a given point 
(i) in space of two dimensions ? 
(ii) in space of three dimensions ? 


5. Place two pencils so as to illustrate the fact ‘that a straight line 
is not necessarily perpendicular to a plane, if it is perpendicular to one 
line in the plane. 


6. Shew that three straight lines drawn from a point in spaci 
be so placed that each is perpendicular to the other feo. КЕ 
Prove that in this case each line is perpendicular to the plane of t 
other two, and illustrate from the walls and edges of a Nn — 


7. From О the centre of a circle a perpendicular OA is erected to 
the plane of the circle. Shew that all points on the circumference are 
equidistant from A. 


н.5.6. ] “ 
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ТнковЕм 82. [Euclid XI. 5.] 


All straight lines drawn perpendicular to a given straight line at 
@ given point are co-planar. 


Let each of the st. lines BC, BD, BE be perp. to the st. line 
AB at the point B. 


It is required to prove that BC, BD, BE are in one plane. 


Proof. Let XY be the plane which passes through BC, BD ; 
and let HF be the plane which passes through AB, BE. 


Suppose the planes HF, XY to intersect in the st. line BF. 


Because AB is perp. to BC and BD, 
-. AB is also perp. to BF Which meets it in the plane of 


BC, BD ; Theor. 81. 


' Hence the z" ABE, ABF are both right angles and in the 
same plane HF ; 


- BE coincides with BF. 
That is, BC, BD, BE are in the same plane XY. 
. Q.E.D. 


Conoruany. If a right angle revolves about e ; 
the other arm generates q uds. ne of its arms, 


HYPOTHETICAL Construction, Through any point in a 


straight line a plane may be supposed to be 'rucled, 5 
dicular to the given line, а wee ecd 
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DEFINITIONS. 


1. The direction of a plumb-line hanging freely at rest is 
said to be vertical. 


2. Any plane perpendicular to a vertical line is said to be 


horizontal. 


3. Any straight line drawn in a horizontal plane is said to 
be horizontal. - 


QUESTIONS AND EXERCISES. 


1. How many vertical straight lines can pass through a given point, 
and how many horizontal lines ? н 


э; A sheet of note-paper partly opened out із placed with two of its 


short edges on a horizontal table ; why is the crease vertical ? 


3. Shew that two observations with a spirit-level are sufficient to 
determine if a plane is horizontal, provided that the two positions are 
not parallel. 


4. А circle of radius 4-2 om. is drawn on a horizontal plane, and a 
straight line OP of length 5'6 em. stands vertically at the centre O. 
Find the distance of P from any point on the circumference, shewing 
that the distance is the same for all such points. 


5. Two straight lines AB, CD bisect one another at O, and OP is 

perpendicular to them both; shew that 
(i) PA=PB; (ii) PC=PD ; 

and that this result is independent of the angle at which AB and CD 
intersect. 

If AB=3:6", CD-L4', and OP —24*, 
find PA and PC. 

6. ABCD is a horizontal square, and at O its mid-point (that is, the 


intersection of its diagonals) a vertical rod OP is fixed, the extremi 
being joined by threads to the angular points of the square. icai 


(i) Prove that PA, PB, PC, PD are all equal. 


(ii) If each side of the square is 20 cm., and the height i 
40 cm., find PA to the nearest millimetre. pre oF шараа ui 


(iii) If PA=85 cm., and the height of the rod is 75 cm. i 
of the square to the nearest millimetre, ыан 
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Tnrorem 83. [Euclid XI. 8.] 


If two straight lines are parallel, and if one of them is per- 
ELA. to А plane, then the other is also perpendicular to the 
same plane. 


x! 


Let AB, FE be two par’ st. lines, cutting the plane XY at 
B and E; and let AB be perp. to the plane. 


It is required to prove that FE is also perp. to the plane XY. 
Join AE, BE; and through E draw CED in the plane XY 


perp. to BE, making EC and ED of any equal lengths, 
Join BC, BD ; also AC, AD. 


Proof. Since EB bisects CD at right angles, 
4. BC=BD. Theor. 12. Cor. 2. 
And in the A* ABC, ABD, 
since BC — BD, AB is common, and г АВС = ABD, 
for AB is perp. to the plane of BC, BD, 
4 AC=AD. Theor. 4. 
А Again, in ће A^ CEA, DEA, 
Since CE=DE, EA is common, and AC=AD, 
i ^. the LCEA = ће 2 ОЕА; 
that is, CE is perp. to EA. 
But CE is perp. to EB by construction ; 
4. CE is perp. to the plane containing EA and EB. 
And EF is in this plane; for both EA, EB lie in the plane 
of the раг" AB, FE. 
4. CE is also perp. to EF. 
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Again since АВ, FE are раг, and since by hypothesis the 
LABE is a rt. angle, 
2. the FEB is a rt. angle. Theor. 14. 


Thus FE, being perp. both to EB and EC, is also perp. to the 
plane XY which contains them. 
Q.E.D. 


Conversely, if AB and FE are both perpendicular to the plane XY, 
they are parallel to one another. 


With the same construction, prove, as before, that CE is 
perp. to the plane of EA, EB. 
Now it follows from the hypothesis that CE is perp. to EF; 
. EF is in the plane of EA, EB. 
But AB is also in the plane of EA, EB ; 
. AB, FE are co-planar. 
And since, by hypothesis, each of the "АВЕ, FEB is a rt. 


angle, 
Ё 2. AB is раг to FE. 
Q.E.D. 


Comorzanv. If AB is perpendicular to a plane XY, and if from 
B, the foot of the perpendicular, a line BE is drawn perpendicular 
to any line CD in the plane, then the join AE is also perpendicular 


to CD. 
A 


Make EC, ED of any equal length. 

Join BC, BD ; also AC, AD. 

'The proof follows as in the last 
Theorem. 


x 


This important result is known as “ The Theorem of the Three 
Perpendiculars.” 
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TnuronzM 84. 


Through any роті in or outside a plane there can 
and only one, straight line perpendicular to the plai 


always be one, 
пе. 


(i) Let A be the given point in 
the plane XY. Р 


Take BC any st. line through 
A in the given plane. 
‘Let AP, making a rt. angle with 
BC, revolve about BC as axis. x 
Then AP traces out a plane perp. 
to ВС. Let this plane cut the plane XY in the st. line DAE, 
Now as AP turns Írom AD to AE, it must pass through one 


position in which it is perp. to DE, i.e. perp. both to EC and 
DE, and consequently perp. to the plane xy, 


Fig.1 


(ii) Let A be the given point 
outside the plane Xy. 


Take BC any st. line in the 


plane; and let AD be the perp. 
from A on BC. 


Draw DE perp. to BC in the 
plane xy, 


Let AP be the perp. from A on DE, 
Then AP must be perp. to the plane XY. 


Proof. Through P draw PF par! to BC, 


Now BC, being perp. to DA and DE, is perp. to the plane ADE; 
h he plane ADE, Theor, 83. 


-. the 2 APF is a rt, angle, 


ence FP is also perp. to + 


that is, AP is perp. both to РЕ and DE, and consequently to the 
plane XY. 
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(iii) There can be only one perpendicular to the plane XY from 
the point P, whether this point is in the plane or outside it. 


For, if possible, suppose two perp' PA, PB to be drawn from 
P to the plane XY, and let the plane through PA, PB cut the 
plane XY in the straight line MN. 

Then PA, PB are both perp. to MN and in the same plane 


with it, which is impossible. 
Q.E.D. 


EXERCISES. 


l. Given two set-squares, shew how a straight rod may be placed 
perpendicular to a plane at a given point in it. 
and straight rod, the construction 


ied to finding the position of a 
from a point A outside it. 


2. Shew how, with a set-square i 
of Fig. 2. p. 358 may be practically appli 
straight line perpendicular to a plane X 


3. BC isa straight line drawn on à plane surface of a solid, and A an 
external point [see Tig. 2, p. 358]: it is required to find the position ot 
а line through A perpen ieular to BC. Why is the usual method 
(Problem 4, p. 74) here inapplicable as a practical construction ? 

Devise a feasible construction, with ruler and compasses only, for 
finding tho foot D of the required perpendicular AD. Hence shew how 
^ perpendicular may be drawn from A to the plane. 

(or another construction of a line perpendicular to a plane from 
a point nmtside it, see p. 361, Ex. 3.] 
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THEOREM 85. 


(i) Of all straight lines drawn from an external point to a plane, 
the perpendicular is the shortest: 


(ii) Of obliques drawn from the given point, those which cut the 
plane at equal distances Srom the foot of the perpendicular are equal. 


(i) Let AB be the perpendicular, and AC an 
om the external point A to the plane xy, 


It is required to shew that AB 15 less than AC, 


у oblique, drawn 


Join BC, 
Proof. Since AB is perp. to the plane XY, it is also 
Perp. to BC which meets it in that plane. 
Hence in the SABC, the 2 ACB is less than the / ABC ў 
*- AB is less than AC. Theor. 10. 


. i) Let the obliques AC, AD cut the plane xy 


at equal 
istances BC, BD fr, 


om the foot of the perpendicular AB, 
It is required to prove that AC — AD, 


Proof. Since AB is] , it is also perp. to 
BC, BD which meet it in that plane, 


ABC, ABD are congruent ; 
Íor AB is common, BC=BD, and L^BC —, ABD, 
=. AC- AD, 


Q.E.D. 
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EXERCISES. 


ind the locua of the fect of equal obliques drawn from an external: 
' ^nlane. 
2. Pisa pe P В distant: 
i Pe , outside the plane of the triangle ABC and equidistan 
pos d ues in the perpendicular from P to the plane cuts it at S, 
pud Siak he СГС... “centre of the triangle ABC. 
Iiis AABO Tech ШЕН О шга aunt's, fet and SP-40'; 


1. 
point Е 


3. Deduce from the last ехать g practical method of drawing 

erpendicular from a given externa: S Pat to a plane, having given 
aler and compasses, and а straight rod Ox any length greater than the- 
equired perpendicular. ` 


4. Give a geometrical construction for агаш, a straight line 
qually inclined to three straight lines which meet in & point, but are 
not in the same plane. 


5. AB is straight line in a plane XY, and PQ is the perpendicular 
the plane from a point P outside it. 


(i) If QR is perpendicular to AB, shew that PR is also perpendicular 
to AB. 


(ii) If Lave perpendicular to AB, shew that QR is also perpendicular 
to AB. 


6. ABCD is a square on a side of 0-96 metre, and from Q its mid. 
Pome a rod QP of length 1-40 m. is fixed perpendicular to the plane. 

R is the mid-point of the side BC, calculate the value of cos РАО 
correct to the third decimal figure. 


7. AB is the line of section of two planes, and from P any point in. 
AB two lines PQ, PR are drawn perpendicular to AB, one in cach plane, 
Shew that the line drawn from any point in PQ perpendicular to the 
plane containing it lies in the plane of PQ, PR. 


8. Prove that: 


(i) All points in space equidistant from two given points lie in a. 
plane. 


(ii) All points in space equidistant from three non-collinear points. 
lie in a straight line (viz. the intersection of two planes). 


(iii) There is only one point equidistant from four non-co-planar- 
points (viz. the intersection of two straight lines). 
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THEOREM 86. [Euclid XT. 9.] 
Straight lines which are 


parallel to а given straight line -* 
‘parallel to one another. 


B 9 p 
Let AB, Cv be each par' to the st. li 


ine PQ. 
It is required to prove that AB, CD are par’ to one another, 
Proof. Suppose XY to be any plane perp. to PQ, 
Then because AB is par' to PQ, 
-. AB is perp. to the plane xy. Theor. 83. 
And because CD is par' to PQ, 
`. CD is perp. to the plane xy. 
^5 AB and CD, being both perp. to the plane xy 


are par! to 

‘one another, Theor. 83. Converse, 
Q.E.D. 

Nore. This Theorem has already been Proved [Page 40] in the 

"special case where AB, CD, and PQ are co-planar, ? 


Р EXERCISES, 
1. AB, CD, EF are three equal and parallel straight lines not in one 
plane: shew that the triangles ACE, BDF are congruent, 
‚2. If the middle points of adjacent sides of a skew quadrilateral are 
Joined, prove that the figure во formed is a parallelogram, 
9: mia triangle revolves abont its base, shew that the vertox 
"describes a circle, 


4. At O the mid-poin 


lar hexagon drawn on a horizontal 
-plane, a normal OP of length 9-6 em, i 
isected at X. Al 9 
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Тнеовем 87. [Euclid XI. 10.] 


Tf two intersecting straight lines are respectively parallel to two: 
other intersecting straight lines not in the same plane with them, 
then the first pair and the second pair contain equal angles. 


Let the st. lines AB, BC be respectively par' to the st. lines: 
DE, EF, which are not in the same plane with them. 


It is required to prove that the L ABC =the L DEF. 


Make BA equal to ED ; and make BC equal to EF. 
Join AD, BE, CF, AC, DF. 
Proof. Because BA is equal and par' to ED, 
-. AD is equal and раг о BE. ^ Theor. 20.. 
Similarly CF is equal and par' to BE. 

Hence AD and CF, being each equal and par! to BE, are equal) 
and par! to one another ; Theor. 86.. 
4. AC is equal and par! to DF. 

Then in the A*ABC, DEF, 
because AB, BC, AC—DE, EF, DF, respectively, 

4. the ДАВС =the 2 DEF. Theor. Te, 
Q.E.D. 
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THEOREM 88. [Euclid XI. 14.] 


Planes to which the same straight line is perpendicular are | 
parallel to one another. 


Q | 
ЖЕШ | 
| 
5 
у ЗУД 


x 


Let the straight line AB be perp. to each of the planes XY, PQ. 
It is required to prove that the planes XY, PQ are parallel. 
Proof. Since AB is perp. to the plane ХҮ 
"line joining A to any point in that plane. 
Similarly AB is 
the plane РО. 


Hence if the planes XY, PQ had a point in common, then, 
by joining this point to A and B, two perpendiculars could be 
"drawn from it to АВ, one in each plane ; which is impossible. 


Thus the planes XY, PQ, have no 
-are therefore parallel, 


; it is perp. to the 


perp. to the line joining B to any point in 


point in common, and 


1. АВ, CD are normal to a plane, cutting it at B and D It AB, CD 
"Are equal in length and on the same side of the plane, shew that ABDC 
is a rectangle, 


2 Use the last Example to find the locus of points equidistant from 
"ә given plane. 


3. Find the locus of points equidistant from two given points, 


| 
| 
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Turorem 89. [Euclid XI. 16.] 


Af two parallel planes are cut by a third. plane, their lines of 
section with it are parallel. , 


Let the par! planes AB, CD be cut by the plane XY in the 
lines of section EF, GH. 


It is required to prove that EF, GH are parallel. 


Proof. Now EF and GH cannot meet, since they lie respec- 
tively in the planes AB, CD, which have no point in common. 
Moreover EF and GH are co-planar, since they are in the 


given plane XY. 
.. EF and GH are parallel. Q.E.D. 


EXERCISES. 
1. Through a given point there can only be one plane parallel to a 
given plane. 


9. Prove that a straight line which is normal to one of tw. 
planes is also normal to the other. о parallel 


3. Shew that planes which are parallel to the 
parallel to one another. à Bere pong tere 


4. Prove that intercepts of parallel lines between parallel planes 
ere equal. 


5. Given two pairs of parallel planes, how many li ioi wi 
they have ? Shew that these lincs are parallel. улагы: section will 
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TnuronEM 90. [Euclid XI. 15.] 


1 ў ight li spectively to two 
If two intersecting straight lines are parallel respect J 
the intersecting straight lines which are not in the same plane with 


them, then the plane containing the first pair is parailel to the plane 
3 б 
containing the second pair. 


Let the st. lines AB, BC be respectively par! to the st. lines 
DE, EF, which are not in the same plane with them. 


It is required to prove that the plane of AB, BC is parallel to the 
plane of DE, EF, 


From B let BG be drawn perp. to the plane of DE, EF, and 
meeting it at G. 


Draw GH, GK par' respectively to ED, Er, 


Proof. Because BG is Perp. to the plane of DE, EF, 
<. each of the ;* ВОН, BGK is a гь, angle. 
Now by hypothesis BA is par' to ED, 
and by construction GH ig par' to ED; 
`. BA is par! to GH. 
And since the £ BGH is a rt, 
.oq ++ the L АВО is a rt, 
Similarly the Z CBG is a rt. angle. 

<. BG is Perp. to the plane of AB, BC. 

And, by Construction, BG is perp. to the plane of ED, EF; 


*- these planes are раг. Theor. 88. 


Q.E.D. 
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Trrorem 91. [Euclid XI. 17.] 


Straight lines which are cut by parallel planes are cut pro- 
portionally. 


Let the st. lines AB, CD be cut by the three par' planes 
| ЭН, KL, MN at the points A, E, B, and C, F, D. 


It is required to prove that AE : ЕВ =СЕ: FD. 

Join AC, BD, AD; and let AD meet the plane KL at the 
point X: join EX, XF. 

Proof. Because the two par’ planes, KL, MN are cut by the 


plane ABD, 
„2. the lines of section EX, BD are par. Theor. 89. 


And because the two рат! planes GH, KL are cut by the 


plane DAC, 
| .. the lines of section ХЕ, AC are par'. 


Now since EX is par! to BD, a side of the A ABD, 
2. AE: ЕВ = AX : XD. Theor. 60. 


Again because XF is par! to AC, a side of the ADAC, 
JOAX: XD=CF: FD. 


Hence AE : ЕВ =СҒ : FD. 


Q.E.D. 
EXERCISES. 


1. If two intersecting planes are cut by two parallel planes, the 
lines of section of the first pair with each of the second pair contain 
equal angles. Point out an exceptional case. 


9. Shew how to determine ina given straight line the point which 
is equidistant from two fixed points. When is this impossible ? 


3 
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Derinition. The projection of a line on 
locus of the feet of perpendiculars drawn fro 
the given line to the plane. 


a plane is the 
m all points in 


Thus in the adjoining figure the 
projection of the line AB on the 
plane PQ is the line ab. 


THEOREM 92, 


he projection of a straight line on a plane is itself a straight 
line. 


& 
Let AB be the 


‘om Р, any poiut in AB, let Pp be d: 
and meeting it at p. 


giver st. line, and XY the given plane; and 


tawn perp. to the plane XY 


Suppose Aa and Bb to b 
plane xy, e the perps. from А and B to the 


Proof. Now Aa, Pp, Bb, bein all 
par! to one another, 18 cid p [Op MON 
. 2 í 
у үй Se рат" , they are co-planar, 
e. the point p is in the li he pl Y 
that is, p is in the st. line o" Planes Ab, XY; 


But pis any point in the Projer ‘on of AB, 
< the projection of AB is the st. line ab, Q.E.D. 
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Corottary 1. The angle which a straight line AB makes 
with a plane XY may be measured by the angle between AB and its 
projection ab on the plane ; for a straight line and its projection 
are co-planar. 


Thus, if AB and ab, produced if 
necessary, mect at O, the angle 
between AB and the plane XY is 
measured by the augle BOD. 


Corotuary 2. To find the length of the projection of a straighe 
line AB on a plane XY in terms of AB and the angle which it makes 
with the plane. 

Let a be the angle which AB makes with the plane XY, 

Draw Ab’ par! to ab, cutting Bb at b’. 

Then the 2 BAD’ =the corresponding 4 BOb =a. 
Now from the rt. angled ABAD’, А =cos а; 
hence ab- Ab’ = AB соз u. 
[See p. 272, Ex. (ii).] 
Nore. Since as a increases from 0 to 90°, cosa decreases, it follows 


that as the inclination of AB to the plane increases, the projection ab 
decreases, 


EXERCISES. 
1. If a straight line is parallel to a plane, shew that it is parallel to 
its projection on that plane. 
2. Compare the length of AB with that of its projection on the 


plane XY, when AB 
(i) is parallel to the plane ; 


(ii) is perpendicular to the plane ; 
(iii) is inclined to the plane at an angle of 60°. 
3. Shew that equal obliques drawn to a plane from an external point 
have equal projections on that plane. 
4. Prove that parallel straight lines have parallel projections on a 
plane. Is there any exception to this ? 
5. If АВ, C’D’ are the: projections of two parallel straight lines 
AB, CD on any plane, shew that” 
i y put КВ: CD =A'B' : C'D’ 
1.5.0. 2a 
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THEOREM 93. 


If a straight line outside a given plane is parallel to any straight 
line drawn on the plane, it is also parallel to the plane itself. . 
A 


x 


Let AB be par! to CD drawn on the plane xy, 

It is required to Prove that AB is par to the plane XY, 

Proof. Suppose AD to be the plane of the рат” AB, СО; во 
that CD is the line of Section of the planes AD, xy, 


Then AB, being in the plane AD, must meet; the plane ХҮ, it 
at all, at some point in CD. 


But, by hypothesis, AB can never meet CD ; 
- AB can never meet the plane XY, and is consequently 
par! to it. Q.E.D. 


Conversely. J, If а straight line is parallel to a plane, then any 
plane passing through the given line and intersecting the given plane, 
will cut it in a line Parallel to the given line. 


In the above Figure let the st. line AB be par' to the plane 


XY, and let AD, any plane through AB, cut the plane XY in 
the line CD, 


Jt is required to Prove that CD is par to AB, 


‚ Proof Now AB, being par! 
CD which lies in that plane. 


Moreover AB and CD are in the same plane AD A 
<. AB and CD are рагі. 


to the plane XY, can never meet 
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COROLLARY. Through either of two skew straight lines a plane 
may be made to pass to which the other line is parallel. 


Let AB and CD be two skew 
at. lines, that is, two lines which 
are not co-planar. 

Through any point O in AB let 
cOd be drawn par! to СО. Then 
AB and cd determine a plane XY, 
to which CD is раг!; for CD is 
par to the lino cd which lies in 
that plane. 


Derinition. The angle between two skew straight lines 
is measured by the angle contained by one of them and 
the line drawn through any point in that line parallel to 
the other. 


Thus, in the above diagram, the angle between the skew lines AB, 
CD is measured by the angle contained by AB and the line cd drawn 
through any point O in AB parallel to CD. 


EXERCISES. 


1. Ifa straight line AB is parallel to a plano XY, then 
(i) Every line parallel to AB is also parallel to the plane ; 
(ii) Every line parallel to the plane is also parallel to AB. 
Which of these statements is true, and which false ? 


2. A straight line AB revolves about the point A, keeping always 
parallel to a given plano XY. What surface does AB generate ? 


3. If two intersecting planes pass respectively through two parallel 
lines AB, CD, shew that their line of section is parallel to AB, CD. 


4. A straight line PQ is parallel to each of two intersecting planes ; 
shew that PQ is also parallel to their line of section. 


5. Shew that through a given point P a plane may be constructed. 
parallel to cach of two skew lines AB, BC. 


6. Shew that through any two given skew lines two parallel planes 
may be passed, one through each line. 
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THEOREM 94, 


If two straight lines neither intersect nor are parallel, then 
(i) there is one straight line perpendicular to both of them ; 
(ii) this common 


perpendicular is the shortest distance between 
the given lines. 


HD 


Let AB and CD be the two given skew lines, 
(i) To prove that there is one line perp. both to AB and CD. 
Through Е, 


any point in AB, let EF be drawn рат! to CD, 
and let XY be the plane of AB, EF. 
Suppose the 


projection of CD on the 
cutting AB at Q: and let p be th 


plane XY to be QK, 
jection. 


€ point of which Q is the pro- 
Then PQ will be perp. both to AB and CD. 

Proof. Now cp, being par! 

“+ CD is also par! 

And because PQ із 

*. each of the ;* 


to EF, is par! to the plane xy; 
to its projection ОК. Theor. 93. 
Perp. to the plane xy, 

PQB, PQK is a rt, angle ; 


<. the 2 QPD is art. angle; Theor. 13. 
that is, PQ is Perp. both to AB and cp, 
(ii) To Prove that PQ is the shortest distance between CD and AB. 
Let HE b 


e any other st. line dra 
HK be the Perp. from H to the pla 

Then the Perp. HK is less 
„› PQ, which is equal a: 


wn from CD to AB ; and let 
ne XY, 


than the oblique HE, 


Theor. 85. 
nd par! 


to HK, is also less than HE. 
Q.E.D. 
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DEFINITIONS. 


1. When two planes moet along a line of section they are 
said to form a dihedral angle. 


2. A dihedral angle is measured by the plane angle con- 
tained by two straight lines drawn from any point in the 
line of section at right angles to it, one in each plane. 


а 8 


Thus in the adjoining Figure, AB is the 
line of section of the two intersecting planes 
BC, AD; and from Q, any point in AB, st. 
lines QP, QR are drawn perpendicular to AB, 
one in each plane. 

Then the dihedral angle formed by the two 
planes is measured by the angle РОВ. 


Nores. (i) This definition assumes that whatever point Q 1з taken 
in AB, the angle PQR is of constant magnitude: the truth of which 
follows readily from Theorem 87. 

For let ML, MN be drawn perp. to AB, ono in each plane, from any 
other point M in AB. 

Then clearly, LM, MN are respectively par! to PQ, QR ; 

^ the ZLMN =the 2 PQR. 


(ii) Since AB is perp. to PQ and QR, it is perp. to the plano con- 
taining them. Hence the dihedral angle between two given planes BC, 
AD may be determined by cutting them with any plane perp. to AB 
their line of section. 


8. Two planes are perpendicular to 
one another when the dihedral angle al 
formed by them is measured by a right 


angle. 
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TuronEM 95. [Euclid XI. 18.] 


1 ine i. i lan? 

traight line is perpendicular to a plane, then any pl 
Pub cud the аиа is also perpendicular to the given 
plane. 


Let the sv. line PQ be perp. to the plane XY, and let CB be 
any plane passing through PQ. 


It is required to prove that the plane CB is perpendicular to the 
plane XY. 


Proof. Let QR be drawn in the plane XY perp. to AB the 
line of section of the given planes, 


Then PQ, being perp. to the plane XY, is perp. to QB and QR. 


Thus the 2 PQR is a rt. angle ; moreover the 2 РОВ measures 


the dihedral angle, since PQ, QR are both perp. to the line of 
Section AB. ; 


<. the plane CB is perp. to the plane xy, 
Q.E.D. 


COROLLARIES. With the same construction, it may be 
shewn conversely that : 

(i) If the two planes CB, XY are perpendicular to one another, 
then any line PQ drawn in the plane CB perpendicular to the line of 
section AB will also be perpendicular to the plane ХҮ. 


(ii) If the plane CB is perpendicular to the plane XY, and from 


any point P in the first plane a perpendicular PQ is drawn io the 
second, then PQ is contained in the plane CB 


ee 
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TuronEM 96. [Euclid XI. 19.] 


If two intersecting planes are each perpendicular to a third playa, 
their line of section is also perpendicular to that plane. 


Let each of the planes AB, CD, whose line of section is PQ, 
be perp. to the plane XY. 
It is required to prove that PQ is perp. to the plane XY. 


Proof. If from any point P, common to the planes AB, CD, 
a perpendicular is drawn to the plane XY, then this per- 
pendicular must lie in each of the planes AB, CD, for each 
plane is perp. to XY. Theor. 95. Cor. (ii). 

Hence the perpendieular must coincide with PQ the line of 
section; that is, PQ is perp. to the plane XY. Q.E.D. 


EXERCISES. 


l. "Through any straight line a plane ean be passed perpendicular 
fo a given plane. 

2, Prove that a straight lino makes equal angles with any parallel 
planes which it cuts. 

3. If a plane cuts two parallel planes, the corresponding dihedral 
angles are equal. 

4. ABCD represents the floor of a room, and A’B’C’D’ its ceiling. 
If the length АВ =7:50 metres, the breadth AD=6-00 metres, the 
height AA’=4-50 metres, find the cosine of the dihedral angles between 

(i) the plane ABC’D’ and the floor ; 
(ii) the plane AB'C/D and the floor. 

5. P isa point 2 fect vertically above the in-centre of a horizontal 
square ACCD. If AB =1 ft. 2 in., find the cosine of the dihedral angle 
between the plane PAB and the plane of the square. 
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SOLID ANGLES. 


1. When three or more planes taken in order intersect, 
each with the next, in lines which meet at a point, they are 
said to form a solid angle. The point of concurrence is called 
the vertex ; the lines of intersection of consecutive planes are 
the edges of the solid angle ; the angles between consecutive 
planes are its dihedral angles; and the plane angles formed by 
consecutive edges are its face-angles. 


А S 


Thus the planes ASB, BSC, ..., cuttin, consecutively in th E 
current edges SBS SCM et forin. à solid RES at the eee а The 
solid angle is denoted by (S, ABCDE), or by the single letter S, 


2. A solid angle formed by three concurrent lanes is said 
to be trihedral; if formed by more than three, it is said to be 


Polyhedral. The face angles and dihedral angles of a trihedral 
angle are known as its Six parts. 


3. Two solid angles are identical]. 


superposed upon the other, th Еа So ше 


iuc at is to say, exactly fitted into 
Я 3 М 
soverally equal ts LoT, ace-angles of the first solid angle are 
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[e] 4 
, A 
Г Nore 1. The necessity for the МЄ ыз 
st condition may be seen on 
comparing в solid angle with that 


det rmined by producing its edges 
thr ugh the vertex. 


Here tho solid angles (S, ABCD), (S, A’B’C’D’) have the face-angles and 
dihedral angles of one severally equal to tho face-angles and dihedral 
angles of the other in the order indicated by the letters. But to an 
observer looking ito each solid angle in turn the above sequence of 
letters will appear clock-wise in the first case, and counter-clockwise in 
the second. Hence the two solid angles, though equal as to their 
several parts, cannot be fitted one into the other, and are therefore 
not identically equal. Solid angles so related are said to be symmetrical. 


Nore 2. Jf two trihedral angles (S, ABC), (S’, A’B’C’) have the three 
face-angles ASB, BSC, CSA in one equal respectively to the three fate- 
angles A'S'B/, B’S’C’, C'S'/A' in the other, the dihedral angles of the first 
will be equal to the corresponding dihedral angles of the other. 

S g 

Make SA, S'A’ of any 
equal lengths. 

In the planes ASB, ASC 
draw AB, AC each perp. to 
SA. 
In the planes A'S'B', b A 
A'S'C' draw’A’B’, A'C' each 
perp. to S'A’. c 


Then the 2? ВАС, B'A'C' measure corresponding dihedral angles. 
Join BC, B’C’ 


Outline of Proof. Prove the following pairs of triangles congruent : 


(i) the A* SAB, S'A'B/; (Theor. 17.) 
(ii) the A* SAC, S'A'C'; (Theor. 17.) 
(iii) the As BSC, B/S’C’; (Theor. 4.) 


(iv) the A* BAC, B'A'C'; (Theor. 7.) 
hence the 2 BAC =the 2 B’A’C’. 
Similarly the remaining dihedral angles may be proved equal; and if 
the sequence of equal angles goes the same way round in each case, the 
"wo trihedral angles are identically equal. 
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THEOREM 97. [Euclid XI. 20.] 


Tn а trihedral angle the sum of any two of the Sace-angles is 
greater than the third. 


In 


Let (S, ABC) bea trihedral angie, of which ASB, BSC, CSA are 
the face-angles ; and of these let the 2 BSC be the greatest. 

It is enough to prove that 

the sum of the Lt ASB, ASC 2s greater than the L BSC, 

Tn the plane BSC make the «BSD equal to the BSA; and 
cut off SD, SA of any equal lengths. 

In the plane BSC draw any st. line through D cutting SB, SC 
at Band C; and join AB, AC. 

Proof. Then in the л" BSA, BSD, 


since BS, SA are equal to BS, sp respectively, 
and the 2 BSA =the L BSD, 


`. BA- BD, Theor. 4. 
Now from the д BAC, 


ВА + AC is greater than BC, 
that is, ereater than BD + DC; 
`. AC is greater than DC. 
Again, in the as ASC, DSC, 
Since AS, SC =DS, SC respectively, 
but AC is greater than DC, 
7. the ¿ASC is greater than the ; DSC. Theor. 19. Con. 


^. the sum of the ;* ASB, ASC is greater than the sum of the 
£'BSD, DSC, 


that is, greater than the г. BSC, 


Q.E.D. 
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ExrERiuENTAL LLLUSTRATION OF THEOREM 93. 


5 


To construct a solid angle, draw 
the three face-angles ASB, BSC, 
CSA’ in the same plane, placing the 
greatest angle BSC between the А< 


other two. “ 


БОЛЕЕ 


Suppése the diagram cut out, and folded about SB and SC, with а 
view to bringing SA and SA‘ into coincidence. 


Now (i) if LBSA+ CSA’ is less than LBSC, 
then SA and SA’ cannot be brought together, and therefore no solid 
angle can be formed ; 


(ii) if LBSA4 LCSA'— LBSC, 
then SA and SA’ can be made to coincide, but $n the plane of the LBSC, 
80 that no solid angle can be formed ; 


(ii) it ^ LBSA + 2 СЅА is greater than LBSC, 
then SA and SA' would overlap when brought into the plane BSC, so 
that they can be made to coincide outside that plane, and а solid angle 
can consequently be formed. 


EXERCISES. 


1. Prove that in general three planes meet at a point. Indicate 
three exceptional cases. 
2. Shew that the sum of the angles of & skew quadrilateral is less 
than 360°. ^ 
3. OA, OB, OQ are three straight lines drawn from a given point 
О not in the samo 'Хапе, and OX is another straight line within the 
sold angle determit.ed by OA, OB, ОС: shew that 
(i) the sum of the angles AOX, BOX, COX is greater than half 
the sum of the angles AOB, BOC, COA. 
(i) the sum of the angles AOX, COX is less than the sum of the 
angles, АОВ, COB. 
(iii) the sum of the afigles AOX, BOX, COX is less than the sum 
of the angles AOB, BOC, COA. 
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Tneorem 98. [Euclid XI. 21.] 


[n а convez solid angle the sum of the face cngles is less than four 
right angles. 


Let (S, ABCDE) be a convex solid angle. 


It is required to prove that the sum of the face-angles ASB, BSC, 
CSD, DSE, ESA is less than four right angles, 


Let a plane XY cut the planes of the face-angles in the lines 
AB, BC, CD, DE, EA, which form the convex polygon АВССЕ. 
Within the polygi 


gon ABCDE take any point О, and join OA 
OB, OC, OD, ОЁ. 


Proof. In the trihedral angle A, 


ЗАВ +2 SAE is greater than 7. EAB, Theor. 9T. 
that is, greater than / ОАЕ +/ ОАВ. 

Similarly for each of the angular points, B, C, D, E. 

Hence the sum of the base /* of the A* with vertex S is 
greater than the sum of the base z" of the A with vertex О. 
are equal in number, the sum 
to the sum of all the z* of the 


And since these two sets of At 
of all the /* of one set is equal 
other. 


It follows that the sum of the angles at S is less than the 
sum of the angles at O. 


But the sum of the angles at О is 4 rt, /* Ў 
2. the sum of the angles at S is less than 4 rt. 2%. 
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EXERCISES. 
(M iscellaneous.) 


l. Shew that the angle made by an oblique to a plane with its 
projection із less than that which it makes with any other line which meets 


st in that plane. 

2. Through any point on an inclined plane shew how to draw on that 
plane the LINE OF GREATEST SLOPE (that is, the line making the greatest 
angle with the horizontal plane). 

3. О isa fixed point in a plane, and P a fixed point outside it. Find 
the locus of the feet of perpendiculars drawn from P to all lines in the 
plane through O. 


4. From a point A two normals AP, AQ are drawn ono to each of 
two intersecting planes: shew that 
(i) the line of section is perpendicular to the plane of AP, AQ; 


(n) the dihedral angle between the two planes is equal or supple- 
mentary to tlie angle between the normals. 
5. If AB and CD are two skew lines, shew that the joining lines 


AC, BD are also skew. 
On what planes will the projections of the skow lines AB, CD be 


parallel ? 
6. Shew that through any point in space there is always one straight 
lino which cuts each of two given skew lines. 


7. OA, OB, OC are three concurrent lines, each of which is perpen- 
dicular to the other two ; then 
i) if OX, OY, OZ are perpendicular to BC, CA, AB respectivel 
р XYZ is the pedal triangle of the triangle АВС; un 
(ii) if OP is perpendicular to the plane of ABC, shew that P is the 
orthocentre of the triangle ABC. D 
c 


8. ABCD is an inclined plane; AB, CD 
horizontal lines in it; AD,*BC lines of 
greatest slope in the plane; AF, BE the 
projections of AD, BC on the horizontal 


plane. 


If LCBE=a, LDAC=f, 2САЕ=6, LFAE=g, prove the following 
relations : 
(i) sin 0 =віпа cosB ; (ii) tan $—tan 8 seca; 
(ii) tana —tan 6 sea $ 5 (iv) віп 8—sin ¢ cos 6. 
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NOTE ON FIXING THE POSITION OF A POINT IN SPACE 
BY MEANS OF AXES OF REFERENCE. 


Y D 


Let OX, OY be two fixed st. lines cutting at right angles at the 
origin О. Draw OZ perp. to the plane of OX, OY. Then cach of the 
lines OX, OY, OZ is perp. to the other two, and consequently to the 
plane determined by the other two. The lines OX, OY, OZ are taken 
as axes of reference, and the position of any point P with regard to them 
is fixed in the following manner. 

Let N be the projection of P on the plane XOY; let OM, MN be the 
coordinates of N with reference to OX, OY; and let z, y, z denote the 
lengths of OM, MN, NP. Then OM, MN, NP, taken together, are 
said to be the coordinates of P; the point P is denoted by (2, у, 2), and 
its position is known if the numerical values of a, y, and z are given. 


EXAMPLE. Plot the point whose coordinates are 5, 3, and 4. 


First, with reference to the axes OX, OY, plot the point whose 
coordinates are 5, 3: call this point N, and draw NP perp. to the 
plane XOY, making NP 4 units of length. This gives the position of P- 


It will be scen that the coordinates of a point P are its distances from 


the three planes of reference YOZ, ZOX XOY. Now th Janes divide 
space into eight regions, and in each of these бог Ша poih whose 


distances from the planes are 5, 3, and 4, The coordinates of thes? 
points are distinguished by the use f signs еве dn us to 
those explained on page 135. ab xc с 


Lines measured along or in the 
S ш parallel to the axes OX, OY, OZ, in 
fue indicated by the letters, are positive. Lines measured in thes? 
irections but in senses opposite to the avove are negative. 


EXERCISES, 


L 1 Draw diagrams to indicato the positions of the following points: 
@ (55,2); (8) (5, 4,3); (i) (-3, 4,5); (iv) 65 79 
2 


2. The coordinates of P Е i о 
mid-point cf OP. are 6, 8, 10; find the coordinates of ©, 


3. IP is the point (z, y, z), chow that OP: —2* yz 
Find OP when P is given by (3, 4, 12). ' 
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SOLID FIGURES. 


DEFINITIONS AND PRELIMINARY THEOREMS. 


1. If a plane figure is 
cut by a system of equi- 
distant parallel lines, and 
if the rectangleis completed 
between each pair of con- 
secutive parallels, as shewn 
in the diagram, then the 
area of the external recti- 
lineal figure may be made 
to differ from the area of 
the given figure by as little as we please by indefinitely 
diminishing the width of the strips; that is, the area of the 
given figure may be regarded as the limit of the sum of all such 
rectangular strips, when their breadth is diminished indefinitely. 


9. If AB is any plane figure, and ab its projection on a 


second plane making an angle @ with the first, then 
area of the projection ab = (arca of the given fig. AB) x cos 6. 


For the fig. AB may be 
divided into narrow strips 
by parallels drawn perpen- 
dicular to the section LM 
of the planes. Let PQRS 
be any such strip, and pqrs 
its projection. 

Then the strips 7q's, 
PQRS, when taken very 
small may be regarded as 
rectangular and as having 
the same breadth (viz. P'$^), 
and pq the length of the 
former, is PQ cos Ө; 


.. area of strip pgrs = (area of PQRS) x cos 0. 


And this is true for every pair of corresponding strips in 
the limit when their breadth is diminished indefinitely ; 


2. area of fig. ab = (area of fig. AB) x cos 0. : 
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3. A solid figure, or solid, is any portion of space bounded 
by one or more surfaces, plane or curved. 


These surfaces are called the faces of the solid, and the intersections 
of adjacent faces are called edges. 


4. A polyhedron is a solid bounded by plane faces. 


TE. A plane rectilineal figure must at least have three sides; or 
Wane two of the sides are parallel. A polyhedron must at least have . 
four faces; or, if two faces are parallel, it must at least have five faces. 


5. A parallelepiped is a solid bounded by three pairs of 
parallel plane faces. 


Since in Tig. 2 the 
plane ABA’B’, the edg 


Thus it may be shewn (i) that each of the s 


isa parallelogram ; (ii) that Opposite faces ar 
twelve edges fall into three 


ix faces of a parallelepiped 
© congruent ; (iii) that the 
groups, each group of four edges being 
equal and parallel to one another. 


bisect one another 


Let AC’, BD’, Ca’, DB’ 
(ABCD, A'B'c'D/), 


6. The four diagonals ofa parallelepiped are concurrent and 


be the diagonals of the parallelepiped 
Join BD, B’D’, 

DD' are equal and par’, the fig. BDD'B' is a раг"; 

^ its diagonals BD’, DB’ bisect one another : 

that is, BD’ passes through O the middle point of DB’. 


Similarly, by joining Da’, B'O, it may be shewn that А'С 
passes through O the middle point of DB’, 


In the same way AC’ is als 


Then since BB', 


( 


о bisected at О. 
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7. A parallelepiped whose faces are rectangular is called а 
cuboid, or rectangular solid. 
If the faces are all squares the parallelepiped becomes a cube 


Since in the above Figuces the 2° СОА, COB are rt. 4°, 
г. OC is perp. to the face AB. 


Similarly each edge is perp. to the two faces which it cuts ; 
and each face is perp. to the four faces which it cuts. 


8. The square on a diagonal of a rectangular solid is equal to 
the sum of the squares on three concurrent edges. 


Let OP be a diagonal of a cuboid, in which three con- 
current edges OA, OB, OC measure, a, b, and c units of length. 
Join OQ. 
Then PQ, being perp. to the face AB, is perp. to OQ. 
". OP? - OQ? - PQ? - OQ? + c?. 

But ОО?=ОА?+ AQ?=a?+b?, for OAQ is a rt. /. 
J. OP? =a? +b? + с?. 

[4 

Coronary 1. The diagonals of a cuboid are equal. 


CoroLLARY 2. If а denotes each edge of а cube ; then 
(diagonal)?=3a2; ~<. diagonal a 8. 


Nore. If (т, y, 2) are the coordinates of а point P, then, О being 
the origin, бр 


з нуз +22, 
Qe 
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9. A prism is a solid bounded by plane faces, of which two 
called the ends, are congruent figures in parallel planes; and 
the others, called side-faces are parallelograms. 


The ends of a prism may be triangles, quadrilaterals, or polygons of 
any number of sides; and the corresponding prisms are said to be 
triangular, quadrilateral, or polygonal. 

The side-edges of every prism are all parallel and equal, 

A prism is said to be right, if the side-edges are perpendicular to the 
ends: In this case the side-faces are rectangles. All other prisms are 
said to be oblique. D 


A parallelepiped is a particular form of prism, Cuboids and cubes 
ure special forms of right prisms, 


It follows from Theorem 89 that a plane section of a prism parallel 
to either end is identically equal to each end. 


10: A pyramid isa solid bounded by plane faces, of which 
one, called the base, is any 


T rectilineal figure, and the rest are 
triangles having a common vertex at some point not in the 
plane of the base. 


5 


А в 
A pyramid having for its base a regular pol on ABCDE is said to 
be:right when the vertex S lies in the int ti 
dicular to the base from its central point О (the centre of its inseribed 
^ cireumseribed circle), 
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11. A tetrahedron is a pyramid on a triangular base: it is 
thus contained by four triangular faces. 


12. The four lines which join the vertices of a tetrahedron to the 
centroids of the opposite faces meet at a point which divides them in 
the ratio 8:1. | 


Cc 


In the tetrahedron (A, BCD), let 9, 9» Jg 9, be the centroids 
of the faces opposite respectively to A, B, C, D. à 
To prove that Аді, Bg», Cg, Dg, are concurrent. 


Take X the middle point of the edge CD ; 
then g, and g, must lie respectively in BX and AX, 
so that BX=3Xg,, and AX=3Xq,; [Page 97} 
Г. 9195 is par! to AB. 
And Ag, Bg, must intersect one another, since they are 
both in the plane of the A AXB : 
let them intersect at the point G. 
Then by similar A, — A8: Gg; = АВ : 0192 
= АХ: Xgs 
3:1. 


® 
2. Bg, cuts Ag, at a point G whose distance from 9;=+. А0}. 


Similarly it may be shewn that Cg, and Dg, cut Ag, at the 
ваше point; *. these lines are concurrent. 

ExrnormE. The three lines which join the middle points of opposite 
edges of a tetrahedron are concurrent and bisect one another. 

[Let X, v, Z, V be the mid-points of CD, DA, AB, BC. 

Prove the fig. XYZV to be a par" (see Ex. 2, p. 362), and consider ца 
diagonals]. r 
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18. (i) Any plane section of a pyramid taken parallel to the 
base is similar to the base. 


(ii) The area of such a section varies as the square of ite 
distance from the vertex. 


E] 
In the pyramid (S, ABCD), let Р 
abcd be a plane section par to the aL 


base ABCD. \/ 
(i) Because the plane abAB meets c 
the parallel planes abcd, ABCD, the 

lines of section ab, AB are parallel. A 


B 


Similarly bc and BC, cd and CD, da and DA are parallel ; 
7. corresponding angles of the figs. abcd, ABCD are equal. 
And, from similar ^, ab be cd йа 


AB BC СО БА 
hence the figs. abed, ABCD are similar, 


(ii) Let the perp. drawn from S 
sections abcd, ABCD at = and X. Join 


Then 


to the base, meet the 
az, AX. 


fig. abcd : fig. ABCD — al? : Ap? Theor. 13. 


=Sa?: SA2, by similar a’, 
=Szr*: SX? 


DELL 


Corottary. Tf two pyramids stand on bases of equal area and 
have equal altitudes, then plane sections taken in each pyramid 


parallel to the base and at the same distance from the verter ате 
equal in area. 
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EXERCISES. 


1. A square sheet of galvanized iron, each side being 12 feet, rests 
against а wall, and is inclined to the horizon at an angle of 60°; what 
area of ground will it protect from a vertical rain ? 


2. (i) In the rectangular solid re- 

resented in the margin, if OA —12 cm., 

JB=9 cm., OC—8 cm., find the values 
of OP, cos QOP, area of fig. OAPR. 


B Q 


(ii) It OP makes with OA, OB, OC the angles a, В, y, respectively, 

shew that 
costa + cos?8 + cos? =] ; 
and verify this result with the dimensions given above. 

(iii) What plane passing through OP is parallel to BQ? If 
OA=a, OB=b, OC=c, shew that the shortest distance between OP 
and BQ is bc[A/D3 + с. 

3. Ifa parallelepiped is cut by а plane which intersects two pairs of 
opposite faces, shew that the lines of section form a parallelogram. 


4. Shew that the polygons formed by cutting a prism by parallel 
planes are identically equal. 


5. If each edge of a tetrahedron is equal to the opposite edge, shew 
that the sum of the plane angles in each corner is 180°. 


6. Two planes cut at an angle of 45°. Оп one ‘plane a circle of 
radius 5 cm. is drawn, and this circle is projected on the other plane. 

Find (i) the length of the greatest chord, (ii) the area of the pro- 
jection. 

7. 1 а tetrahedron is cut by any plane parallel to two opposite 
edges, the section will be а Qarallelogram. PE 


8. Prove that the shortest distance between two opposite edges of 
a regular tetrahedron is one half of the diagonal of the square on an 
edge. 


9. Ina tetrahedron if two pairs of opposite edges are at right angles, 
then the third pair will also be at right angles. 


10. In a tetrahedron whose opposite edges are at right angles, the 
sum of the squares on each pair of opposite edges is the same. 
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SURFACES AND VOLUMES. 


14. The volume of a solid is the amount of space contained 
within its bounding surfaces. 


i i inch 
A cubic inch is the volume of a cube each of whose edges is one inc 
in length. Similarly a cubic centimetre is the volume of a cube of 
which each edge is one centimetre in length. Thus the unit of volume 
is the volume of a cube on an edge of unit length. 


15. To find the surface and volume of a rectangular solid. 


Fig.z. ^ 


Surface. In the cuboid represented in Fig. 1, let the 
length AB =а units, the breadth ^C —b units, and the height 
AD —c units. 


Then the whole surface is the sum of th 
opposite and equal rectangular faces. 


Now the faces DE, D 
units of area ; 


e three pairs of 
B, DC contain respectively ab, ac, be, 


~<- whole surface of cuboid =2ab + 2ac -- 9bc units of arca. 


If a=b=c, the rectangular solid bec 


: omes a cube on an edge 
of a units, and whole surface of cube — 


6a? units of area. 


length AB is 5 inches, 
es. Fig. 1 shews that 


(as in Fig. 2) into cubical 
blocks whose edges are 1 inch, that 


is, into cubic inches. 
Now the number of cubic inche 


S in one slice is 5x4; so 
that the number of cubic inches in the whole solid is 5 x 4x 3, 
or 60. 
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Similarly, if the length=a linear units, the breadth =b 
linear units, and the height = с linear units, 
the rectangular solid contains abe units of volume. 


And if each edge of a cube =a linear units, 
the tube contains аЗ units of volume. 


These statements may be thus abridged : 
volume of cuboid =length x breadth x height . 
=(area of base) x height 


volume of сиђе == (ей70)?. s.s». 


Corottary. The cuboid (ABCD, PQRS) 
is divided by the diagonal plane BDSQ into 
two right prisms whose bases are congruent 
right angled triangles. These prisms are 
identically equal, and the volume of each is 
half that of the complete cuboid. 


EXERCISES. 
1. The length, breadth, and height of а room being respectively 
a, b, and c units, shew that the four walls contain 2c(a--5) units of 


area. 
Tf the area of the four walls is equal to 86:70 sq. metres, and the 


weight is 3:40 metres, find the perimeter of the floor. 


2, Express in litres the capacity of a rectangular cistern whose 
length, breadth, and depth are respectively 125 cm., 80 cm., and 


65 ст. 3 
Find in kilograms the weight of water required to fill the cistern to 


four-fifths of its capacity- 
3. The annual rainfall at a certain place is 65 cm.; to how many 
litres per hectare is this equivalent ? 


4. What is the weight of в rectangular block of granite whose 
dimensions are 1:20 metres, 0:75 metres, 0°50 metres, at the rate of 


2:64 kg. per cubic decimetre ? 
[For further Exercises on Rectangular Solids see p. 393.] 
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16. То find the lateral surface of a right prism. 


In the given prism let the sides of 
the base AB, BC, CD, ... contain a, b, 
€,... units of length, and let the 
height=}. Then, the prism being 
right, each side-edge=h, and each 
side-face is a rectangle. 


Then the area of the rect. ABQP=ah, and the areas of the 
remaining side-faces are Oh, ch, ... . 


+. lateral surface of prism=ah+bh+ch+... 
=(4+b+c+...)h units of area 
= (perimeter of base) x height. 


17. To find the volume of a right prism. 


(i) First consider а prism 
(ABC, PQR) on a triangular base 
ABC ; let its height be h. 


Through AP draw the plane 
APYX perp. to the face BCRQ, 
thus dividing the given prism 
into two prisms Whose bases are 
the right-angled A'AXB, AXC. 
Through A draw LM par! to BC ; 
complete the rect. BLMC, and on 


BLMC as base construct а cuboid 
of height л. 


Then prism on base AXB 
and prism on base AXC 
ee given prism on base ABC 


= { (cuboid on base AXBL) 


, 


=$ (cuboid on base AXCM) ; 


; 
= $ (cuboid on base LBCM) 
= rect. LBCM x height 

= (area of base ABC) x height. 


RIGHT PRISMS. 


Gi) Now a prism on a polygonal 
base may always be divided, as shewn 
in the diagram, into a set of prisms on 
triangular bases and having the same 
height as the given prism ; 


7. volume of any right prism = (sum of triangular bases) x height. 
— (base of given prism) x height. 


EXERCISES ON RECTANGULAR SOLIDS AND RIGHT PRISMS, 


[1 litre ts equivalent to 1 cubic decimetre. 

1 cubic decimetre of water weighs 1 kilogram. 

The specific gravity of a substance is the ratio of the weights of 
equal volumes of the given substance and water. 


Thus if the specific gravity of steel is 7:8, it follows that the weight 
of 1 cubic decimetre of steel is 7°8 kilograms. ] 


|. The area of the section of a boring is 1325 square feet, and the: 
excavating machine is driven forward 4 feet a day. How many cubic: 
yards of earth are excavated in a day ? 


2. Find in kilograms the weight of water in a trench, whose length 
and breadth are 21°25 metres and 1:50 metres, the depth of the water 
being 64 cm. 


3, Find the weight of a steel bar 1:28 metre iong, 15 сш, wi 1 
5 cm. thick, the specific grayity cf steel being 7:8. i Pu wide) end 


4. A level seam of coal has an average thickness of 34 feet: find’ 
approximately the yield in tons per acre. 

[1 cu. ft. of water weighs 1000 oz., and the specifi i ` 
coal —1:98.] papier eter ЕЕ 
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EXERCISES. (Continued.) 
(On Rectangular Solids.) 


5. Find to the nearest penny the cost of painting the four inner 
sides and bottom of a tank, which measures internally 2-50 metres long, 
1-24 metres wide, and 1:50 metres deep, at 74. per square metre. 


6. Find the weight per square metre of sheet zinc 3 mm. thick, the 
specific gravity of zinc being 7-14. 

7. A chest whose external length, breadth, nnd height are re- 
spectively 1:65 metres, 1-95 metres, and 0:55 metres, is made of oak 
25 mm. thick. What are its inner dimensions? Find to the nearest 


penny the cost of lining the sides and bottom with thin metal at 1s. 3d. 
iper Square metre. 


8. What is the length of the edge of a cube of which 


(i) the surface is 2:5350 square metres ? 
(ii) the volume is 274,625 cubic cm.? 


9. A closed box is built of wood of uniform thickness. Its ex- 
‘ternal dimensions are 12 em., 10 cm. 


‚ апа 8 em. ; and the inner surface 
‘is 376 sq. em. ; find the thickness of the wood. 


10. The whole surface of a rectangular block is 1332 sq. cm. Find 
the length, breadth, and height; it being given that these dimensions 
‘are proportional to the numbers 4, 5, 6. 


ll. The whole surface of % rectangular block is 214 sq.cm. The 
Lase contains 49 89. cm., and one vertical face contains 35 sq. cm. 
Find the edges. 


_ 12. Find to the nearest millimetre the edge of a cube whose 
diagonal із 10 em. Find also the whole surface and volume of the cube. 


. 19. А rectangular block stands on a base of 48 sq. cm. ; its height 
is 3 cm., and its diagonal is 13 cm. Find the length and breadth. 

14. The diagonal of a rectangular solid is 17 em. and the whole 
surface is 552 89. em. Find the в 


um of the three dimensions. 


d т hour) the water will rise, reckoning 
‘64 gall. as а Tough equivalent of ] Cubic foot. 
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(On Rigat Prisms.) 


16. The base of a right prism is a triangle ABC right-angled at C. 
If AC=15 cm., CB —8 cm., and the height of the prism —12 cm., find 
the volume and lateral surface. 


17. A right prism stands on a triangular base whose sides are 
17 cm., 10 cm., 9 cm. ; and the height is 10 cm. Find the volume and 
whole surface. 


18. The base of a right prism is a trapezium whose parallel sides 
are 17 cm. and 13 cm., the distance between them being 8 cm. If the 
height of the prism is 1 metre, find the volume in cubic centimetres. 


19. Sand lies against a wall covering a strip of ground 4 feet wide, 
and resting with its surface inclined at 30? to the horizon. Find, to 
the nearest tenth of a cubic foot, how much sand may lie on this strip 
per foot length of wall. 


20. The vertical cross-section of a trench is a trapezium, measuring 
15 feet across the top, 9 feet across the bottom; depth of trench 
uniform 8 feet; length of trench 624 feet. Find roughly how many 
gallons and how many tons of water the trench will hold. 

[1 cubic foot of water is equivalent to 6} gallons nearly, and weighs 
a little less than 1000 ounces.] 


91. A bed of coal 14 feet thick is inclined at 23° to the surface. 
Calculate the number of tons of coal that Jie under an acre of surface. 
[The thickness is to be measured perpendicular to the coal-bed. One 
ton of coal occupies 28 cubic feet. Cos 23° —0-9205.] 


22, Through a wooden pipe, whose cross-section is a square on a 
aide of 8 cm., water flows uniformly at the rate of 40 metres a minute. 
How long will it take to discharge a million litres ? 


23. Compare the lateral surfaces and the volumes of the following 
right prisms : 
(i) base a regular hexagon on side § cm., height 6 cm. 
(ii) base a regular octagon on side 6 cm., height 8 em. 


94. A railway cutting 850 metres in length is to have a uniform 
depth 5f 4-50 metres, and its dimensions across the top and bottom are 
to be respectively 31-20 metres and 16-80 metres. If 450 tons are 
excavated on an average per day, and 1 cubic metre weighs 24 tons, 
how long will the work require ? 
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18. To find the volume of an oblique prism. 


The diagram Tepresents an 
oblique prism (ABCDE, A'B'C'D'E^, 
-and Abcde is a right plane section, 
that is, a section perp. to all the 
iside-edges, 


l b edges are equal to those of the given 
prism, and whose volume = (area of its end Abcde) x AA’. 


=(area of right section) x 6026.5. ДОА) 


Now let Ø be the angle bet uu 
right section Abcde (whic адом stake ees ада 


Ch is a projection of the base); then 0 

PeR the ople between the perp. height h and the bos AN, 
€ two lines are i % 

R Tespectively normal to the two planes 
right section Abede = base ABCDE x cos 0 ; 


(Art. 2.) 
= АА' cos 0, 


salso 


Applying these values to (i), 


Volume of oblique prism = base ABCDE x соз 0 x AA’ 
= base ABCDE x h. 


OBLIQUE PRISMS. 397 


Hence of oblique as of right prisms, 
the volume — (area of base) x (perpendicular height). 


We leave as an exercise to the student to prove that 
the lateral surface of an oblique prism — (perimeter of right section) x edge. 


19. Volume of oblique prism. [Alternative method.] 


Cut the prism at equal in- 
tervals by a series of planes 
parallel to the base; and be- 
tween each pair of consecutive 
pens and on the section made 

y the lower of them, con- 
struct a right prism. Then the 
volume of such a prismatic 
slice = (area of its base) x thick- 
ness, 


Now let the number of slices be increased indefinitely, and 
consequently the thickness of each one diminished indefinitely ; 
then in the limit the whole prism is equivalent to the sum of 


all the slices. 


But the base of each slice 
sum of the thicknesses =the perp. 


Hence 
volume of pris 


=the base of the prism; and the 
height. 


m — (urca of base) x (perpendicular height). 


y. Prisms of the same perpendicular height and 


ConoLrAR j 
ual area are equal in volume. 


standing on bases of eq 


Nore.—The above proof applies also to parallelepipede, which are a 
Special form of prism; the essence of the proof being the fact that 
plane sections parallel to the base are identically equal. 
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PYRAMIDS. 


20. The slant surface of a pyramid (S, ABCDE) is the sum 
of the triangular faces SAB, SBC, SCD, ..., of which the areas in 
the general case must be separately found. 


A convenient expression may however be obtained for the 
slant surface when the pyramid is right and on a regular base. 


Zl. To find the 


Slant surface of a right pyramid ona regular 
base of n sides, 


The pyramid being right, and the 
base regular, it follows that the slant 
edges SA, SB, SC, ... are all equal ; 
and the faces SAB, SBC, SCD, ... are 
equal isosceles triangles, ^ 


S 
i 


B c 


SP, drawn perp. to a side of the base and therefore bi 
it, is called the slant height of the p 
each slant face. 


If SO is normal to the base, it follows 
Theorem 83) that OP is perp. to AB. 


Let each side of the base—a, the perp. height SO=h, and 
the slant height Sp =], Then 


secting 
yramid, and is the same for 


(as in the Corollary to 


slant surface of pyramid = ^ SAB xn 
=}AB.SP xn 
=}. na x units of area 
={ (perimeter of base) x (slant-height). 


The whole surface =the slant surface +the area of the base. 
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99. То prove that two pyramids (S, АВС), (S', A'B'C") standin 
, ig 

on bases of equal area, and having equi l per; endi r her T 
е а! р icula: heights, are 


Place the pyramids with their bases ABC, A'B'C' in the same 
lane, and eut them at equal intervals by a series of planes 
parallel to the plane of the bases. 
Between each pair of consecutive planes, and on the section 
made by the lower of them, construct prisms with lateral 
edges parallel to SA and S'A' respectively. 


Then any pair of sections, such as abc, a'b'c', made by the 
same plane, are equal in area (Art. 18. Cor). 


Hence the prismatic slices standing on these sections are of 
equal.volume, for they are of the same thickness. 


Now let the number of parallel sections be increased in- 
definitely, and consequently the thickness of the slices 
diminished indefinitely ; then in the limit each pyramid is 
equivalent to the sum ої its prismatic slices ; and each slice in 
one is equal to the corresponding slice in the other. 


Hence the whole pyramids are equal in volume. 


Nore. For the sake of simplicity triangular amids 
considered, but the reasoning is general. р pyramidi haves been 


400 GEOMETRY. 


23. To find the volume of ¢ triangular pyramid. 


Let (S, ABC) bea triangular pyramid of perp" height A. | 


Through A and С draw par" to BS, and cut them by a plane 
through S par! to the base ABC. This determines a triangular 
prism whose volume = A ABC xh. 


Draw the diag. AQ of the par^ ACQP. 


Now the prism may be broken up into the руг" (S, ABC), | 
standing on the triangle-base ABC, and the рут“ (S, ACQP), on 
the par"-base ACQP. 

But the latter may be broken up into the two руг (S, APQ), 
(S, ACQ), which have equal volumes since they stand on equal 
bases, and have the same vertex. 

Again, regarding the руг“ (S, APQ) as (A, PSQ), we see that 

pyr*(A, PSQ) = pyr'(s, ABC), 
for they have equal bases PSQ, ABC, and the same height. 


Thus the prism is divided into three рут of equal volume. 
<. pyramid (S, ABC) =4(volume of prism) | 
=} (area of base) x (perp. height). | 
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Совош.Авү. A pyramid on a polygonal base may always 
be divided into a set of pyramids on triangular bases and 
having the same height as the given pyramid; hence 


Volume of pyramid on any base 
= Қатеа of base) x height. 


EXERCISES. 


l. Find (i) the slant surface, (ii) the volume of a right pyramid 
15 cm. high, standing on а square base whose side is 16 cm. 


Here OS=15 cm. 
AB= AD =16 cm. 
OP=}AB=8 сш. 
From the A SOP, rt.-angled at O, 
SP! =OS? +OP? =15 + 8*=289 ; 
+, SP=289=17 cm. 


Area of face SDA= AD x SP 
=1(16 x17) sq. cm. 


=136 sq. cm. 
Hence (i) slant surface= A SDA x4=544 sq. em. ; o 
(ii) volume =} (area of base) x height 
=} (16° x 15) cu. сш. 
21280 cu. cm. 


2. Find (i) the slant surface (to the nearest hundredth of a square 
inch), (ii) the volume of а right pyramid 7” high, standing on a square 


base whose side is 6”. 
3. Find the volumes of the pyramids in which 
(i) the base is a rectangle measuring 11 em. by 7 cm., and the height 
is 12 om. ; 
(ii) the base is a triangle whose sides are 15 cm., 14 cm., 13 om. 
and the height is 10 cm. 4 


4. A right pyramid of height 9" stands on a square base on a side of 
в”. Find to the nearest hundredth of an inch (i) the slant height, (ii) the 
slant edge. 


H.8.G. 20 
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5. Find (i) the slant surface, (ii) the volume of a 


pyramid having the 
same base and height as a cube on an edge of 10 cm 


6. A right pyramid stands on a rectangular base whose sides are 


24 cm. and 18 cm.; and each of the slant edges is 17 cm. Find the 
height and volume of the pyramid. 


. A right pyramid of height 2-47 stands on a square base of which 
d side is 1-7. Find (i) the cosine of the dihedral angle between each 
side-face and the base; (ii) the area of the projection of each side-face 
on the base. 


8. The base of a right pyramid is an equilateral triangle on a side 
of 10 em., and the vertical height is 5 cm. Find (i) the slant height, 
(ii) the area of one side-face, (iii) the cosine of the dihedral angle between 
the side-face and base, 


Construct a pl 


апе angle having the same cosine, 
your protractor, 


and measure it with 


9. Find to the ne 
the volume is 270 cu. 
6 em. 


arest millimetro the hi 


eight of a pyramid of which 
cm., and the base a 


regular hexagon on a side of 


10. The solid shewn in the diagram is F 
called a Wedge. Its base is a rectangle of E 
; the two ends are the 
; the remaining faces AEFB, с 
aving а common side 
two sides of the base, 


If the edge EF =e, and the height =h, prove that 


volume of wedge =" {ва +). 
[Draw planes through E and 


F perp. to the base, thus dividing the 
wedge into two pyramids and a pri i 


tions, each of which has an 
prism being e. Hence the volume of tho 
wedge may be calculated.] 


If in the last exercise the triangular faces of the wedge are 
equally inclined to the base, shew that the slant surface is given 
by the formula 


Ha +e) E атаа ера), 
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12, The accompanying diagram represents an B 
oblique frustum, or slice, formed by cutting a right 
triangular prism by a plane A’B’C’ not parallel to А 
the base ABC. 


A B 


If a, b, c are the lengths of the lateral edges АА’, BB’, CC’, prove 


that 
volume of oblique frustum = (area of base) x i(a- 0c). 


[Cut the frustum by a plane parallel to the base through A' the 
extremity of the least of the lateral edges, and thus divide the given 


solid into a pyramid and a prism.] 


13. (Eurrm's THEOREM). In any polyhedron if F, E, and V denote 
the number of faces, edges, and vertices respectively, then E +2=F +V. 


{Suppose the polyhedron to be built up by fitting together » faces, 
one by one. 

Beginning with one face, which has as many vertices as edges, we 
have E=V. 

On adding the second face, there are two vertices and one edge in 
common with the first, so that the number of леш edges is one more 
than the number, of new vertices. 

s Е=У +1. 

The third face has three vertices and two edges іп common with 
former faces; and, as befgre, the number of new edges is one me 
than the number of new vertices. 

s E=V +2. 


Proceeding in this way, step by step, when n-1 fa 
fitted together, we shall find f PPS Davo; beet 


E=V+n-2. 
Tn fitting on the last face no new edges or vertices are added, and 
finally n=F. ^ 
S E=V+F-2, 


er E+2=F+V.] 
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24. There cannot be more than five regular polyhedra. 


ee plane angles at least are required to form a solid 
Nx ven the ша of such plane angles must be less than 
360? [Theor. 98]. It follows that each angle of the faces 
forming a regular polyhedron must be less than 120°. That 
is, the faces can only be equilateral triangles, squares or pentagons ; 
for the angle of a regular hexagon is 120°, and any regular 
polygon of more than six sides has an angle greater than 120°. 


Let D represent the number of degrees in a face-angle. 
When the faces are equilateral triangles, D = 60°. 
Then (i) 3D =180°, (ii) 4D =240°, (iii) 5D = 800°, [6D =360°]. 


Thus three, four, or Jive equilateral triangles, and not more 
than five, can be used to form a Solid angle in a regular 


polyhedron. 
When the faces are squares, D = 90°, 
Then (iv) 30 — 2705, [40 — 360°], 
Thus three squares, and only three can be used, 


When the faces are pentagons, D =108°. 
Then (v) 30 — 3245, [4D —432?]. 
Thus three regular pentagons, and only three can be used. 


Hence there can only be five regular polyhedra. 


25. If the plane faces which make up the surface of any of 
the regular polyhedra are supposed to be unfolded so that they 
all lie in one plane, we obtain in eack:case a plane figure made 
up of equilateral triangles, Squares, or pentagons. Such а 
plane figure is called the net of the corresponding polyhedron. 


The regular polyhedra, and their nets (drawn on a reduced 
scale) are exhibited on pages 405-407, 
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THE REGULAR POLYHEDRA. 


dron of which each solid angle is formed by three 


(i) The polyhe 
lled a regular tetrahedron. 


equilateral triangles is cal 


4 Faces 
4 Vertices 
Edges 


ar tetrahedron consists 


The net of the regul 
angles placed as in 


of four equal equilateral tri 
the adjoining figure. 


med by four 


(ii) The polyhedron of which each solid angle is for 
equilateral triangles is called a regular octahedron. 


8 Faces 
6 Vertices 
12 Edges 


e 


The net of the regular octa- 
hedron consists of eight equ: 
equilateral triangles. 
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(iii) The polyhedron of which each solid angle is formed by five 
equilateral triangles is called a regular icosahedron. 


20 Faces 
12 Vertices 
30 Edges 


The net of the regular 
icosahedron consists of 


twenty equal equilateral 
triangles, 


(iv) The regular pol: 


lyhedron of which each solid angle is formed by 


ae 


three squares is called a cube, 


6 Faces 
8 Vertices 
12Edges 


The net of the cube consists of 
six equal squares, 
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(v) The polyhedron of which each solid angle is formed by three 
regular pentagons is called a regular dodecahedron. 


12 Faces 
20 Vertices 
30 Edges 


The net of the regular dodecahedron consists of twelve equal regular 
pentagons. 


Models of the regular polyhedra may be made from their nets in the 
xllowing manner. Draw the net on cardboard and cut it out along the 
outside lines, and cut partly through along the dotted lines. The faces 
may then be folded over till the edges come together, and the edges 
may bo kept in position by using strips of iine paper. 


о 
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i i ii urface, 
Ех E. Find (i) the length of a diagonal, (ii) the sur 
о. tiv) WE dihedral angle of a regular octagon whose 
edge is 2m. 


Р Е t 
m the diagram that a regular octahedron consists o! 
f a common square base ABCD. One 


It is evident fro 
two pyramids on opposite sides о 
ps E larger scale in the right-hand figure. 


of these pyramids is shewn on a 1 
PO is the perpendicular from P, O being 
square ABCD. PR bisects AB at right angles. 


Now AB=2m; ^ RB=m, and RO =m. 
PR =RB tan 60°=m\/3, 
From the rt.-angled A POR, 
OP?=PR? —OR*=3m* -mi-9mi; 
^ OP=m\2. 


the central poini of the 


Hence (i) Diagonal of octahedron —20P-2m4/2, 
(ii) Surface 28 A PAB =8RP . RB 
=8 x my3 хт=8т?х/8. 
(ii) Volume =2(vol. of pyramid whose vertex за Р\ 
—2x10P x (area of base) 
L Bm 3/2 
=2 ту x (2m) У 
(iv) Dihedral angle=twice the 2 PRO, 


Now tan PRO= POLAN? p pane, 
o 44^ xk 
Whence, by means of a Table of tangents, LPRO =54° 44’ appro 


mately. 
Thus the dihedral 4 =109° 28’ approximately. 
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MISCELLANEOUS EXERCISES ON POLYHEDRA. 


1. The dimensions of a rectangular block being taken as 8:5 cm., 
7-4 cm., 6:0 cm., find the volume. Supposing that each of the above 
measurements may be too great or too small by as much as 1 mm., 
find the greatest possible error in your result in excess and in defect; 
and express each аз а percentage of the volume assumed in each case. 


2. A deal plank 15” wide is placed against the top of a wall 8 feet. 
high, while the other end rests on the ground 6 feet from the wall. The 
thickness of the plank being 13^, find its weight, supposing 1 cubic 
foot of deal to weigh 56 Ibs. 


3. An equilateral triangle ABC, of which each side=10 cm., is 
projected on a plane passing through AB; and the area of the pro- 
fection is 34:64 sq. om. What із the angle between the planes? 
{Calculate tho cosine of the dihedral angle: then either use Tables, or 


construct and measure the corresponding plane angle. /3=1°782...]. 


4. A right pyramid of height 8 cm. stands on a regular hexagonal 
base оп a side of 4 om. Find 
(i) the slant surface to the nearest tenth of 1 sq. cm. 
(ii) the volume to the nearest tenth of 1 cu. cm. 


5, The base of a right pyramid is a square on & side of 6 cm., and 
the slant faces are equilateral triangles. Draw the net of the pyramid, 
and find its‘approximate height and volume. 


6. The corners of the base of a right pyramid are at the points 
(9, 5, 0), (—9, 5, 0), (9, —5, 0), (-9, —5, 0); and its vertex is at the 
point (0, 0, 12). Find the slant surface. [See p. 382]. 


7. A right pyramid stands on a regular hexagon having a side of 
5 cm., and its slant faces ore inclined to the base at an angle of 60°. 
Find the volume. 


8. If a perpendicular is drawn from a vertex of a regular tetra- 
hedron on iis base, shew that tho foot of the perpendicular will divide 
each median of the base in the ratio 2:1. 


9. Prove that the perpendicular from the vertex of a regular tetra- 
hedron upon the opposite face is three times that dropped from its foot 
upon any of the other faces. й 
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10. Tf p is the perpendicular drawn from a vertex of a regu 
esed to the opposite face, and if cach edge =2m, shew that 
3р? -8m*. 


11. The length of each edge of a regular tetrahedron being 2m, 
shew that 


(i) the whole surface =4т*®/3; (ii) the volume n? 4/2, 


12. Find approximately the dihedral angle between any two ad- 
Jacent faces of a regular tetrahedron. 


13. Prove that (i) the sum of the Squares on the four diagonals of a 
parallelepiped is equal to the sum of the & 


14. In any tetrahedron the plane which bisects a dihedral angle 
ev 


divides the epposite edge into segments which are proportional to the 
areas of the faces meeting at that edge, 


15. OA, OB, OC are conterminous edges of a cube, each of length 
а units. Prove that 


(i) volume of pyramid (O, АВО)=}.а?; 


(ii) area of triangle ABC .a3; 
ы (Л 
(iii) perp. from О on plane ABC M. a. 


D 


16. OA, OB, OC are lines in Space, 


each perpendicular to the other 
two; and their lengths are 


а, b,c respectively. Prove that 


(i) volume of pyramid (О, ABC) =f. abc ; 


(ii) area of triangle ABC =} Ма? 40202-4. Pat $ 


(iii) perp. from O on plane АВС — abc] Jai 40"? a. 


l7. Shew how to cut a cube by a plane so that the lines of section 
may form a regular hexagon. 


18. The greatest possible cube is cut from a right pyramid h inches 
high, standing on a Square base whose side is a inches, one face of the 
cube being in the plane of the base of the pyramid. Prove that 
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SOLIDS OF REVOLUTION. 
THE CYLINDER. 


26. DrriNiTION. A right circular cylinder is a solid 
generated by the revolution of a rectangle about one of its 
Sides as axis. 


"Thus if the rectangle ABCD revolves about AB 
аз axis, the opposite side CD generates the curved 
surface of the cylinder represented in the diagram. 
The side CD, which moves parallel to the axis, is 
called the generating line of the surface; and 
since the sides AD, BC are always perpendicular 
to the axis, they move in parallel planes and 
describe circular ends or bases. The height of a 
tight cylinder is the length of its axis AB. 


It is easily scen that every plane section of a right circular cylinder 
parailel to the base is a circle. Also every section parallel to the axis 
is a rectangle. 


27. In general any surface described by a generating line 
which moves parallel to itself and slides continually over a 
fixed curve (not in the same plane with it), is said to be 
cylindrical. The fixed curve is called the guide; and in the 
particular case of a right circular cylinder the guide is a 
circle in a plane perpendicular to the generating line. 

In the present Section, unless otherwise stated, only tight 
circular cylinders will be considered. 
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28. To find the surface and volume of a cylinder. 


Consider a right prism standing on a regular polygonal base. 
If the number of sides in the base is increased without limit, 
the polygon ultimately becomes a circle [Page 203], and the 
prism takes the form of a right cylinder. Thus a cylinder 
may be regarded asa prism in its limiting form ; and accord- 
ingly expressions for the surface and volume of the cylinder 
follow from those given for the prism on p. 392. 


Hence we have 


(i) Curved surface of cylinder — (circumference of base) x height 
=2rrxh 
=2zrh units of area. 


(ii) Volume of cylinder = (area of base) x height 
—mrxh 


= тт units of volume. 


Norn 1. The whole surface =curved surface +area of ends 
= 2rrh + 2 
=2л7( +r). 
Хот 2. The volume of an oblique cylinder оп апу base, as of an 
oblique prism, is also given by the formula :— 
Volume =(area of base х (perp. height). 
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. Nore 3. The formula for the curved surface of a cylinder may be 
illustrated thus. 


R Q 


6 1 P 


Suppose the surface of the cylinder to be cut along a generating 
line PQ, and then unrolled on a plane; the surface will take the form 
of a rectangle PQRS, of which the length PS and breadth PQ are 
respectively the circumference and height of the cylinder. 


Thus curved surface =PS x PQ 
=circumference x height. 


Note 4. Surfaces which can be unrolled (without stretching or tear- 
ing), and represented by plane figures are said to be developable. 


EXERCISES. 


[In working examples which involve the use of т, the substitution of 
a numerical equivalent should be postponed as long as possible, and in 
each case the value should then be selected which will give a result of the 


required degree of accuracy. See page 202.) 


l. Find the curved surface (to the nearest square centimetre), and 
the volume (to the nearest cubic centimetre) of the cylinders whose 
dimensions are as follows : 

(i) r=3°0 cm., 4 —8:0 cm. (ii) r—4:5 cm., A —7:2 ст. 

2, Find to the nearest square centimetre the total surface of a 
cylinder whose height із 15°8 cm., and the diameter of whose base 
is 8-4 em. 

3. Find to the nearest cubic centimetre the volume of a cylinder, 
of height 12 cm., which just fits into a right prism standing on a square 
base whose side is 3*6 cm. 


4. Find the locus of points at a given perpendicular distance from 
a given finite straight line. 

It the given distance 23:5 cm., and the length of the given straig* 
line —5:6 cm., find the surface 'of the locus to the ern 
centimetre. 
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EXERCISES ON CYLINDERS. (Continued. 


5. Find to the nearest square centimetre the whole surface of & 
hollow cylinder open at the ends, if the length is 12 cm., the external 
diameter 8 cm., and the thickness 2 cm. 


6. The volume of a cylindrical column standing on a base whose 


diameter is 4 metres is 128:2 cubio metres; find its height to tho 
nearest centimetre. 


7. А cubic inch of gold is drawn into a wire 1000 yards long; find 
the diameter of the wire to the nearest thousandth of an inch. 


8. The curved surface of a cylinder is 1000 вд. ст., and the 


diameter of its base is 20 cm. ; find the volume of the cylinder. Also 
find its height to the nearest millimetre. 


9. A column is formed by inserting a block of wood in a closely 
fitting cylindrical case, and then filling up the surrounding space with 
conerete. If the wood is in the shape of a right prism 8} ft. long on a 
rectangular base whose sides are 1 ft. 4 in. and 1 ft., find the required 
amount of concrete to the nearest cubic foot. 


10. Find the weight to t| 
pipe 18 metres long, 
ness 4 mm. ; assumi 


he nearest 100 grams of a cylindrical iron 
the external diameter being 5*4 cm., and the thick- 
ng that the specific gravity of iron is 7°79. 


ll. A copper wire 2 mm. in diameter is evenly wound about a 
Cylinder whose length is 12 em., and diameter 10 ст., so as to cover 
the Whole surface. Find the length and weight of the wire assuming 
the specific gravity of copper to be 8:88. 


12. The annexed diagram represents an oblique frustum of a cylinder. 


Suppose this solid cut by a plane through c parallel to the base AB, 
and hence prove that de EUR 


(i) Curved surface-9zr .Cc—-9zr x шн ; 


(ü) Volume =т?.бс=т?х as ; 


where h, and k, denote the greatest and least heights of the frustum. 
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THE CONE. 


99. DzriNiTION. А right circular cone is a solid generated 
by the revolution of a right-angled triangle about one of the 


sides containing the right angle as axis. 


Thus if the right-angled triangle ABC 
revolves about AB as axis, the Бурыш АС 
generates the curved surface of the cone repre- 
sented in the diagram. The hypotenuse AC, 
which in all its positions passes through the 
fixed point A, is called the generating line of 
the surface; and the circle described by the 
radius BC is the base of the cone. 


The point A is called the vertex, and the angle CAD (which is twice 
the angle A of the revolving triangle) is the vertical angle. Тһе height 
of the cone is the length of the ‘axis AB, and the slant height is the 


length of the hypotenuse AC. 

, Every plane section of & right circular cone parallel to the base is a 
circle. Also every section of the cone through the vertex is а pair of 
intersecting straight lines. 


30. In general any surface described by а generating line 
which passes through а fixed point and slides continually over 
a fixed guiding curve (not in the same plane with it) is said to 
be conical. In a right cingular cone (ће guiding curve is a 
circle, and the vertex any point in the line through the centre 
of the circle normal to its plane. 


In the present Section, unless otherwise stated, only right 
circular cones will be considered. 
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31. To find the surface and volume of a cone. 


Consider a right pyramid standing on a regular polygonal 
ase, 


If the number of sides in the base is increased without > 
limit, the polygon becomes a circle, and the pyramid ultimately 
takes the form of a tight cone. Accordingly, expressions for 
the curved surface and volume of a cone follow from those 
given for the pyramid on pages 398, 401. 


Thus, if л denotes the vertical height, J the slant height of 
the cone, and r the radius of the base, 
(i) Curved surface of cone = 3(circumference of base) x (slant height) 
-ix9zrxl 
=7rl units of area, 
Again, since the volume of а pyramid is one-third that of 


the prism of the same base and height, it follows that the 


volume of a cone is one-third that of the corresponding cylinder. 
Hence 


(ii) Volume of cone = 3 (area of base) х (height) 
—ixcxh 
=377°h units of volume, 


NorEl. The whole surface —curved surface -- area of base 


=тїЇ+ тї? 
=rr(l +r). 


Norr 2. The volume of an oblique cone on any base, as of an oblique 
pyramid, is also given by the formula : j 


Volume = 3 (area of base) x (vertical height). 
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Nore 3. The formula for the curved surface of в cone may be illus- 


thus. 
A 


Suppose the surface of the cone to be cut along a generating line AC, 
And then unrolled on a plane; the surface will take the form of a 
Mr ACD, of which the radius AC and the arc CD are respectively the 
‘lant height and the circumference of the base of the cone. 

Thus curved surfaces =} . arc CD x radius AC [Page 201] 

=4x2rrx 1. 


flence we see that the surface of а right circular cone is developable. 


EXERCISES. 


V the volume, and а the semi-vertical angle 


1. If S is the surface, 
x us r, prove the following 


ot a д 1 
Bene of height h, on а base of radi 
(i) gare. V=; rh tana, 


cosa 


M 


n Down 

(i) Sana? 3 fana 

the volumes of cones with the same vertical angle 
the cubes of their heights. 


ч i Find the surface to tho, nearest square centimetre, and the 
lume to the nearest cubic centimetre of the cones in which 


(i) r=6 om., 1=10 cm. (ii) r=1-2 cm., h=3°5 cm. 
ui Find to the nearest square centimetre the whole surface of & 
me whose height is 40 cm., and the diameter of whose base is 18 em. 


a 4. Find to the nearest cubic centimetre 

lant height and vertical height are 5'1 em. 

[For further Exe-cises on Cones see p. 422.] я 
2р 


Hence 
prove that 
are to one another as 


the volume of a cone whos, 
and 4*5 cm. respectively, 


H.8.G. 
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THE FRUSTUM OF A PYRAMID AND CONE. 


32. DEFINITION. А frustum (that is to say, a slice) of a 
pyramid or cone is the part cut off between the base and a 
plane parallel to the base. 


Бїри. . Fig.z. 


Thus in Fig. 1 the frustum of the pyramid (O, ABCD) is the part cut 
off between the base ABCD and the parallel section abcd. Р 
In Fig. 2 the frustum of the сопе (О, AB) із contained between the 

base AB and the parallel section ab. 


In Fig. 1 the figures ABCD, abcd, and in Fig. 2 the figures AB, ab 
are called the ends of the frustum. The ends of the frustum of a 


pyramid are similar figures (Art. 13, p. 388). The ends of the frustum 
of a cone are circles. 


The slant surface of the frustum of a pyramid is made up of trapeziums. 


1f the base ABCD is regular, and the ругмпій is right, these trapeziums 
are all equal. 


33. Let the ends of the frustum contain E, and E, units 
of area, and let the perpendicular from the vertex O cut the 
ends at the points P and p respectively; then it has been 
proved (Art. 13, p. 388) that . 


кү: E=0P? ; Ор?. 
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34. To find the slant surface and volume of the frustum ofa 
right pyramid on а regular base of n sides. 


In Fig. 1 of the preceding page, let i: denote the thickness" 
Pp of the frustum, and let аз, & denote the lengths of any pair 
of corresponding sides BC, be of the ends, and І the perpen- 


dicular distance between these sides, namely the slant thickness 


of the frustum. Also let the ends ABCD а 
E, units of area. Then 


=n times trapezium BCcb 
=1(a,+a,)1xn Theor. 28. 
=} (na, +742)! units of area 


=} (sum of perimeters of ends) 
x (slant thickness). 


(i) Slant surface of frustum 


(ii) Denote the heights OP, Op by hy and h, 80 that 


һ-һЬ= k. 

Ej É : 

Now Yi RA =m, where m 1s some constant ; 
y Үз 
SOEemhs, and E,- mA. 
Hence 
Volume of frustum = рут (О, ABCD) = руг“ (О, abcd) 
= Еһ ENSE. 
° -24$0- һ$)т Й 


= (h — ha) (h? aha + hg?) 
=1k(mh? + mh. mh + mh? 


= [Е + VE E+ E;]. 
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35. To find the curved surface and volume of the frustum 
of a right cone. 

Considering the cone as the limiting form of a right 
pyramid on a regular polygonal base, we derive expressions 
lor the curved surface and volume of à frustum of a cone from 
those given on the preceding page for the frustum of a 
pyramid. 


In Fig. 2 of page 418 let тү and 7, denote the radii of the 
ends AB and ab ; let the thickness Pp be denoted by k, and the 
slant thickness Aa by l. 


Then E, =r", and Е,= 77,2, 
(i) Curved surface of frustum of cone 


4(sum of circumferences of ends) x (slant thickness) 
(27r; + 27r,)l 
=7(r,+7,)1 units of area. 


(ii) Volume of frustum = ; [E, + VE;E, + E] 
лаа zn] 


zk š 
= Us nns 7] units of volume. 


. NOTE 1. Since Т +7.=twice the radius of a circular section equi- 
distant from the two ends, we haye 


Curved surface of frustum = z (r, Tn)z92-. эз eu 


(circumference of mid-section) x (slant thickness), 


Nore 2. If E, E, denote the areas of the ends, and M the area of 
the mid-section, then 


ГА 3 
Volume of frustum UE (rà тул + 7,2) = ak (2142 -2r,r, + 2r,2) 


= (n+ (ry + rg ry?) =F re +4. (S329) eng) 
= ЕМ +E). 


This last result is called the prismoidal formula. It is applicable to 
any solid whose ends are parallel (but not necessarily similar) figures of 
the same number of sides, each pair of corresponding sides in the two 


ends being parallel. Such a solid is called a prismoid; and frusta of a 
pyramid and cone are Special cases of it, 
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EXERCISES. 
Ox Frusta ОЕ PYRAMIDS AND Сохгз. 


1. The ends of the frustum of а pyramid are squares on sides of 
20 cm. and 4 сш. ; if the frustum is 15 cm. in thickness, find its slant 


surface. 


9. Find the curved surface of the frustum of а cone whose slant 


thickness is 5 cm., and whose circular ends are 8 om. and 6 cm. in 
diameter. 


3. Find the volume of the frustum of a pyramid, the ends being 
squares on sides of 8 cm. and 6 cm., and the thickness being 3 cm. 


4. The slant thickness of a frustum of а cone is 5 cm., and the 
radii of its ends are 4 cm. and 1 em. respectively, find йз curved 
surface to the nearest sq. cm., and its volume to the nearest cubic em. 


B. The ends of the frustum of a pyramid are squares on sides of 
8:0 cm. and 1-4 em. ; if the thickness of the frustum із 5°6 cin. find 


its slant surface to the nearest Sq. cm. 


6. The ends of the frustum of a pyramid are triangles, the sides of 
the base measuring 13 cm., 12 cm., 9 cm., and the sides of the top 
6:5 cm., 6 cm, 2'5 om. ; if the thickness of the frustum is 8 cm., find 


the volume. 

7. If ry т. are the radii of the ends of a frustum of a cone, whose 
height is h, shew that its volume is equal to the sum of the volumes of 
a cylinder and cone, each of height Л, on bases of radii ir, +72) and 
in = т) respectively. 

s. If the height of а frustum of a cone із equal to twice the mean 
proportional between the radii of its bases, shew that the slant side is 
equal to the sum of the radii. 

9. A cone, whose height iş n cm., is cut through by a plane parallel 
to the base and 1 cm. distant from it: express the volume of the 
frustum so formed as & fraction of the volume of the whole cone. 


10. The frustum of a square pyramid is 6 cm. thick, and the area 
of one end is four times the area of the other. If the volume is 390 


cubic centimetres, find the dimensions of the ends. 
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EXERCISES. 


(Miscellaneous Exomples on Cones.) 


1. АВС із a triangle in which a=6'5 cm, b—2:0 cm., and the 
perpendicular from C on АВ=1:6 cm. Find to the nearest cubic 
centimetre the volume of the double cone formed by a complete 
revolution of the triangle about the side AB. 


2. Tind to the nearest foot the length of canvas, 1 yard wide, 
which will be required to make a conical tent 30 ft. in perpendicular 
height, and covering 1386 sq. ft. of ground. 


3. Find to the nearest tenth of a metre the height of a conical tent 
which stands on a circular base of diameter 8:0 cm. and which contains 
90:478 cubic metres of air. 


4. Find to the nearest sq. cm. the whole surface of the greatest cone 
that can be cut from a solid cube whose edge is 20 cm., the base of the 
cone being in the same plane as the base of the cube. 


,9. Water flows at the rate of 10 m. per minute from a cylindrical 
pipe 5 mm. in diameter.» How long would it take to fill à conical 
vessel whose diameter at the surface is 40 cm. and depth 24 cm. ? 


6. A cone is cut by a plane parallel to the base and the upper 
portion is removed. If the remainder is $ of the surface of the whole 


Cone, find the ratio of the segments into which the cone's altitude is 
divided by the plane. 


7. From a solid cylinder whose height is 9-4 cm. and diameter 
1-4 cm., a conical cavity of the same height and base is hollowed out. 


Find the whole surface of the remaining solid to the nearest squaro 
centimetre. 


8. А conical vessel 7:5 cm. deep and 20:0 ст. across the top is 
complete] filled with water. If sufficient water is now drawn off t« 
lower its level by 6-0 em. find the surface of the vessel thus exposed, t^ 
the nearest square millimetre. 


‚9. Two conical vessels with a common vertex and axis are placed 
with the vertex downwards and the axis vertical. The inner cone is 
filled with oil, and the remainder of the outer with water. If the 
diameters at the surfaces of oil and water are 7-0 em. and 11:2 ст. 
respectively, find the ratio of the weights of the oil and water, assuming 
the specific gravity of the oil to be 0-9, 


‚10. Into each end of a solid cylinder, whose length is 10 cm. and 
diameter 8 em., а conical cavity is bored; if the diameter of cach 
cavity is 6 om. and its depth 4 em., find the whole surface of the 
remaining solid to the nearest square centimetre. 
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THE SPHERE. 


36. DEFINITION. A sphere is a solid generated by the 
revolution of a semi-circle about its diameter as axis. 


Thus if the semi-circle APB revolves 
about the diameter AB, the semi-circum- 
ference APB describes the surface of a 
sphere. And since, as the semi-circum- 
ference revolves, all points in it remain 
at a constant distance from its centre O, 
it follows that the surface of a sphere is the 
locus in space of all points whose distance 
from a fixed point is constant. 


B 


The fixed point is called the centre, and the constant distance the 
radius of the sphere. A diameter is any straight line through the 
Thus all diameters are 


centre terminated both ways by the suríace. 
equal. 


37. Every plane section of a sphere is a circle. 
In the above Figure let the plane QPR cut the sphere whose 
centre is О, and whose radius is 7; let P be any point on the 


line of section. 
Draw ON perp. to the cutting plane, and let p be the length 


of ON. Join OP, PN. 
Then since ON is perp. to NP in the plane QPR, 


С. PN2=OP2—ON? 
="-р; 
Л. РМ = 4/72 – р? =а constant. 
* the locus ot Р із а circle whose centre is the fixed point №. 


Derinition. The diameter AB perpendicular. to a plane 
section QPR is said to be the axis of the section, and the 


. extremities A, B are called its poles. 
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A 


' уча: Жар, 
38. If the plane section passes = 
c 


through the centre, N coincides 
with O, and the radius of the circle 
QPR assumes its greatest length, 
being then equal to the radius of 
the sphere. 


D 


B 


The line of section of a sphere by a central plane is called a 
great circle; all other plane sections are called small circles. 


39. In'a sphere of radius 7, if 7, is the radius of any 
plane section whose distance from the centre is p, it has 
been shewn that r,—4/7?— рї. Hence if the cutting plane 
moves parallel to itself away from the centre O, then as p 
increases, т; will decrease. Thus the radius of a plane section of 
a sphere continually diminishes as the distance of the plane from 
the centre increases ; and ultimately when N coincides with A, 
7, vanishes, so that the plane meets the sphere at A only, and 
is then said to be a tangent plane at that point. It follows 
that at any point on a sphere there is ONE tangent plane, namely 
the plane perpendicular to the radius through that point. 


40. Any straight line drawn on a tangent plane through 
its point of contact will meet the surface at one point only, and 
is said to touch the sphere at that point. Thus at any point on 
asphere there may be an infinite number of tangent lines, each 
being perpendicular to the radius through that point; and a 
tangent plane may be generated by rotating a tangent line 
about the radius through its point of contact. 


41. If AB is a diameter of a sphere, there is oNE great circle 


having AB as axis, and an infinite number of great circles passing 
through the poles A and B, 


THE SPHERE. 425 


49. Through any Two given points on a sphere (not the extremi- 
ties of a diameter), one, and only one, GREAT circle can be drawn ; 
for the two given points and the centre of the sphere determine 


one, and only one, central cutting plane. 


Nore. Tho minor aro of a great circle through two given points on 
a sphere is called their spherical distance. It will be shewn (p. 437) 
that this are is the shortest line that can be drawn on the surface 
between the two points. Now since all great circles of a sphere are 
equal, an arc of any great circle is measured by the angle which it 
subtends at the centre. [Theorem 69]. 

Thus in the diagram the spherical distance between the points Q 
and C is measured by the angle QOC and estimated in degrees. The 
spherical distance of any point on the great circle CD from its pole A 


is 90°. 


43. Through any THREE given points on a sphere one, and only 
one, circle (not necessarily great) can be drawn on the surface ; for 
the three points determine a plane which cuts the sphere in 


a circle passing through those points. 


44. An infinite number of spheres can pass through rwo given 
points, and their centres lie in a FIXED PLANE. 

For if Q and R are the given points, it is clear that the 
locus of points equidistant from Q and R is the plane which 
bisects the join QR at right angles. Hence with any point in 
this plane as centre a sphere may be drawn through Q and R. 


45. An infinite number of spheres can pass through THREE given 
points, and their centres lie on a fixed STRAIGHT LINE. 

For in the Figure of the preceding page, let P, Q, R be any 
three points, and N the centre of the circle through them. 
Let AB be the perpendicular to the plane of P, Q, R through N. 
Then if О is any point in AB, it is-easily proved that the 
A* OPN, OQN, ORN are congruent; so that OP—OQ = ОВ. 
Thus with any point in AB as centre a sphere may be drawn 
through P, Q, R. In other words, an infinite number of 
spheres can pass through P, Q, R; and the locus of their 
centres is the straight line AB, namely the perpendicular to 
the plane of the APQR through its circum-centre, 


426 GEOMETRY. 


46. One sphere, and only one, can pass through any FOUR 
D 


points not in the same plane. 


Let A, B, C, D be four points not in the same plane, and 
let F and G be the circum-centres of the ASABC, ADC. 


Let FH, GK be the perps. to the planes ABC, ADC 
through F and G respectively. 


"Then every point in FH is equidistant from A, B, С; and 
every point in GK is equidistant from A, D, С; hence every 
point in FH and in GK is equidistant from A and C. 


But the locus of points equidistant from A and C is the 
plane which bisects AC at right angles ; 


г. FH and GK both lie in this plane ; and since they can- 


not be par! (being perp? to intersecting planes) they must 
meet at some point O. 


Then O, the only point common to FH and GK, is equi- 
distant from A, B, C, and D. 


г a sphere having its centre at O, and radius OA, will pass - 


through, A, B, C, and D ; and this is the only sphere that 
can pass through the four given points. * 


[ 
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EXERCISES ON THE SPHERE. 


(Theoreticat.) 


1. Shew that any tangent plane to the inner of two concentrio 
gpheres will cut the outer in a circle of constant radius. 


2. Find the locus of points on a sphere at a given distance from & 
given point P. Tilustrate by diagrams the several cases when P is inside, 


on, or outside the sphere. 


3. Two spheres of radius r and y’ have their centres a cm. apart. 
What are the conditions that the spheres (i) touch (ii) cut one another ? 

If the spheres cut, prove that their line of section is a circle. 

4. How many tangent lines may be drawn to ав sphere from an 
external point ? What surface do such tangents generate ? Prove that 
they are all equal ; and find the locus of their points of contact. 


5. If a fixed sphere is cut by planes which pass through a given 
point, find the locus of the centres of the sections. Distinguish between 
the cases which arise when the given point is (i) within, (ii) on, 


(iii) outside the fixed sphere. 


6. A fixed point O is joined to any point P ina given plane not con- 
taining О; and on OP a point Q, is taken such that ОР. OQ, —constant. 


Find the locus of Q. 


7. Shew how a sphere may be inscribed in any tetrahedron, so as to 
be touched by each of its faces. Shew also that four spheres may be 
escribed to a tetrahedron. 


ii of the spheres cireumsoribed about, 


s. If R and r denote the rad 
dron each edge of which measures 2a, 


and inscribed in, & regular tetrahe 


shew that ^ 
е R=sr =F Л. 


9. Find the locus of points in a given plane at which a straight line 
of given length and fixed position in space subtends a right angle. 
be placed in & wire tetrahedron so as to touch 


10. If a sphere can 
each pair of opposite edges is the same, 


all the edges, the sum of 
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47. To find the surface of a sphere. 


Let O be the centre of a sphere of radius r, generated by tha 
revolution of a semi-circle APB about the diameter AB. 


Let PQ be a side of half a Q 
regular polygon (of an even 
number of sides) inscribed in the 
semi-circle. 


Draw OM perp. to PQ and 
therefore bisecting it. \ 


Draw Рр, Mm, Qg perp. to АВ. А?” 2 О 

Then as the semi-circle revolves about AB, the side PQ will 
generate the curved surface of a conical frustum A 
7. curved surface of frustum = т. Mm x PQ. (Art. 35, Note 1.) 


Now, if 0 denotes the angle between pq and PQ, 
Mn 
MO’ 
for Mm and MO are respectively perp. to pg and PQ ; 
-. Mm.PQ=0OM + pq. 
7. curved surface of frustum —2z . OM x pq. 


And when the number of sides is indefinitely increased, ana 
PQ in consequence indefinitely diminished, the surface of this 
frustum ultimately becomes the belt of the sphere generated 
by the arc PQ. Also in the limit, OM =r. 


7. the area of belt =27r х (projection of PQ on AB). 


But the surface of the sphere is the sura of all the belts corre- 
sponding to the successive sides ; 


and the sum of the projections of all the sides= AB —2r. 


<. the surface of sphere=2xr x 2r 


= 4772, 


PI=PQ cos 9=PQ. 


Nore. The surtace of a sphere is thus Sour times the area of agreat circle 


— =5506 
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48. DEFINITIONS. A frustum of a sphere is the part cut 
off between two parallel planes. The curved surface of a 
frustum of a sphere is called a zone. 


Either part of a sphere cut off by a 
single plane is called a segment. The 
curved surface of a spherical segment is 
sometimes called a cap. 


If in a frustum of a sphere one of the planes of section PP’ moves 
parallel to itself until it becomes a tangent plane (Art. 39.) the circular 
end will т" uish, and the frustum becomes a segment. К 


49. From Art. 47 
the area of а zone = тт x (distance between planes) 
=2zrrk, 
where r is the radius of the sphere, and Ё the thickness of the 
[rustum. 


This was proved when the thickness was indefinitely small; but, by 
eddition of narrow zones, the formula holds good for all values of X. 


Similarly the curved. surface of a segment —2zrh, where r is 
the radius of the sphere, and л the height of the segment. 


Nore l. Since the area of a zone depends only on the radius of the 
sphere and the thickness of the frustum, it follows that a zone of given 
thickness has the same area from whatever part of the sphere it is cut. 


Nore 2. If a cylinder is circum- 
scribed about a sphere, ana a frus- 
tum cut by two planes perpendicular 
4o the axis of the cylinder, then the 
are: of the zone is equal to the area 
of the corresponding cylindrical belt, 
since cach area=2ark. 


Hence the whole surface of the sphere is equal to the curved surface ql 
_-the cireumscribed cylinder. 
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50. To find the volume of a sphere-of radius т. 


The surface of the sphere may 
be divided into minute portions 
or elements of area, as indicated 
in the diagram. If these elements 
of arca are diminished inde- 
finitely, each one tends to become 
ultimately plane, and may be 
considered the base of a pyramid, 
whose vertex is at the centre, 
and whose height is the radius 
of the sphere. 


Now the volume of any such pyramid 
=4(the element of surface) x r. 

But the sum of all the elements of surface is the whole 
surface of the sphere ; 

and the sum of all the corresponding pyramids is the whole 
volume of the sphere. 

^. volume of sphere = 3 (surface of sphere) хт 
=} x4r? xr 


E LAS 


51. DEFINITION. A sector of a sphere is the solid bounded 
by a segmental ‘cap and the conical surface traced out by 2 


radius of the sphere moving round the edge of the cap. (Sce 
Fig. p.431) 1 "s VL LÀ 


52. By the method of Art. 50 it may be shewn that the 
volume of a sector of a sphere is 18r, where 8 denotes the 
surface of the segmental cap. 


where 7, and 7; 
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53. The volume of the segment 
PAQ may be found by taking the 
difference of the solid sector (0, PAQ) 
and the cone (0, PQ). 

Let r denote the radius of the 
sphere, r, the radius PN of circular 
base, and h the height AN of the seg- 
ment. 


Y 


Then volume of segment -5 тт — | ar,2(r—h) 
=з (29h nr 0). enn @ 


But by Theorem 57, А-А) =. зеет (Ш) 


To obtain the required volume in terms of r and № substi- 
tute in (i) the value of тү? obtained from (i); 
and to obtain the volume in terms of 7; and h, substitute in 


(i) the value of r from (ii). 
Simplifying in each case, it will be found that 


volume of segment = тї? (r - 5) ВЕШ) 


-.2 (372+ №). КДУ) 


54. The volume of a frustum of a sphere of thickness 
k may be found by taking the difference between two 


segments of heights h, and hy respectively, and remembering 
that A, —h,—k. 

Use the result marked (iii), and on reduction by means of 
(ii), it will be found that 


volume of frustum of sphere = (37,2 9r +k’), 


ате the radii of the circular ends. 


7 
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EXERCISES ON THE SPHERE. 
(Numerical. 


l. Find to the nearest square centimetre the surfaces of the spheres 
whose radii are (i) 2-4 cm., (ii) 10:5 cm. Also find their volumes to the 
nearest cubic centimetre. 


2, Find to the nearest penny the cost of gilding a hemispherical 
dome 12 m. in diameter at 18. 6d. per square metre. 


3. Find the radius of a sphere whose suzíace is equal to that of a 
circle 2:8 cm. in diameter. 


4. How many solid spheres 6 cm. in diameter could be moulded 
from a solid metal cylinder whose length is 45 cm. and diameter 4 cm. ? 


5. Find to the nearest cubic centimetre the volume of a spherical 
shell whose internal and external radii are 6 cm. and 5 cm. respectively. 


6. Find to the nearest Square centimetre the whole surface of a 
hemispherical bowl, 1 cm. in thickness, and 10 cm. in external diameter. 


7. A solid metal sphere, 6 cm. in diameter, is formed into a tube 


10 cm. in external diameter and 4 cm. in length; find the thickness of 
the tube. 3 


8. Find the whole surface and weight of a hemispherical copper 
bowl 12 em. in external diameter and 1 em, in Шавар assuming 
that 1 cu. ein. of copper weighs 8-88 grams, 


‚9. A sphere whose radius is 3-5 om. is enclosed in a hollow cylinder 
of the same radius, whose length ig equal to its circumference: how 
many cubic centimetres are there in the remaining part of the cylinder ? 


10. Find to the nearest millimetre the radius of a sphere whose 
surface is equal to the whole surface of a cylinder of height 16 cm, and 
diameter 4 cm. 


" "i Assuming a drop of water to be Spherical, and one tenth of an 
ipo in diameter, to what depth will 500 drops fill a conical wine glass. 
e cone of which has a height equal to the diameter of its rim ? 


12. A sphere of diameter 6 om is dro i indri s 
2 j ed into a cylindrical vessel 
Partly filled with water, The diameter at the vessel i12 om. If the 


sphere is com letel £ of the 
water be raised ? 2 submerged, by how. much will the surface е 
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13. The weights of two spheres are in the ratio of 5 

‚ $ s to 17, 

weights of a cubic foot of the material in the two spheres dd ie 
ratio of 289 to 64: compare their radii. 


14. Find the approximate v ight of 50,000 spherical lea 
each 8 mm. in diameter, the specific gravity of lead being Tra cue 


15. Assuming the specific gravity of copper to be 8:88, find {ле 
RED spherical copper shell, 12 cm. in external diameter, and 
? em. thick. 


10. How many metres of wire 0-4 mm. in diameter may. be drawn 
rom the amount of copper required to mould a solid sphere of diameter 


18 em. ? 
If the diameter of the wire is decreased by 5 per cent., by how much 


рег cent. will ics length be increased ? 


Find the whole surface and volums of ‘a spherical ‘segment 


17. 
its beight being 18-em.,and the radius of 


greater than а hemisphere, 
the sphere being 13 cm. 

18. Find the whole surface and volume ofa spherical Írustum, the 
diameter of the sphere being 20 cm., and the distance of the plane ends 
from the centre (on the same side) being 6 om. and 8 cm. ` 


of a spherical zone, the radii of the two ends 


19. Find the area 
and the thickness 7 ст. 1 ^ 


being 12 cm. and 5 cm., 

24 feet is placed so that its ‘centre is 37 
Find the area of that part of the sphere’s 
bserver. . 


20. A sphere of diameter 
feet from the observer's суе. 
surface that is visible to the o 


re of diameter 8000 miles, find 


21. Considering the Earth as а sphe 
nd would one-millionth of 


roughly in feet at what height above the grow 
the Earth's surface be visible. 


22, AB is an arc of a circle whose centre is O. If the sector OAB 
rotates about the radius OA, shew that the curved surface of the solid 
generated is expressed by т (chord AB). 


23. A cylinder js circumscribed about a hemisphere, and a cone is 
inscribed in the cylinder so as to have its vertex at the centre of one 
end, and the other end as base ; shew that 
emisphere vol. of cone 
E 1 


vol. of cylinder _ vol. of hi 
3 i 2 


ч B 
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LINES OF REFERENCE ON A SPHERE. LATITUDE AND 
LONGITUDE. 


55. In the sphere whose centre 
is O a diameter NS is taken as axis. 
The great circle XQX', of which NS 
is the axis, is then called the equator, 
and the points N and S are respec- 
tively its North and South Poles. 


Then NS will be the axis, and N, S the poles, of all small 
circles in planes parallel to the equator. Let BPC be any such 
small circle, and P any point on it. 

Through the poles N and S an infinite number of great 


circles may be drawn: let NPS be that which passes through 
P, and let it cut the equator at Q. 


_ Now it may readily be proved (as in Art. 37) that the 2 NOP 
is nt for all points on the small circle BC ; hence the arc 


„constant. 


The /РОО, or the corresponding arc PQ is called the 
latitude of the point P, and may be defined as its spherical 
distance from the equator. 

The small circle BPO is called а parallel of latitude, for the 


latitude of all points on it is the same. This latitude is denoted 
in the diagram by 6. 


Of the system of great circles which pass through the poles 


and S, semi-circumferences, such as NPQS, are called 
meridians. 


The position of a meridian relative to some fixed meridian 
of reference is determined by the angle between their planes. 
Thus if NXS is the fixed meridian of reference, the position of 
the meridian NPQs is determined by the г XOQ, for OX and OQ 
are perpendicular to the line of section NS. 
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The 2 ХОФ, denoted in the diagram by ¢, is called the 
longitude of the meridian NPQS, or the longitude of all point. 
on that meridian. 

It is now clear that the position of a point P on the 
surface of a sphere is fixed if we know on what parallel of 
latitude and on what meridian of longitude it lies : briefly, if we 

These angular data corre- 


know its latitude and longitude. 
spond to the linear coordinates which fix the position of a point 


on a plane. 


EXERCISES. 


aken in latitude 0. If the radius 


1. A plane section of a sphere is t $ у 
circular section ту, shew that 


of the sphere is 7, and the radius of the 
r,—r cos б. 

2. Taking the equatorial radius of the Earth as 3900 miles, find 
approximately, using Four-Figure Tables, 


(i) the length of the equator ; 
(ii) the length of a knot (1 minute of equatorial arc) ; 


(iii) the length of the parallel of latitude 55° ; 
ur London moves in consequence 


i h how many miles an hour I 
@) оа rotation e the Earth [Latitude of London =51° 307]. 
t off from & m of radius r by а plane in 
latitude 0; deduce from the formule of Arts. 49 and 53. 
(i) Surface of segmental cap =2rr2(1 – зіп 0). ў 
(ii) Volume of segment — 377^ (1 —sin 0)(2 —sin 0 — sin? 0). 


3. A segment is cu 


4. Shew that the area of a spherical zone included between the 
Jatitudes бу and 0, is given by the formula 
277: sin 0, — sin 03). 

c 
mean diameter of the Earth as 7922 miles, find as 
with Four-Figure Tables 
rface of the Earth ; 
f the Arctic Cap [lat. of Arotic Cirele —6037] ; 
cal Zone [lat. of Tropics 2233? N. and S. 


5. Taking the 

nearly as you can 

(i) the whole sui 

(ii) the surface 0! 

(iii) the surface of the Tropi 

and ¢ are the latitude and longitude of a point (z, y, z) on 

of a sphere of radius r, shew that 

g=rcos@cos¢, у=гсозб sino, 2=7 зіп 0, 


6. 00 
. the surface 
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LUNES OF A SPHERICAL BURFACE; 


56. Any two planes cutting a б А 
Sphere centrally must intersect in а 
diameter ; hence any two great circles 
must cut at the extremities of a dia- / 
meter. | 


The angle at which two great circles 
cut one another is called a spherical 
angle, and is measured by the angle 
between the tangents to the circles 
at either point of intersection. 


Thus the angle between the great circles ABA’, ACA’ is that between 
the tangents AP, AQ. Now theso tangents are respectively in tho 
planes of the circles, and they are perpendicular to the line of section 


AA’; therefore the angle between them is the measure of the dihedral 
angle between the planes. 


Hence a spherical angle is. measured by the dihedral angle 
between the planes of the intersecting great circles, 


57. DzriNITION. А Lune of a sphere is а part of the sur- 
face cut off by two planes passing through a diameter. The 
boundaries of a lune are therefore two great semi-circles ; and 


me spherical angle between them is called the angle of the 
une. 


58. To find the area of a lune. 


It will easily be seen that the areas of lunes are proportional 
to their spherical angles; moreover the whole surface of а 
sphere may be regarded as a lune whose angle is 360° 
Hence, if the angle of a lune is D degrees, 


Area of lune =(whole surface of sphere) x 


D 
=ту?, —. 


"ay 


D 
360 
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SPHERICAL TRIANGLES. 


59. DEFINITION. E triangle drawn on the surface of à 
sphere, the sides being the arcs of great circles, is called a 
spherical triangle. 


60. If the vertices of a spherical 
triangle ABC are joined to the centre 
O of the sphere, the three planes AOB, 
BOC, COA form at the point O a 
trihedral angle closely related to the 
triangle ABC. 


For instance : the sides of the spherical triangle ABC may be 
considered either as the arcs AB, BC, CA, or as the face-angles 
AOB, BOC, COA. Thus the sides а, b, с of a spherical triangle 
may be measured in degrees. 

Again, the spherical angles A, B, C have the same measure 
as the dihedral angles of the solid angle (О, ABC). 


From this connection between а spherical triangle and a tri- 
hedral angle we conclude that : 

(i) The sum of any two sides of a spherical triangle is greater 
than the third. 


For the sum of the fase-angles AOB, AOC, which measure the sides 
AB, AC, is eater than the tl ird face-angle BOC, which measures the 


aide BC. (Theor. 97.) 

(ii) The sum of the sides of a spherical triangle is less than 
the circumference of а great circle. 

For the sum of the face-angles AOB, BOC, COA is less than four 
right angles (Theor. 98); hence the sum of the corresponding arcs is less 
than four quadrants. à 


Norr. From the first of these results we seo that any side of a spher- 
ical polygon is less than the sum of the remaining sides. And hence: The 
shortest line on the surface of a sphere between two points ts the minor arc 
of the great circle which passes through them; for any other line may be 
regarded as the sum of minute arcs of great circles, in the limit when 
each are is diminished indefinitely. 
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61. The diameters AA’, BB’, CC’ 
through the vertices of a spherical tri- 
angle ABC meet the surface at the 
vertices of a spherical triangle A'B'C', 
which is said to be the opposite or 
symmetric of the first, 


are equal in their several parts, but yet are not superposable 
[see page 377], so the sides and angles of the spherical triangle 


‘ ; but owing to the curvature of their faces the two 
triangles are not in general superposable, 


For if we look on the convex face of each triangle, the 


Nore. An isosceles Spherical trian, 


le and its ite are supcr- 
posable, For, A and А” being the verte E id Kare 7 * 


ices, we should have 
AB — AC - A'B' — Arg: ; 
80 that by Placing A’ on A, B’ might be made to fall on C, and C' on B. 


63. Though a Spherica] triangle and its opposite are not 
generally superpo able, they are always equal in area. 


For the triangle ABC may be divided into minute triangles, 


l have its Opposite in the triangle A'B'C'. 
Now each such pair of opposites, if taken small enough, may 
be regarded as plane and therefore superposable. Thus the 
ements of area each of which has 
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Nore. dust as a plane triangle may be divided into three isosceles 
triangles by joining the vertices to the circumcentre, во з spherical 
triangle ABC may be divided into three isosceles spherical triangles by 
joining the vertices to the pole of the plane ABC. Now each isosceles 
triangle has for its opposite ап equal and superposable isosceles irianglez 
and the three opposites make up the whole opposite triangle A'B'C'- 


64. То find the area of a spherical triangle. 


Let A denote the area of the 
spherical triangle ABC, formed by arcs 
of the great circles ABA’, ВСВ” CAC’; 
the points А’, B’, C’ being respectively p’ 
Opposite to A, B, C. 


A 
Now 
lune of LA акаа 
lune of LB =А+А H 
x ABO' 2A ANB'C; (Art. 63.) 


lune of 2C=At+4 


“+, by addition 
Я Uu ‘B/C 

їл. адіс аи ) 
ix z {A+B 4C) 9А + surface of hemisphere ; 

тү { 
T mo (A+B+0) eae 

7% {д+в+0-180 y ene 
* 1190 


i iti ity, we see from (i) that 
80 bs А ар еар ©; that is, Mas of the angles 
J е spherical tri T, qreater than two right. IDE: 
A*B46 “180° ena the spherical excess, and is deno y 


Hence т 
А=т60*Ё 


h A=r xE, if E is given ЮГ 


if E is measured in degrees; 


adian measure. 
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MISCELLANEOUS EXERCISES. 


(In. some of the following examples numerical work may be shortened by 
the use of Four-Figure Logarithms.) 


1. A cube and a sphere being of equal volume, find the ratio of the 
radius of the sphere to the side of the cube. 


2. The diagonal of a cube is 58:4 cm. ; find the radius of a sphere 
whose surface is equal to that of the cube. 


3. Find the surface and volume of a cone whose base is-97-6 sq. cm, 
and such that the height is to the ridius of the base as 11 to б. 


4, А solid, consisting of а rigtt cone standing on n hemisphere, is 
plated upright in a right cylinder full of water and touches the bottom. 
Mind to the nearest cubic foot the volume of the water remaining in the 
cylinder, having given that the radius of the cylinder is 3 ft. and its 
Веер ft., the radius of the hemisphere 2 ft., and the height of the 
cone 4 ft. 


5. The diameter of a sphere із 32:4 cm. and its volume is 5*6 times 
8s great as that of a cone whose height is 70:2 cm. Find the radius of 
the base of the cone to the nearest millimetre, 


6. Find the slant surface and volume of the frustum of a pyramid 
whose thickness is 15 cm., and whose ends are squares on sides of 40 cm. 
and 24 em. respectively. 


7. How many cubic feet of air are contained in a tent in the form 
of a circular cylinder surmounted by a cone, the radius of the base being 
118 inches, the vertical sides 12433 inches, and the extreme height to 
the vertex of the cone 217-9 inches ? 


8. If a cone of lead 24-6 cm. in height can be hammered into a 


Solid sphere 15:0 cm. in diameter, find to the nearest millimetre the 
radius of the base of the cone. 


9. Find the surface and volume of the solid generated by the 
revolution of an equilateral triangle about one of its sides, each side 
being 7-4 om, in length. 


10. A circular room, surmounted by a hemispherical vaulted roof, 
contains 5236 cubic feet of air, and the internal diameter of the buildin, 


is equal to the height of the crown of the vault above the floor. Fini 
the height. 
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12. If V and S are the volume and whole surface of а cone, and 
V’, S’ the volume and surface of an inscribed sphere, prove that 

V:W=S:S’. 

13. To the ends of & cylinder, whose length is equal to its diameter, 
are applied hemispheres of the same diameter as the cylinder. If the 
E of the whole solid thus formed is 464 cubic centimetres, find its 
surface. 


_14. Water passes into a reservoir from a cylindrical pipe 30 cm. in 
diameter, flowing through the pipe at the rate of 1:25 metre a second. 
Find how many thousand litres enter the reservoir in 24 hours. 


15. Find in kilograms, as nearly as possible with Four-Figure Tables, 
the weight of sufficient mercury to fill a cylindrical vessel of depth 64 cm., 
and internal diameter 8 cm. The specific gravity of mercury being 
taken as 13:6. 

16. If in measuring the diameter of a sphere the error on either 
side may be as much as one per cent. of the true diameter, by how 
much per cent. may tho calculated value of the volume exceed the real 
volume. s 

17. Find, as nearly as possible with Four-Figure Tables, bow many 
metres of wire 0-4 mm. in diameter can be drawn from 593 kg. of copper, 
of which the specific gravity is 8:88. 

18. Find roughly, using Four-Figure Tables, how many spherical 
shot, each 2:6 mm. in diameter, can be made from 1045 kg. of lead, 
the specific gravity of lead being 11°35. 


19. The volume of а frustum of a cone is given by the formula 
у= (А+/АВ +B), 


h denoting the height of the frustum, and A and B the areas of the two 
ends. Calculate the volume to the nearest cubic inch, when 
h=4:5", A=28°5 sq. in, B=7S'6 sq. in. 
What does the formula become (i) when A —B, (ii) when A —0 ? Give 
the geometrical interpretation in each case. 


o 

20. A water-tube boiler has 350 tubes of 2:5" internal diameter, 
end the length of each tube is S feet. Find the total heating surface 
(i.e, the interior curved surface of the tubes) in square feet to the 
nearest integer. 


21. A right circular cone was measured in such a way that the 
diameter of the base is known to be between 16:2" and 16:3", and the 
height between 97-5" and 21:67. Taking the value of т as 3:1416, find 
the volume of the cone using (i) the lesser (ii) the greater dimensions. 
If you give your answer in cubic inches to seven significant figures how 


many are useless ? 
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22. A cubical block of metal, each edge of which is-36:4 cm is 
melted down intoja sphere. ind the diameter of the sphere „в 
correctly as possible with Four-Figure Tables. 


23. The weights of two spheres are in the ratio 8:11, and their 


specific gravities are respectively 1-21 and 0-64. If the diameter of the 
first is 0*6 cm. find the diameter of the other. 


24. A right circular cone is cut by two planes parallel to the base 


and trisecting the height. Compare the volumes of the three parts into 
which the cone is divided. 


25. Supposing the Earth to be a sphere of diameter 7926 miles, find 
the length of the Arctic Circle [lat. 66° 30°] as correctly as possible with 


Four-Figure Tables. Also the area of the zone between latitudes 60? 
and 65°. 


26. Find, as correctly as possible with Four-Figure Tables, the 


volume of the greatest cube that could be cut from a sphere of diameter 
37-62 inches. 


27. The water contained in a cubical cistern, of which each internal 
edge is 6 fect, is found to lose by evaporation 0-04 of its volume in a 
day. Assuming the loss to arise from evaporation only, find how many 
ounces of water will be left in the cistern after 10 days. 


28. A regular tetrahedron weighs 10-70 kg., its substance being 
lead of which the specific gravity is 11-35. Vind the length of each 
edge as nearly as possiblg with Four-Figure Tables, 


.,29. Find the volumes of the following solids of revolution, con- 
sidering them as the sum or difference of cylinders, cones, or frusta of 
cones. The solids are generated by the revolution of 


(i) an equilateral triangle (side =a) about one side ; 
(ii) an equilateral triangle (side = 
parallel to the opposite side ; 
(iii) a Square (side=a) about a line through one vertex parallel to 
the diagonal which does not pass through that vertex. 
(iv) a regular hexagon (side =a) about one side. 


In each case shew that the volume is equal to that of a prism whose 
base is the revolving figure, and whose height is the cireumference ot 
the circle described by the centre of the figure. 


4) about a line through a vertex 


30. Assuming the principle indicated at the end of the last. example, 
find the volume of a solid ting generated by the revolutiun of » cirela 
of radius 12" about a line 7" from its centre. 


ANSWERS TO NUMERICAL EXERCISES. 


Since the utmost care cannot ensure absolute accuracy in graphical work, resulta eg 
obtained are likely to be only approximate. The answers here given are those found by 
ealculation, and being true so Jar as they go, furnish a standard by which the student 
may test the correctness of his drawing and measurement. Results within one per єм. 
of those given in the Answers may usually be considered satisfactory. 


Exercises. Page 15. 
1. 30°; 126°; 261°; 85. 11 min.; 37 min. 
3. 112y'; 155°; 5 hrs. 45 min. 8. 50°; 8 hrs. 40 min. 
4 (i) 145°, 35°, 145°. (ii) 55°, 55°. 86°, 94°. 


Exercises. Page 27. 


1. 68°, 37°, 75° у. nearly. 2 60cm. 4 27, 50°, 73° nearly. 
5. 37%. 6. 10lmetres. 7. 27 ft. 8. 424 yds., nearly; N.W. 
9. 281 yds., 155 yds., 153 yds. 10. 214 yds. 
Exercises. Page 4l. 
У 125°, 55°, 125°. 12. 15 secs., 30 secs. 
Exercises. Page 43. 
з. 21°. 4 27. 5. 92°, 46°. 6. 67°, 62°. 
Exercises. Page 45. 
1. 30°, 60°, 90°. 2. (i) 36°, 72°, 72^; (ii) 20°, 80°, S0". 
3. 40°. 4. 51°, 111°, 18°. 5. (i) 34°; (ii) 107°. 
6. 68°. T. 120°. 8, 36°, 72°, 108°, 144". 
9. 165°, 11. 5, 15. 
Exercises. Page 47. 
2, (i) 45°; (ii) 36°. 3. (i) 12: (ii) 15. 


Exercises. Page 54 
4 (i) 81°; с. (ii) 55°. 


Degrees | 15° | 30° | 45° | v | 75° 
40, 
Cm. | 41 | 46 | 57 | 8:0 [156 
Degrees | 0° | 30° во” | 90° | 120° | 150° 
п. 


pre] se ss 0 | en es [79] 


12. 37 ft 18. 112 ft. ‘4 346 yds. 093 уба 
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Exercises. Page 61. 
54°, 72°, 54°. 15. 36°. 16. & 
(i) 16; (ii) 45°; (ii) 114° per sec. 

Exercises. Page 68. 


6:80 cm. 3. 2:24". 4. 0°39. 5. 2:54. 8. 106 om 
3:35". 10. 20 miles; 12:6 km. 

147 miles; 235 km. 1 cm. represents 22 km. 

1” represents 15 mi.; 1” represents 20 mi. 


Exercises, Page 79. 
0:53 in. 4. 1:3 ст. b. 2:4". 


Exercises. Page 84. 


4'3 cm., 5'2 cm., 6:1 cm, 2. 110. 3. 200 yards. 
65^, 77 m., 6l m., 56 m. 5. 6°04 knots. 8, 15° E, nearly. 
Results equal. 9 cm. 7T. 43em.; 9:8 cm., 60°; 120°. 
(1) One solution; (ii) two; (iii) one, right-angled ; (iv) impossible. 
380 yds. 10. 6:5 cm. 11. 6:9 em. 


Two solutions; 10:4 еш. or 4'5 cm. 


16. 2:8cm.,4'5cm., 5:3em 
5'8 cm., 42 cm. 


19. 7cm., 8 om. 


Exercises, Page 89. 


60°, 120°. 2. 3:54". з. 232". 4 44cm 

16:4 cm., 34% 6. 90°, 7. (i) 425"; (ii) B=D=90. 
Exercises. Page 102. 

6 sq. in. 2. бва. іп. 3. 2:80 вд. іп. 4. 3:50 sq. ір. 

3:30 sq. іп. 6. 3:369. in. 7. 19859. т. 8. 4284. ft. 

10,000 вд. m. 10. 110 вд. ft. 11. боп. 12. 2:6 in. 


900 sq. yds.; 48 yds.; 4:8". 15. 11700 sq. m. 
lom.=10 yds. 17. 1:6. 18. 600sq.ft, 19. 1152sq.ft- 


100 sq. ft. 21. 156 sq. ft. 22. 110 sq. ft. 

288 sq. ft. 94. 79 sq. ft. 25. 75 вд. ft. 
Exercises. Page 105. 

(i) 22 om.; (ii) 3:6". 2. 34sq.in. 3. 574:5 sq. in 

15", 5. 193", 75°. 
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Exercises. Page 107. 


(i) 180 sq. ft.; (ii) 84 sq. in.; 1 hectare 
(i) 13744 sq. em. ; (ii) 15°40 sq. cm.; (iii) 20°50 sq. om. 


15 sq. cm. 4. 6°3 sq. in. 
(i) 8”; (ii) 13 ст. 6. 3°36 sq. in. 
Exercises. Page 110. 
11400 sq. yds. 2. 6312 sq. m. 
2:4 em. ; 5:1 em. 4. 9:04"; 2:20". 
Angle | o° | 30° | 60^ | 90° | 120° 150° | 180° 


Area in sq. em. | 0 |75 [126] 150 [130] 75| 0 


Exercises. Page lll. 
66 sq. ft. 2. 84 sq. yds. 3. 126 sq. m. 
132 sq. cm. 5. 180 sq. ft. 6. 306 sq. m. 


Exercises. Page 113. 
6 вд. in. 2. 170 sq. ft. 3. 615sq. m. 4, 8'4sq. in. 
31:2 sq. cm. 6. 5°20 sq. in. т. 24 sq, om. 


Exercises. Page 115. 

(i) 25:5 sq. om. ; (ii) 15:6 sq. om. 

(i) 8:95 sq. in. ; (ii) 95 sq. in. 3. 12500 sq. m. 
Exercises. Page 116. 

3:3 sq. in. 5. 75 ст. 6. 3:6 вд. in. 


Exercises. Page 121. 
(i) 5em.; (ii) 6:5 ст.; (iii) 37". 2. (i) 1:6; (ii) 2:8 om. 
41 ft. 4. 65 miles. 5. 61 кт. 6. 16 ft. 
48 m. 8. 25 miles. 9. 73m. 10. 62 ft. 


а 
Exercises. Page 123. 

(i) and (iii). 11. 2:83". 12. 424 от. ; 18 sq. om. 

70°71 sq. m. 14. p=6'93 cm. 

(i) 20 cm.; 15 ст. (ii) 40 cm.; 39 ст, 

35 ст.; 12cm.; 306 sq. ст. 

(i) 36 sq. in.; (ii) 90 sq. ft.; (iii) 126 sq. om. ; (iv) 240 sq. уда. 

5:1 cm. nearly. 


вагта 


ЁВЕБЕЕ 


е 


GEOMETRY. 


Exercises. Page 127. 
71 em. @ 40cm. 5. 16. 6. 31cm .; 15:6sq. om 


Exercises. Page 130. 
23:90 вд. om. 2. 8°40 sq. in. 
27:52 sq. cm. 4. 129800 sq. m. 


Exercises. Page 134. 
G) (8, 5) ; (ii) (10, 10). 
(i) (4, 5); (ii) (4, 5) ; (iii) (-4, —5) ; (iv) (-4, –5). 
(6, 5), (19, 10). 6. (5,8) 
(i) 17; (ii) 17; (iii) 2:5" ; 9:5". 
(i) and (ii) 5; (iii) and (iv) 17 ; (v) and (vi) 37. 9. 10. 
(0,0). (7, 5). 15. 13; (9, 6). 
A straight line passing through the points (4, 0), (0, — 4). 
117 units of area in each case. 18. А вдцаге. 2sq.in. leq. m 
Each=70 units of area. 20. 9 units of area. 31°, 71°, 78°% 
(i) 96; (ii) 80; (ii) 120; (iv) 104. 
(i) 50; (ii) 60; (iii) 120; (iv) 132. 
Sides 5, 13; area 63. 24. (i)97; (ii) 21; (iii) 30; (iv) 276 
G) 50; (ii) 65:5; (iii) 21 ; (iv) 83:5. 
Each side 13; area 120. 27. 13, 10, 15, 8-24, 42, 30. 
AB=10, BC=9, CD=17, DA-197. Area=130°5. „> 


10, 13, 5, 5, 3. Area=60. 30. 160,000sq. yds. 1000 yds. 320 yda. 
Side— 15:93 ; area=232 units of area, 


Exercises, Pago 145, 


5 cm. 2. 94". 3. 0*6" 0'8*. & A1-2:6 cm. 
1 ft. 6. O6sq. in. 7. O8" 


Exercises. Page 149, 


IT 2. 3/2=42 cm. 3. 2/3=3'5 om. 
vr. €. 5cm. 
Exercises. Page 151. 
4 em. T. 1:3", 
Exercises. Page 153. 
1-85, 3. 162". Б. 0:85; (21°, 217); 297° 
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Exercises. Page 155. 
51°, 6. 1°6”; 1:5", 0°6% 
4 
Exercises. Page 157. 
(8, 11). 5. 17; 10; (0, -8). 
Exercises. Page 161. 
74*, 148*, 16*. 2. 115°, 230°. 3. 55°, 8°, 47°, 
Exercises. Page 177. 
8'0 cm. 3. 0:6”. $. 87cm. 4 12’, 67°. 5. 99. 
Exercises. Page 179. 
8 cm. and 17 cm. 
Exercises. Page 181. 
72^, 108°, 108°. 
Exercises. Page 187. 
re. 82 %1:7г 4 1:98", 16°. 
Exercises. Page 198. 
2:8 cm., 4:6 cm., 6:9 cm. 3. 139". 
6:9 cm.; 20°78 sq. ст. 7. 32cm. 
Exercises. Page 199. 
2°12"; 4:50 sq. in. 4 85cm. 5. x0. 
Exercises. Page 200. 
1987; 1773". 
Erorcises. Page 201. 
3:46"; 4:00". 2. 259'8 вд. em. 
(i) 41:57 sq. cm.; (ii) 77°25 sq. cm. 
Exercises. Page 205. 
(i) 28:3 cm.; (ii) 628:3 cm. 2. (i) 16°62 sq. in.; (ii) 352-99 sq. n 
11:31 em.; 10°18 sq. cm. 4. 56 sq. cm. 5. 43°98 вд. ín. 
30:5 sq. cm. 8. 89. 9. 45 3". 10. 12:57 sq. in. 


. Cireumferences, 4:4", 6:3". Areas, 1°54 sq. in., 3:14 sq. in." 
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ANSWERS. 


Exercises. Page 225. 
6-4 вд. om 4. 3T. 5. 10cm. « Р. 


Exercises. Page 228. 
630 sq. om. 15 cm. 


Exercises. Page 231. 


85cm. 20°. 3. A circle of rad. бош, 
5:90". 6. 0:295" 


Exercises. Page 235. 


(i) 16 sq. cm. (ii) 16 sq. cm. 2. (i) 16sq.cm. (ii) 16 sq. cm 
O8. 4 (1) 1-2". (ii}125em. 5. (i) 1:6", 407°. (ii) 3'5 cm 
Two concentric circles, radii 2 cm. and 6 cm. 


Exercises. Page 237. 
98°. 9. 48 ft.; 8 ft. 8. 2cm.; 32cm 


3:6", 5. 8100 miles; 10 miles. 
Exercises. Page 239. 
4 cm. $. 212". 3. 1-94", 4 197. 
6:6 cm. 6. 66, 2'4. T. 352,48. 8. 35cm 
112,32. 10, 96,26. 
Exercises. Pago 24L 
247", 3. -3-24" 
Exercises. Page 245. 
8, 2. 2; 7/7. $. 9:3, 2:7: 
9, -4 5. 1132, -4'32, 6. 7:24, 2°76 


Exercises. Page 246. 
6. 2. 36, 45. 3. 16,12 
(10,123); 123. 5. (17, 18); 12%/2—16:97. 
15. 8. 10. 9. Four. (26, 15). 10. 19:84. 


ANSWERS. st 
Exercises. Page 208 


1. (1) 35; (li) 8; (iii) a. 
8. 4:0’, 58. 4 165cm., 12Чф ешь 
5. 4-0 cm., 2:4 cm. ; 16:0 cm., 96 cm. 


Exercises. Page 258. 
L (i)each—3:2; (ii) each—5:3; (iii) each 6:2. 
3. (i) 1-4"; (ii) 08"; (iii) 64 cm., 2:4 cm. 
в, (i)58cm. (ii) 77 cm., 2:8 cm. 
Exercises. Page 259. 
1, 0P, 06; 45, 30; 3:2. 
9, 20cm., 1:5 cm. ; 140 cm., 105 cm. 


Exercises. Page 262. 


1 (i) 1-2"; (ii) 20; (i) 77 ош. 2. (i) 21”; (ii) 6'3 om. 
& QB=3:5", ВВ=2:5°. 4 32cm., 42cm. 

E 2-1, 1:8". 6. 5ft., 122 ft., 93 ft. 
T. 1-2", 1:3", 1:985". 9. 5§ cm. 

8. 08cm., 1:4 cm., 2:1 om. 


Exercises. Page 271. 
L 1755 25, рр. 2 37. віше= 5 совіпе= 22, tangent=}f. 
a 12,5, th se 6. 37°. 
‚ 35°, 26°, 45°. 8. А=58°, сов А= 0:53. 
10. AC=7°8, A=39°, sin A=0'63, cos A=078. 11. 34, 35% 


Exercises. Page 278. 
1. (i) 10°; (i) 0*9" ; (iii) 60 cm. 
з. 1°4”, 0:6"; 35°, 1-5". 3, (i) 2°0; (ii) 2:8; (iii) 20. 
4 160m., 24 om., 32cm. Б, 18,12,09. 6. 2P, 
ч. (i) 1°73; (ii) 3°16; (71) 1°67. 8. (i) 3; (ii) 321; (iii) 2°26, 
9. (i) 1-2, 1-6", 2:0"; (ii) 30 cm., 3:6 cm., 45 cm. 
(iii) 2°5 cm., 4'3 cm., 50cm. (iv) b=3'4", с=9'1°, nearly. 


Exercises. Page 279. 


1. 140m., 160 m. ; 125 m. 2. 125 yds. 

8. 424 miles. 4 30ft,4ft. 

5. 2 ft, 2ft. 4in 6. 60 ft. 1T. 72. 
B. 108 ft. ы 


H.8.G. 
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GEOMETRY. 

Exercises. Page 284. 

0:52. 5. 31:28, nearly. 
Exercises. Page 287. 

10:5 вд. in. 2. 30 ст. 3. 64 вд. ст, 

11:0". 5. 33:9 acres. 
Exercises. Page 289. 

4:9 cm. 7. 80cm 
Exercises. Page 291. Р 

РЯ 3. 920 sq. ft. 3. 10 sq. cm. 4 7:5. 5. 656%. 
Exercises. Page 294. 

3°46", 4-33", 5:54". 3. 9 ft. 3 in. 4. 3°75 вд. cm. 

4:5 ст. 6. 15:48 sq. in. T. 36m. 15m. 

90 acres. 9. 512 acres, 10. 1 cm. represents 15 metres. 
Exercises. Page 295. 

1:3, 6. э. т. 956:81. 
Exercises. Page 297. 

2:5 sq. om., 6:4 sq. cm. 4. 4:1. 

7:2*. 8. 6:2cm., 3:8 ста. 
Exercises. Page 299. 

1:45 3. 46cm. 4. 69 ст. 
Exercises. Page 301. 

11:56 sq. in. 2. (i)100, (ii) 576 units of area ; (iii) 18: 

(1°3, 2:4), (1:3, -2:4) ; 4-8; 2-4, nearly, 
Exercises. Page 305, 

(0 106° (iü) 155 ft. 
Exercises. Page 313. 

15; (8, 6). 2. 15, 3-75; (0, 20), (0,5. 3. 08%. 

1:17". 6. 0:55", т. 093". 


Ebar 


" 


ос=®юю 


15:8 eq 9, 8°55". 3. 43:30 aq. om. 

90*. 6:83"; L'17". 10. 20:78 sq. cm., 20'8 cœ 
56°. 14. 12"; 224°. 15. 68%. 

18 sq. cm. 17. 604 sq. cm. 


08° ; (iii) at right angles. 
lined to the rulers. 
of AB (i) isa maximum, (ii) іза minimum 


(i) 8:9 sq. CM. ; (ii) 72° or 1 
When the rod is equally inc! 
When P is the mid-point 
Minimum when a—3. 

8. 9. 


45°. т. 34". 
Р Exercises. Page 328. 
(1) 6:0" ; (ii) 12 cin. 


Exercises. Page $29. 
a (i) 120"; (ii) 193°. 


40 om., 8:8 ошь 
pxercises. Page $55. 

7:0 om. в. 30; 2:5". 6. (ii) 42:'4em. ; (иц 66:6 om. 
Exercises. Page 361. 

5:0. в. 0:324. 


Exercises. Page 362. 


10:4 em. $4cm. 102 om. 0:385, 0:339. 


Exercises. Page 376. 


в) 8000; Gi) 08571. 6. 0:2800 


Lea 


ponpa 


GEOMETEL. 


Exercises. Page 382 
3, 4, 5. 8. 13. 


Exercises. Page 389. 
12 sq. ft. 9. 17сш.; 15; 14448 sq. om 
10 ст. ; 55:54 sq. cm. 

Exercises, Page 391. 


25:50 m. 9. 650 litres; 520 kg. 3. 6j milliona 
1188 kg. 


Exercises. Page 393. 


196:3. 3. 20400 kg. 3. 74:88 kg. 
5445. 5. 85. 4d. в. 21°42 kg. 
5s. Па. 8. 650m.; 65 ст. 9. lom. 

12 cm., 16 cm., 18 cm. 11. 7 cm., 6ст., 5 cm. 

5:8 cm., 200 sq. cm., 192-4 cu. cm. 

12 em., 4 cm. 14. 29 cm. 16. 144", 
720 cu. cm., 480 sq. cm. 17. 360 cu. om., 432 sq. cm. 
12,000 cu. cm. 19, 4°6 сп. ft. 

375,000 gall., 167 tons, 21. 23661. 

65 hrs. 61. mins. 28, (i) 3:4; (ii) 717:1000 

459 working days. 


Exercises. Page 40L 


(i) 91°38 sq. in. ; (ii) 84 cu. in. 

(i) 308 cu. cm. ; (ii) 280 cu. cm. 

(i) 9°85"; (ii) 10°63”, 

(i) 223:6 sq. em. ; (ii) 333:3 cu. om. 

8 cm., 1152 cu. cm. T. (i) 028; (ii) 0°49 eq. tm. 
(i) 5:8 om. ; (ii) 28:87 sq. cm. ; (iii) 3. 60°. 

8:7 cm. 
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ANSWERS. 


Exercises. Page 409. 
377-400 ou. om. 15°612, 16:050; 4°31%, 408%. 


871 lbs. з. 36° 52’. 

(i) 104:6 sq. cm. ; (ii) 1108 сп. cm. 

4:9 cm., 50:9 cu. cm. 6. 384 units of area. 
162:4 cu. cm. 19. 70° 32. 


Exercises. Page 413. 
(1) 151 sq. om. ; 226 cu. ст. (ii) 204 sq. cm. ; 458 cu. спь 


598 sq. om. 3. 122 сп. ст. 4 123 вд. cm. 
528 sq. cm. 6. 10:20 т. 7. 0:006". 
5000 cu. ст, ; 15:9 сш. 9. 7cu. ft. 

88:1 kg. 11. 18:85 m.; 5259 gr. 


Exercises. Page 417. 


(i) 188 sg. om. : 300 cu. cm. (ii) 14 вд. em. ; 6 cu. cm 
1414 sq. cm. 4 27 cu, cm. 


Exercises. Page 421. 


816 sq. om. 2. 110 sq. cm. 3. 148 сп. om. 
79 вд. ст. ; 88 cu. ст. 5. 1222 sq. om. 

3-(п-1 
140 cu. ош. sate 10. 10cm., 5 om 


Exercises. Page 422 


20 cu. om. 2. 268 yds. 1 ft. з. 54m. 
1017 sq. cm. Б. Dlmin.]2secs © 1:2 
18 sq. cm. 8. 376:99 sq. cm. 9. 93:39 


390 aq. ош. 


ANSWERS. 


Exercises. Page 452 


(i) 72 sq. ст. ; 58 сп. cm. (ii) 1385 sq. cm. ; 1849 cu. om 

£16. 19. 4d. $. 07cm. 4. 15. 

381 cu. em. 6. 286 cu. cm. T. lcm. 

418 sq. cm. ; 1:694 kg. 9. 667 cu. cm. 

42 cm. Al. lin. 12 lem. 

8:17. 14. 152 kg. 15. 5:654 kg. 
24300m.; 10875. + 17. 1922-66 sq. cm. ; 7125:15 cu. om 


439:82 sq. cm. ; 318:35 cu. cm. 


19. 671177 sq. om. 20. 6113 sq. ft. 91. 42%. 


Exercises. Page 435. 


9. (1) 24880 mi. ; (ii) 1:159 mi. ; (iii) 14270 mi. ; (iv) 645 mi 
б. (i) 197,100,000 sq. mi. ; (ii) 8,172,000 sq. mi. ; 
(iii) 78,590,000 sq. mi. 
Exercises. Page 440, 
1. 31:50. 2, 23cm. 
3. 204 sq. cm.; 332 cu. cm. 4. 136 cu. ft. 
b. 6:6 cm. d ae '6. 2803 sq. ст. ; 15680 ou. om. 
7. 3937 cu. ft. 8. 8"3 ст. 
9. 298 вд. om.; 318 си. cm. 10. 20 ft. 
18. 315 ва. om. 14. 7634000. 16. 43°75 kg. 
16. 30% nearly. 17. 531,500 m. 18. 100,000. 
19. 232 cu. in. 20. 1833 sq. ft. 
91. 1889 cu. in, 1920cu. in. Data suffice for 4 significant digits only. 
92. 45:16 cm. 23. 7" cm. А. 1:7:19. 
25. 9926 mi.; 3,976,000 вд. mi. 
26. 10250 cu. in. 27. 143700 oz. 28. 20:00 cm. 
99. 


A a 


3 
(i) 77; (ii) dros (ii) va^/2; (iv) gra 80, 423-16 ou. in 
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